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Abstract
In this paper, a new method is discussed to derive the eigenvalue density in Hermitian matrix model with a general
potential. The density is considered on one interval or multiple disjoint intervals. The method is based on Lax pair theory
and Cayley-Hamilton theorem by studying the orthogonal polynomials associated with the Hermitian matrix model. It is
obtained that the restriction conditions for the parameters in the density are connected to the discrete Painlevé I equation,
and the results are related to the scalar Riemann-Hilbert problem. Some special density functions are also discussed in
association with the known results in this subject.
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1 Introduction

This paper is a continuation of the previous works (1) (2) (3) (4) about the linearized equation d?¢ /dn? = —E2F(n,E) ¢
for the Painlevé or discrete Painlevé equations. The connection between the integral j,?o \/F(t,&)dt in the WKB asymp-

totics and the analytic potential in the previous researches is now extended to the relation between /F(1,&) and the
derivative of the potential function in the complex plane to investigate the distribution of eigenvalues considered in matrix
models. The fundamental density in this consideration is the Wigner semicircle obtained from a differential equation for
the Hermite polynomials, similar to the linearized equation above, as discussed in (5). The differential equation and the
recursion formula for the Hermite polynomials form a degenerate case of the Lax pair for the discrete Painlevé I equation,
and then the Lax pair theory is now applied to study a general density problem.

The eigenvalue density is the solution of the energy minimization problem for a given potential of the model, and
there have been various methods developed in history and specially in recent years to solve this type problems, such as the
Plemelj formula or Riemann-Hilbert problem related methods. This report is to show that a new algebraic method can be
developed to calculate the densities by using the Lax pair theory and discrete Painlevé equations. The factorization of the
reduced matrix from the Lax pair by applying the Cayley-Hamilton theorem can simplify the analytic calculations when
working on the density and the consequent problems as explained in the following.

Consider the Hermitian matrix model with a general potential V(z) = Z?Zo tj 7/, where 7 is a real or complex variable,
t; are real, and t,, > 0 to have convergent integral for the partition function

Zn —/ / (Z —z)%dz; - - dz,.

Jj<k

The free energy function is defined as (6) E(®) = —lim,_,.. izan . By the scaling transformation z = nﬁn and t; =

nl= 2 gj» the potential becomes W (1) = Z 08 n/. The eigenvalue density p,,(1) on v; interval(s) Q = U}"Zl [ng ) , ni’- )]

is defined to minimize the free energy funct1on

=/§2W(n)pm(n)dn—/g/glnll—nlpm(/l)pm(n)dfldn- ¢))

The density is required to satisfy the following conditions (5) (6):
(i) pm 1s non-negative when 1 € Q,
pm(n) > 0; 2

(i1) py, is normalized, .
/me(n)dn =1 3)

(iii) py, satisfies a variational equation when 7 is an inner point of Q,

@ [ 2 o=, @

where (P) stands for the principal value of the integral. So the problem is to find p,,(1) such that it satisfies these
three conditions. The density generally takes a form as the product of a polynomial and the square root of another



polynomial as introduced in the following, and the nonlinear relation(s) satisfied by the parameters in the density will
become complicated as the order of the potential and the number of the potential parameters are increasing.

When m = 1 and W(n) = n?, there is p;(1) = 21/2—n?2, for n € [—v/2,V/2], which is the well known Wigner
semicircle. When m =2 and W (1) = $n%+gn*, itis given in (6) that

p2(n) = = (5 +4gb* +2gn?)\/4b2 — 2, (5)

al—
N =

for n € [—2b,2b], where
b +12gb* = 1. (6)
The free energy function is
1
L
It can be calculated that E(©) (0)=3/4. And E©) has a singular point at g = g., where g, = —1/48. See (6) (7) (8) (9) for

the details.
When W (1) = g2,,n", there is (10) (11)

EO(g) =EO(0)+ (b —1)(9—-b7) — %mb? )

1 Y
Pm(n) - ;ngmh(n) 4b2 - 7727 (8)
for n € [—2b,2b], where
m2 om—2-2pnn2p 1y 2L 1
h(n)=n +Yn (2b) HT? )
p=1 =1
subject to the condition
om 1 20 —1
mgom (2b) T 1. (10)

I=1
More results can be found, for instance, in (10) (11) (12) (13) (14) (15) (16) (17) (18). Being part of their works, the

density and free energy for potential %nz + gomM?™ studied in (14) using combinatoric method is a generalization of the
results discussed above. In (15), a density function of the form

pmi1(M) =cg' (N —c)*"V4—n2, co= /;w(n —¢)*"/4—n2dn, (11)

is given and applied to study a third order phase transition problem by extending the density from the one interval to
multiple disjoint intervals. The critical point for the transition in (15) is chosen as the discrete system is changed to
continuum Painlevé II system. The string equations (2.9) and (2.10) in (15) for the coefficients 3, and 7, in the recursion
formula 1 W, = Y1 Va1 + BuWu + % We—1 in their consideration are related to the discrete Painlevé I equation in this
paper.

The density and the conditions for the parameters in this paper are obtained from the Lax pair structure and the discrete
Painlevé I equation as outlined in the following. Consider the orthogonal polynomials p, =z"+- - - on the real line with the
weight exp(—V(z)): < pp, Py >= h0, . By using the recursion formula (19) pj11(2) + uppn(2) +vapn—1(2) = 2P (2), it
will be discussed that ®,(z) = e 2V (Pn(2), Pn—1(2))7 satisfies two equations, @, = L, ®,, anda%cb,, =A, ®,. These
two equations are called the Lax pair for the discrete Painlevé I equation which is a set of two discrete equations for u,, and
Vi < pu,V' pp_1 >=nh,_1, and < p,,V' p, >= 0, where h,/h,_| = v,. These two relations will be applied to derive
the conditions for the parameters in the density.

The coefficient matrix A, (z) in the equation above is generally a complicated 2 x 2 matrix. Replacing u,_; and v,
in A, by new parameters x,, and y, respectively for a range of /, we can get another matrix

An(2) = DuFy(2)D, ' — SV (2, (12)

where the matrix F;, (z) is a polynomial of matrix J,, derived from L,,

0 1
Jp = .
" ( ~Yn T Xn >

Here D,, = diag(hy,,h,—1), and I is the identity matrix. By Cayley-Hamilton theorem for J,, there is (z—x,)I = J, +ynJ,, L
Applying this relation to V' (z)Iin (12), the matrix D,, 'A,,(z)D,, can be factorized as a product of a polynomial and a simple
matrix

DrTIAn(Z)Dn = fam—2(2)(Jn(2) *yan_l(Z»v (13)



where the polynomial f2,,_»(z) will be given in section 3. There is an important asymptotics

W/ detAn(z) = %V/(z)—g—kO(le), (14)

as z — oo in the complex plane, derived by referring the structure of the discrete Painlevé I equation. This property will

be finally used to satisfy the conditions (3) and (4). If z/nﬁ, tj/nl_%n, x,,/nﬁ, and y, /n% are denoted as 11, ¢;,a, and b?
respectively, the formula for p,,(1) on interval [n_,N+] = [a — 2b,a + 2b] can be obtained by

1 .
—\/detA, = Pm . 1
o\ detdn(z)dz=pu(n)dn (15)

The eigenvalue density problem is then solved when the condition (2) is satisfied.

The density results can be applied to get the free energy which is an important physical quantity to study the nonlinear
properties as considered in the expansion theory. The free energy and consequent physical quantities, such as internal
energy and specific heat, are generally studied based on the logarithmic partition function by using Wilson loops and
topological methods in physics. Researches in this field include, for instance, planar diagrams (6) (7) (8) (9), phase
transitions (15) (20) (21), graphical enumeration (13) (14), and continuum limit and combinatoric interpretations (14) (15)
(16) (17) (18). The Lax pair method here provides another technique to handle the branch singularities when computing
the free energy function as shown in section 6 for the one interval case.

Other models can also be studied by the Lax pair method as seen in the appendix. The weak- and strong-coupling
densities in the unitary matrix model (20) can be derived using the Lax pair for the discrete Painlevé II equation (4)
associated with the orthogonal polynomials on unit circle. The density in (22) (23) can be obtained using the Laguerre
polynomials. It would be interesting to investigate in the future whether more results for the Lax pair and discrete Painlevé
equations associated with the orthogonal polynomials obtained in the literatures, such as (24) (25) (26) (27) (28) (29) (30)
(31) (32) (33) (34) and the references therein, can be applied to study the density problems in matrix models or random
matrix ensembles.

This paper is organized as follows. To avoid the symbolic complexity, we just show the details for the density on
one interval, and point out some key steps for the multiple interval case in section 2.2 and section 5, plus an example in
section 7.1. In the next section, we will start from the orthogonal polynomials associated with the Hermitian matrix model
to derive the Lax pair and discrete Painlevé I equation, and the matrix A, is then defined. In section 3, A, is factorized
by using the Cayley-Hamilton theorem. The factorization property will give the formula for the density by scaling. In
section 4, the asymptotics for (—detA,)'/? and (—detA,)'/? as z — oo in the complex plane are obtained. In section 5, we
will discuss the density and the related scalar Riemann-Hilbert problem. In section 6, the general free energy function for
one interval case is discussed. In section 7, some special densities are presented based on the general results, including
some symmetric densities associated with the results in other literatures. The appendix is about some density functions in
econophysics and unitary matrix model.

2 Lax pair and discrete Painlevé I equation

2.1 Lax pair and the orthogonal polynomials

It is discussed in the introduction that p,,(n) on one interval [n_,n.], for instance, needs to satisfy the conditions:
ﬁ'f Pm(n)dn =1, and

1o _ M pm(A) /117g Pm(A) M pm(A)
V= [T s ([ B [ B ),

for n € (n—,Mn+). The method is to search an analytic function with asymptotics %W’ (n)— %, as 11 — o in the complex
plane. Then by contour integral method, these two conditions can be satisfied.

To have such asymptotics, consider the orthogonal polynomials p,(z) = z" + -+ on (—eo,0) associated with the
Hermitian matrix model, defined by

o

<Pn;Pw >= / Pn (Z>pn’ (Z)e*V(Z)dZ = h, 6n7n’ (1)

where V(z) = X312/, ty, > 0. The basic asymptotics eV /2 p,(z) ~ e~ 2V(@+nInz (45 - 5 o) leads an idea to use the
differential equation of the polynomials to derive the density formula. In the following, the Lax pair is introduced in terms
of the orthogonal polynomials given above.

The orthogonal polynomials satisfy a recursion formula (19):

Pni1(2) + tnpn(2) +vapn-1(2) = 2pa(2). (2)



By multiplying p,—; (z)e_v(z) on both sides of this recursion formula and taking integral, we have v, = h,/h,_;. This
recursion formula will give the first equation of the Lax pair. For the second equation of the pair, let us consider the
differential equation.

When n > 2m — 1, express the derivative of p, with respect to z as a linear combination of p;, j=0,1,--- ,;n—1,
d
yzpn = apn—1Pn—1+ann—2Pn—2+---+anopo, 3

where a, ; are independent of z. By integration by parts, there are
ansty= [V 20 pule) eV e, (=2/02)

for j=0,1,---,n—1, and a, ; = 0 when j <n—2m+ 1 by the orthogonality. Then, by the recursion formula, a% Pn can
become as a linear combination of p, and p,_, but the new coefficients are dependent on z.
Denote ®,(z) = e V0 (Pn(2), pn—1(2))T. By the discussions above, there are

<I)nJrl =L, q)m (4)
where
_ [ 2= Un Vg
Ln < 10 > ’
and
2]
j¢n = An(z) D, (5)
Z

for a matrix A,(z). Equations (4) and (5) are called the Lax pair for the discrete Painlevé I equation to be discussed in
section 2.3, and the structure was given in (26), as well as in (25) (Part 2, Chapter 1).
The method in this paper starts from the construction of the matrix A,. For m > 1 and n > 2m, consider

d
an = dn,pn—1Pn—1 + Apn—2Pn-2 + -+ ann—2m+1Pn—2m+1,

d
aizpnfl = an—1n—2Pn—2+an-1n-3Pn-3+ - +an—1n—2mPn—2m;
where, forn’ =norn—1,andk=1,2,--- ,2m—1,
an’,n’—khn’—k = / V/(Z) Pn'—k P e*V(z)dZ. (6)

It follows that

p] 2m—1
(pn>:Zan(Pn—k>7
dz \Pn-1 = Prk—1

Cp s = an,n—khn—k 0
k=
0 an—l,n—k+1hn—k+l ’

fork=1,---,2m—1. And P; = p;/h; satisfy

Pj = P'+1 = O 1
=7 J Jin1 =
(le> s ( Pj ) b ( vy 2w )’

by using (4) and vj41 = hjy1/h;j. Let D, = diag(hp, h,—1). The above discussion gives
J Pn > -1 ( Pn >
= =D, F,D; ,
82 (pn—l " Pn—1

DnFn = CnflJ_n +-- +Cn72m+l-]_)172m+2-]_7172m+3 o J_n (7)

where

where the matrix F, is defined by

Let I be the 2 x 2 identity matrix. Then, there is

1
A, =D,F,D, ' — Ev’(z)l, n>2m. (8)



2.2 Reduced matrices from the Lax pair structure

Let A be the operator for index change acting only on the polynomials: Al p, = p,,;, where [ is integer. Then

o 2m
/ Pn Z jtj(xn +A “")’nAil)Jilpn’—keiV(Z)dZ
J —oo j:1

o0 2m
:‘/_wpn’ Z

-1 /.
. —1\ g _ _
Yy <]q >X£ A+ y A py eV Dz
j=1  ¢=0

2m j—1 j* 1 ) | [g/2]—uq q
= Z jtj Z ( q > x‘r]ziqi Z (7‘) y; hyy 6{171(72)’,0’ )
=1

=1 ¢=0 r=0
forn=norn—1,k=1,2,---,2m—1,and ¢ = 0,1,--- ,2m — 1, where the new parameters x, and y, are introduced
by referring the roles of the u, and v, in the Lax pair. Here (%)= q!/(r!(q—r)!), [] denotes the integer part, p, =

(14+(—=1)7)/2,and g =2[gq/2] — py+ 1. For k> 0, there is g —k —2r =2([q/2] — ptg —r) + 14+ py —k <0 if [q/2] —py <1,
which implies 8,20 = 0 when r > [q/2] — p,.

Let
5 2m j_l ]_] . 1[‘1/2]7"“7 q 2
=YX () )y (4 (10)
j=1 q=1 r=0
where
0 1
Define 1
A,(z) =D,F,D, ' - Ev’(z)l, (12)

which is a matrix reduced from the Lax pair structure, to be used for the one interval problem.
For the density on disjoint intervals, let

(0 1 o 1 )
R N T ¥ =)

According to the Cayley-Hamilton theorem for J(), there is

~1
(I 1= 0" + (dets) (14)
We can transform 7; (j = 1,---,2m) into a new set of parameters t;- (j=1,---,2m) by a linear transformation, such that
v—1 ms o W)
V/(Z) = Z z Z tvq+s+1(tr‘,n )4, (15)
s=0 ¢g=0
for some integers mg(s = 0,---,v — 1), where each my; is the largest integer such that s+ vm,; < 2m — 1. In fact, by
expanding the above expression in terms of z and comparing the coefficients with V'(z) = 3":11 Jjtiz! ~1, we can get a

upper triangle matrix Ty, so that Ty’ =7 with 7 = (11,212, -+, 2mt,,)" and 7 = (ti, e ,t;m)T. The derivative dp,/dz is

now expanded as
v—1 Ny n

= Z Z afl‘,’rLVq%sZSp”—Vql (Z) + Z al(l‘,/n)fkp"*k(z)’ (16)

s=0¢'=1 k=VNy+1

dpn
dz

where n — VNy < v and the choice of Ny is dependent on the value of m.
By the index change operator A, there is

mg

Y s / Prv 457 (A + (detdy)A ™) preV9dz
g=1 -

myg , [q/zl_#q q (v)
= Z th+S Z (’,) (det‘]n )q7r6q7q’72r,() » 61/ < my, (17
g=1 r=0
Then we get another reduced matrix
~ ~ 1
AY() = DuF Dy = VI, (1)



where

v—1 ms la/2]-pq q W) W)
— Z 2 waﬁs Z (r) (detJ,")" (Jy"))a=2r (19)
s=0 ¢g=1 r=0

by referring that (p,_y,, Pu—vg—1)" is connected to

Dy(dets") 4 (1Y D (pus pu1)T

The formula for the matrix Aﬁ,v) (z) will be applied to study the density on multiple disjoint intervals as discussed in section
5.

2.3 Reduced equations from discrete Painlevé I

The discrete Painlevé I equation associated with the orthogonal polynomials in the considerations was introduced in (26)
as an equation for v,. As an extension, the discrete Painlevé I equation here is a set of two equations for u,, and v,.
By orthogonality of the polynomials p,(z) = z" +--- and integration by parts, there are

< pn(2),V'(2) pu-1(2) >=nhy-1, (20)
< Pu(2),V'(2) pu(z) >=0. 2D
These two equations are recursion formulae for the parameters u, and v,. The set of (20) and (21) is called discrete
Painlevé I equation when m = 2, and called high order discrete Painlevé I equation when m > 2. The discrete Painlevé I
equation is the consistency condition for the Lax pair (4) and (5). The consistency can be discussed by the methods in the

references cited in the introduction. In this paper, only the equations are needed for restricting the parameters.
If the differential equation is written in the form

jzpn =danpnPn+anpn-1Pn—1+ "+ @Gnn—2m+1Pn—2m+1,
where a,,,, = 0, then the equation (6) is still true for kK = 0. Write (20) and (21) as

an,nflhnfl =nh,_1, (22)
an,nhn =0. (23)

Based on (9) for n’ = n, k = 1 and k = 0 respectively, in this method for eigenvalue density on one interval, restrict x,, and
yn to satisfy the following equations

2m =1 /. q/2]-

Y i Y <J ) X Z (q) AL (24)
j=1 q=0 r=0

o -1 . q/2]—u

er;)j(’ ) Z @y; 8,00 =0, (25)
j=1 q=0 q r=0 r

Notice that 5q,2,+ 1 = 0 when ¢ is even, and 6q,2, = 0 when ¢ is odd. After substitutions g =2p+ 1, r = p in (24), and
q =2p, r = pin (25), there are

]

2m
2 Z <2p+1)(Z Dt 26)
=2

These two equations will be changed to get the restriction conditions for the parameters in the density.

Specially, when V(z) is even, V(—z) =V (z2), or t; =13 = --- = tppy_1 = 0, there is p,(—z) = pu(z), which implies
u, = 0, and it follows that x,, = 0. Then (27) becomes 0 = 0, and (26) becomes
LN 2j—1\ ;
sz,-< " )y-,é=n, (28)
=1 /

by replacing j by 2j, and taking p = j — 1 on the left hand side of (26). The relations between the parameters are
fundamental when studying the nonlinear properties of the density problem as explained before, and relevant discussions
can be seen in (17) and (14) (section 5.11), for instance. In (14), an enumeration method is applied to derive a parameter
relation formula similar to equation (28).



3 Factorization of A, (z)
If X, yn, and ¢;(j = 1,- -+ ,2m) satisfy equation (27), then for A, (z) defined by (12) and p, = (1 + (-
D, 'A,D,

12m j—1 ]_1 ) I[Q/z]*“q q 5 | 5
S (i s s () PV e i)
J= q=

r=0

Proof. Because
(Z _xn)l =Jn +Ynj;la

and g = 2[g/2] — uy + 1, the binomial expansion implies

(z—2xa)1
la/2]—1q [4/2)  2[a/2]—pg+1 q )
(X m Xy (D
r=0 r=[q/2] r=[q/2]+1
/2] la/2]—1q
= q) rq=2r ( ) /2] ya— 2[‘]/2] (q> q—s 7—q+2s
= Yndst + U Jn i oy
L (v 7\lg/2))” PV
l9/2] kg
_ q\ .r (19-2r —1\g—2r q la/2] ya—2lq/2]
- n JZ + n‘]n a + n Jﬂ I
rg(,) (r)y ( (v ) ) Hq <[q/2])y

where s comes out by substitution r = g — s, and is replaced by 7 in the last step. Since

2m j—1 1 ) .
Zﬂ Z( q )xiz_q_ (z—xa)?,

=1 4=0

V'(2)I now can be expressed in terms of J,,.
By D, 'A,D, =F, - %V’ (z)I, where F, is given by (10), we then have

D, 'A,D,
1 2m j—1 J_l X 1[‘1/2]7“61 q 2 1 2
=22m2< . ) )3 (r)y; (72 = (mdy %)
=1 =0 r=0

1 2m j—1 )
j—g—1 q la/2] ya—2la/2]
s L (4 ) ()

j=

1)) /2, there is

ey

2

Since u, = 1 when ¢ is even, and p, = 0 when g is odd, the last part in the above vanishes by taking ¢ = 2p and applying

equation (27). So the lemma is proved.
Let
Z— X+ (Z_x11)2_4yn

0y = 5

It is easy to check that

\/_ det(-]n _ynjrfl) = \/(Z_xn)z —dy, = _ynO‘n_1
For J,, defined by (11), there are (k=1,2,---)

k k ~—k
_ o, —y,0 _
-]k_)’n‘]nk . ynanl(j _Yn‘]nl)a
nOln

where
k 1

k k ~—k 2

oy, —y, 05, " k—2s—1 2

a” - 1—1 721{ 1 Z <2S+ > < )Cn) ! ((fon) 74yn)s~
n s=0

— YnOn

Proof. By (2) and (3), there is
Jn +yrz-]1;1 = (0 +ynar:1)1)

which implies J2 — Y272 = (04, + ¥, 04, ') (Ju — yuJ; ). Then (5) is true for k = 1 and 2.

3)

“4)

®)

(6)

(7



Suppose (5) is true for k— 1 and k. Let us show it is true for £+ 1. Multiplying (5) with (7), we have

Jr/§+1 k+lj—k—l +yn(-]y]§_1 _yﬁ—ljn—k—ﬁ-l)

k+1 k+1 " k-1 k=1 _ k=1 o —k+1
ot =y ay _ o =y, _
== (Jn*yn-]nl)“i’yn L 1 (Jn*yn‘]nl)'
_ynan Oy ynan
By the assumption, equation (5) is true for k+ 1.
By 3) and y, 0, ' = 1(z—x, — ((z—x4)? — 4y,)!/?), there is
oy —yho "t
1 k k k—j I j A
o0 M e e (( e e L G W CES ALY
j=0

5] |
=y (%il) (=) 7 (2 =) = dy)" 2,

where the terms with even j are cancelled, and the terms with odd j are combined by taking j = 2s+ 1.
Let

N _1[11/2]7#4 N\
fam-2(z Z],Z< )xw )3 ()Mrlf‘”() (8)

where
[ q—2r—1

7]
f@= ) (&f{)( —0) B (2 ) ©

s=0

The discussions above imply the following result.
If x,, yn, and #;(j = 1,--- ,2m) satisfy equation (27), then for any z € C (complex plane), there is

Dy Au(2)Dn = fam-—2(2)(n(2) = yady 1 (2)), (10)

where A, (z) is defined by (12), fa,_2(2) is a polynomial of degree 2m — 2 defined by (8 ) and (9 ), and J,(z) is defined
by (11).

4 Asymptotics as 7 — o
If Xp, yo(>0), and ¢;(j = 1,--- ,2m) satisty equations (26) and (27), then for z € C[x, —2/Yu, X +2,/x), there is
_ 2m 1N . lg/2]-Hq q
detd, = Z it Z ( )xwl y (r) ¥ (@ — (a2, 0
Jj r=0

As z — oo in the complex plane, there is the asymptotics

Z

—detA,(z) = ;v'(z)—'zlw(lz), @)

where V(z) = Zj 0tjz/ oy >0and’' = 9/0z.

Proof. As 7 — oo, there is D, 'A,(z)D,, ~ mty,,z?"~'diag(—1,1) by (10), (11), and (12). Since t5,, > 0, the branch of the
square root is determined by (— detAn(z)) /2 mty, 22"~ 1, as 7 — oo on the real line. Then (5) with k = q—2r and (4)
imply

\/— det(J " — (yudi 1)12) = ad 72— (yuoy ),

which gives (1) according to (1). Here we denote Zr o = 0 when g = 0 for convenience in the discussions.
Lets=q—r=([q/2] — 1y —r)+[g/2] + 1 in the terms (y,@, ')?"? in (1). Then

r=

q
> (q) a,z%ynan‘f].
s=[g/2]+1 s

BN s T N l9/2]-1q
V—detd, ==Y jt; ¥ (] )x{f‘f‘l Y <q> ol (e )"
2= o0\ 4 o \"



By binomial formula, there is

2m —
V/ —detA —Z]tjz< ql)x{;ql
=1

q
q —la/2] - q —(2s—q)
—Hyq <[C]/2]) arttl 1 (Yn0t, 1)[q/2] -2 Z <S> VOl q
K 1+1

s=[q/2

Since 0, +y,@, | = z— x,, the first part in the bracket above gives %V’ (z) by considering the outside summations. The
second part in the bracket can be dropped off by using (27). For s = [¢/2] + 1 in the third part in the bracket, we have the
following by separating the odd ¢ and even ¢ terms, and by noticing that g starts from g = 1, and j starts from j = 2 for

(O‘n +yn05{l )q

this part,
¢ qul( q ) fa/2+1 ga-2la/2-2
Z,”qzo< g ) n \g/2g+1)?
-1 4] J—1> <2P+1) j2p—2 _ptl
=a, it x
Z Jij pZ_O p n Yn

2m [%] .

Rl J—1 2p \ j2p1 ptl

ot Yt Y ( 2 ) (erl)x{, =ty
=2 p=l

where ¢ = 2p + 1 when ¢ is odd, and ¢ = 2p when ¢ is even. As z — oo, it is easy to check that o, ' =z7! +0 (z_z) .

Combining the discussions above, we get

1
—det(A t11—7+0 ,
(ool
by using (26).

In the following, we show that (—detA,(z))!/? has similar asymptotics as discussed for (—detA,(z))!/? as z — co.
Since the restriction conditions for A, and A, are different in the asymptotics, separate proofs are needed. The proof in
the following adopts the Cauchy kernel used in (26) (10).

For A,, defined by (8) with n > 2m, as z — oo, there is

—detA,(z) = =V'(z) — 2 +0 (12> , 3)

when the parameters satisfy (22). Proof. Denote

o ,—V() o
ﬁn(Z)Z/ ¢ pu(?)dZ, and ‘Pn:( o P >

—o0 T —Z Pn—-1  Pn—1

It is not hard to see that V/(z) and F,(z) are both of degree 2m — 1 in z. Since n > 2m, by orthogonality there is

oo 67V(z’) !
/ [Du(F(Z) = Fy(2))D, " — (V'(Z) = V'(2))] ( pn(z( ),)> d7 =0.

—w 2 —2Z Pn—-1(Z

Then it can be verified that

d
5 ¥ = D,F,D;' ¥, — W, diag(0,V").
Z
Multiplying ¥, ! on both sides of the above equation and taking trace, we get the following by using d det¥, /dz = 0,
trFy(z) = V'(2), 4)

which implies —detA,(z) = 1(V/(z))? — detF,(z).
According to (7), D, F,, can be expressed as

[Cotd ! lmH + -+ Cram—1In—2m+2 - In—mn—ms1- - In—1Jn.
Considering the leading terms as z — oo, we have
Dy F, = [det(Jy1 - Jyoms1) 2" diag(@nn—1hp-1,0) + -
+ 7" N diag(0, ap—1 p-2mbn—2m)Vn-mi1 - In—1Jn.

It can be calculated by (6) that a,— y—2mhn—2m = 2mtynh,—1. Since detD,, = h,h,_1, and v, = h, /h,_, there is det F,, =
2mity A p—1 2" 2(1+0(z7")). By (22), there is

detF,(z) =2mntrp 2" 2(1+0(z1)). (5)
Then (3) is proved.



5 Density and related problems

For the density on one interval, denote z/ nﬁ, tj / nl’ﬁ, Xn/ nﬁ, and y,/ n% by 1, gj, a, and b? respectively according
to the universality argument (10), where b > 0. Let o, = n% o, and then y, ;' = n2 (b*a~!), where a = (1) —
a++/(n—a)?—4b2)/2, and b* a~! = (n —a—+/(n —a)* —4b2)/2. By Proposition 3, it follows that for z € C[x, —

2\/)Tnvxn+2\/y>n],
\/ —detA, () = n' " mkona(1) \/ (1 —a)? —4b2, N € Cla—2b,a+20],
where
2m j-1 , % Hq 2r
. -1\ i, b p
k2m72(n) = ngj Z (ICI >a] a-1 Z (z) ﬁk(q’ )(T]), (1)
j=1 q=0 r=0
and
(5] )
r —er —2r—2s— s
Koy =y <gs+1) (n—a)? 227 Y((n —a)® —40%)". 2
s=0

Define an analytic function

On(N) = kam—2(M) \/m, n € Cla—2b,a+2b). 3)

The parameters a, b, and g;(j =1,---,2m) are restricted to satisfy the following conditions

2m [%]71 .
, =1\ (2p+1\ ;2p-2,2p12
Y.isi X (2] )( )a-’ PR =1, 4)
— — p+1 p
j=2 p=0

2m [%} .

ngj Z <]2—pl> <2;> gl p2r . 5)
Jj=1

p=0

These two conditions (4) and (5) are obtained from (26) and (27). By Proposition 4, if a,b, and g j( j=1,---,2m) satisfy
the equations (4) and (5), then for 1 € Cla — 2b,a + 2b] there is

L3 D=1 1W2qu q\ ;2 2 2 _1yg—2
on(n) = 3 Z]gj Z ( q )a-/q Z (r) b7 (a7 — (b ™)), (6)
j=1 q=0 r=0
As 1 — oo, X X X
an(m) = 39~ +0 (3 ). )

In (6), the index j actually starts from j = 2, and index ¢ starts from 1. We keep this form just for convenience in the later
discussion for free energy when we use equation (5) where j is from j =1 and p is from p = 0. Let

pm(n)=%kzm_z(n)\/(n+—n)(n—n—), n € Mm-,n+l, ®)

where N_ =a—2b, Ny =a+2b,b >0, and kp,—»(N) is given by (1). By (3) and (8), there is

on(m)|  =xmipm)| ©
(n-mn+] [n-.n+]

where [n_,n+]" and [n—, ] stand for the upper and lower edges of the interval [1_, 1] respectively. Since p, (1) is
non-negative, we also need

kam—2(n) >0, (10)
forn € [n-,n4].
For the density on multiple disjoint intervals, consider
0 1 0 1
Jv — ... , 11
(—b% n—al) (—b% n—av> v

where v > 1. According to the Cayley-Hamilton theorem for J(V), choose (V) = (A + \/ A2 —4b(V)2)/2, where A =
A(n) =trJV), bV) > 0 and b"? = detJ V). We can transform gj(j=1,---,2m) into a new set of parameters g’; (j =

10



1,---,2m) by a linear transformation so that W/(n) = ):;:01 n’ Z;";O g'quHAq for some integers my (s =0,---,v—1) as
done in section 2.2.
Define another analytic function

W) 1 v—1 mso, [’1/2]*”61 q 2 q-2r 2 1 2
O, (77) = E Z ns Z 8vg+s+1 Z (r) b(V) (a(V) - (b<v> a(V) )q— r)’ (12)
s=0 g=1 r=0

for 11 in outside of the cuts to be discussed in the following. Then there is o)) (n) = 3W'(n)—X(n), where

v—1 m
B s / U ( q (v)2la/2 _ (vya—2la/?]
X(n)= 2 2 - b (0]
(1) S:OTI q:08Vq+s+1 l B ([q/2]>

q r —zr
+ ):} 1<‘r1> bV ) 2]. (13)
+

r=lq/2

It is the same argument as discussed for @,, (1) that if the parameters satisfy the conditions

[mv_|7l}
2
' 2p+1 2p+2
gzv,,+2v(”p )b”) e, (14)
p=0
&
’ 2 2
Z 82vp+s+1 (pp> b<v) g =0, (15)
p=0
fors=0,1,---,v—1, then
% 1, 1 1
O (n)=§W(n)—ﬁ+0 ) (16)

asn — oo,
Now, consider the cuts for @\, (n), determined by o.() — b gt = \ A2 — 4p)*. The equation AZ — 4p* =0
has 2v roots, real or complex. If there is a complex root, its complex conjugate is also a root. If there is repeated root,

(

the factor can be moved out from the inside of the square root in the expression of a)mv) (n). Therefore, without loss of

generality, we consider the equation A% — 4b(">2 = 0 has 2v; simple real roots T]ES), nf), s=1,---,vy, and 2v, simple
complex roots Ny, M, s = 1,---, V2, where 7], is the complex conjugate of 7, Imn, > 0, and v = v| + v,. Suppose the
real roots are so ordered that [n(_s ) ) nf )}, s=1,---, vy, form a set of disjoint intervals, Q = U}" | [n(_s ), nf >]. Define
piY) () = TRe < 0l (1) a7)
m T l m Q+ 9

for n € Q. It can be seen that when v =v| =1, a),511) = Wy, p,g)(n) = pm(N), and the conditions (14) and (15) become

(4) and (5) respectively.
(0)

Choose v, points nA‘(O) on the real line outside of €, such that the straight lines I'y’s, each one connecting 15 and 7
fors=1,---,v,, do not intersect each other. Now, a),(,,v) (1) is well defined and analytic in the outside of QU U:,'i] (C,UTy),

where T’y is the straight line connecting 7j; and ns(()). Let I'; be the closed counterclockwise contour along the edges of
I, UT, and define

(4) i
L= [ ol man, wma b= [ 2 Do gea
r; r; A-n
fors=1,---,v,. According to the definition of '}, I; and I}(n) are real.

If the parameters ay,bs(s =1,---,v), and g;(j = 1,--- ,2m) satisfy the conditions (14) and (15), then p,51v) (n) defined
by (17) on Q satisfies (3) and (4).
Proof. Let I be a large counterclockwise circle of radius R, and Q* be the union of closed counterclockwise contours
around the upper and lower edges of all the intervals in Q. Then by Cauchy theorem and (16),

I (wfl)(n) - ;W’(n)) dn +:Zzllls = /r (wéf)(n) - ;W’(n)) dn — —2i,

as R — oo, which implies [, pim(1)dn = 1 by (9), [o- W/ (1)dn = 0, and I are real. So p,,(n) satisfies the condition (3).

11



Change the Q™ and Q7 discussed above just at 7 € Q as semicircles of € radius. By (16) and fr* ) dA =0, there
is

(v) Lyy/ Ly
1 on” (M) = Iw' (1) o A 7 W'(2)
i A—m dl*ziﬁﬂs i . =0,

as R — oo. Then taking the real part on both sides and by (17), we get
(v)

1 1 [ Relawn’ (1) pm(A)
L= L [ ROy [ o)y
2 () 27 Jo A—n ()Qn—l
as € — 0.
By the discussions above, it can be seen that when v» =0, ay,bs(s = 1,---,V), and g;(j = 1,---,2m) satisfy the

relations (14) and (15), G(n) = o )(n) — SW'(n) solves the scalar Rlemann-Hllbert problem (10):

(i) G(m) is analytic when n € CQ;
() G|+ 6m)| =-w: (s)
(iii) G(n)—0, asn — .

In other words, if a; and b, can be chosen such that

\4

(trJM) —4det/™ =T (n—n)(n -1, (19)

J=1

then the corresponding Riemann-Hilbert problem can be well solved, where the left hand side of (19) is also equal to
—det(JV) — (detyV)JM .
Meanwhile, by Proposition 4, when n > 2m and the parameters satisfy (22), the 6,(z) defined by

1
Un(Z) = ERG detA,,(z), —oo < 7 < oo, (20)

satisfies [©_ 0y,(z)dz =n and (P) [~ GZ’” 7 Ddy = $V'(z), which is the level density (5). When the density involves the
parameter n, the discrete Painlevé I equation and the initial conditions when # is less than 2m need to be considered to

calculate the functions u,, and v,,.

6 Free energy for the one interval case

For p,,(n) defined by (8) on [n_, 1] with the parameters a, b, and g;(j = 1,--- ,2m) satisfying the conditions (10), (4),

and (5), there is
n+

: n* pm(n)dn

la/2]

2m j*l .
— H 1g+1
S (P Ea zQﬁﬂ+)MWHk m

where )
Ry = %/ (a+2bc056) % sin0do, 2)

with [ =2r+4u,+1, and y, = (14 (-1)9)/2.
Proof. Let Q* be the closed counterclockwise contour around lower and upper edges of [n_,1], and T be a large
counterclockwise circle. Since Q* is counterclockwise, by (9) and Cauchy theorem we have

M ()d __L " ka)( /
Jy Memmdn == | =55 MO

So the problem becomes the calculation of the integral [r-1n*®,(n)dn.
By using binomial formula skill as in the proof of Proposition 4, and [-n* (ot +b*a~")9dn = [pn* (n —a)?dn =0,

we can obtain
T]+ 2m .
TIPm 27-[12]g12<q>/q12( >b2 naqudn 3)
1

lg/2]+

Notice that the index ¢ is changed to start from 1, and j is changed to start from 2.
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On Q*, there is 1 = a+2bcos®, —w < 0 < m, where a = (n+ +n-)/2 and 2b = (N —n-)/2 > 0. Then
a~' =b71e ™ where the square root takes positive and negative imaginary value on upper and lower edge of [1_,7.]
respectively. By Cauchy theorem, the integral along I" can be changed to along Q*, that implies

T .
/ nfa D an = —2p1 2! / (a+2bcos @) e >~99 sino de.
r

]

Let r =s—[q/2] — 1 in (3). Because the range of s is from [g/2]+ 1 to g, and ¢ = 2[¢q/2] — u, + 1, the range of r is
from O to [g/2] — py. Since 25 — g = 2r + i, + 1, this lemma is proved.

For p,,(n) defined by (8) on [n—,n4] with the parameters a, b, and g;(j = 1,---,2m) satisfying the conditions (10),
(4), and (5), there is

N+
/n In|n —alpm(n)dn

m j— . 2]—
—In(2b) — 22 ' jzl /-1 a/—q—lbqﬂ[q”zuq 1 ® )
j=2]g] q [q/Z] +r4 1 2r+pg+1

q=1 r=0

where

®l:Re%/ﬂeei9{(ei9_~_ ezie_l)l_(eie_ /ezie_l)’}d(;’ )
0

with ! =2r+p,+1, and y, = (1+(—1)9)/2.

Proof. Let Yy =¥ U} Uy be a closed counterclockwise contour, where 7; is the upper edges of [1_,a], 7 is the upper
edges of [a, 1], and 73 is the semi-circle of radius 2b with center a. Applying Cauchy theorem for In(1 — @) @, (1), we
have

/(ln|n—a|+7ri)a)m(n)dn+ In|n — alon(n)dn + [ In(2be®) oy (1n)dn = 0.
N yel 73

When 1 € 91 U%, 0(1) = wipy,(N). Then taking imaginary part for the above equation, we get

N+ 1 g
/ lnln—alpm(n)dn—ln(Zb)ﬁL;Re/y}Gwm(n)dn=07 (6)

where we have used [, @,(n)dn = — [}, On(N)dn = —7i [, ), Pm(N)dN = —7i. So the problem becomes the
calculation of the integral [, 6 @,(n)dn.
Rewrite (6) as

I S A 71[61/2]7;&1 2\ ., s
wm(n)=2221g,-):( g )a/ I Z;,) (S)bs(aq - (PP,
j= g=1 s=

Let r = [q/2] — g —s. The range of r is from O to [¢/2] — 1. Since g =2[q/2] — py+1, and g — 25 =2([q/2] — g —s) +
Hg + 1, we have the following,

Pl o
wm(n)zizzfgjz g )
J:

g=1

o/t q 2(|q/2] Y ( y2r+ig+1 2 —1\2r+pg+1
q/2]—pg—r rpg+l —1\2r+u,
r;) ([q/Z]—H—i—l)b a7 (" THa (b*a~ ) that Dy,

On 5, we have ) —a = 2be®, which implies o = b(e® +v/e2@ — 1), and b?a~! = b(e'® — /e —1). It follows
that

0 (a2r+/-lq+l _ (b2a7])2r+uq+l)dr’
13

= 2ib2’+ﬂq+7 e [(e"" /€20 )R (i _ /g2 ])2r+#q+1:| 40
0
We finally have

lRe ) on(Nn)dn
T Jn

2m j—1 j_] ) N l9/2]-pq q
_ ‘o J—q4—1 1,9
—j;]gj Z ( q >a b Z ([q/2]+r+1> ®2r+#q+1~

qg=1 r=0
Then by (6), the lemma is proved.

13



The @y in the above lemma can be solved by some elementary integrals using recursion method as described in the
following.
For k=0,1,2,---, there are

T , . T
0 2i0 1— 2i0 k+%d6 — 7
/0 e (1=e™) 2k 13)i" @
/ e (1—e*0)kr de:—2/1/1(1—x2y2)k+%dxdy+ EB(l k+§) ®)
o Jo 2\ T2

where B(-,-) is the Euler beta function.
Proof. The first equation in this lemma can be easily verified by using integration by parts,

/”6 20 (1 2i9)k+% 40 1 /”(1 2ie)k+%d9 T
e — e = — —e _
0 (2k+3)i Jo

To prove the second equation, consider
T, A 1 T . . 1
I(y) = / ¢O(1 — ye¥0)Y 3 q0, and I(y) = / 069 (1 — 7203 qp,
0 0

for 0 <y < 1. It can be calculated that (y%J(y))/ = iy’%(l —y)“%, where’ =d/dy. Then }/%J(y) =i foyt’% (1 —t)k+%dt,
which implies

1
() :zl/ (1— )b ax, )
0
by taking = yx>.
Ti o

It can be calculated that (y%l(y))/ =%y i(l— 7/)“2 - f)/ 2J(y). Then by (9) and taking integral from O to 1, we
have

m=2 y"( kwy/ /1—yx>k+2dx)dy

which gives the second equation in this lemma by taking ¥ = y? in the last term above.
To further calculate the real part of the right hand side of equation (8), consider the following line and double integrals
fork=0,1,2,---,

zk_/ (1= dx, and dy = // — 22 dxay,
First, [ = ¥, and

2/ —i—fsm y>dy=g+§1nz. (10)

When k > 1, by integration by parts, we can verify that [; satisfy a recursion formula [, = [,_; — ﬁlk, which gives

I = gﬁ;;,, 7. Also by integration by parts, there is dy = dy—1 + 57 +1 (I — di), which implies

2k Qk+D)1!  x an
P k2 T k) Ak 1)
Specially 0 ;
T T
=22 12
I TETRES (12)

which will be used in the non-symmetric density discussed in section 7. By combining the results above, we have the
following result for the free energy.

For the eigenvalue density p,, (1) defined by (8) with the parameters a, b, and g;(j = 1,---,2m) satisfying the condi-
tions (10), (4), and (5), there is the following formula for the free energy (1):

E© = %W(a) —In(2b)

I N HWZ]*uq g
Y e, a1 Q )E , (13)
jzzzjgjq;] ( q ) };) q/2]+r+1 2r+pg+1
where
2m
=3 ) &R+ 0, (14)
k=0

with [ = 2r+ iy +1, and p, = (14 (=1)7)/2.
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Proof. Consider equation (4). By taking integral from a to i for variable 1, we have fT?_* In|A —nlpm(A)dA = %W(n) -
IW(a)+ f,?j In|A — a|pm(A)dA. Multiplying p,,(1) and taking f,?j dn on both sides of this equation, we get by using
(3)

N+ [N+

L i nlpu(2)pn(mdadn
1 n+
“3)y

Then according to (1), we arrive

W ()P (1) — ;W<a>+./1; " In[2 —alpn(A)d.

1 1 N+ U
EO = W(@)+5 Y g [ n*pu(m)dn —/n In|n —alp,(n)dn.
k=0 /M- -

By Lemma 6 and Lemma 6, the integrals above can be expressed in terms of R; ; and ©;. After simplifications, the result
is proved.

7 Some special densities

7.1 The model for m =2
Whenm =2,0or W(n) =go+g1Mm+gn>+g3n° +g4n*, Proposition 5 gives the general eigenvalue density

1
p2(n) = 5 (2824 3g3(n +a) +4ga(n’ +an +a® +20%))\ 40 — (n —a)?, (1

where the parameters satisfy the following conditions

2g2+3g3(1 +a) +4g4(n° +an+a>+2b*) >0, n € [n_,n.], )
2g2b* + 6g3ab® 4+ 12g4(a* + b*)b* =1, (3)
g1 +2g2a+3g3(a* +2b%) + 4gsa(a® +6b%) = 0. (4)

The free energy function is given by Proposition 6
3
EQ =w(a)+ 3 b 4gsb* — 6(g3 +4g4a)*b® — 6g3b°. (5)

When g, = g =0, i.e. W(1) = g0 +g31° + g4n*, the conditions become

3g3(n+a)+4ga(n*+an+a*+2b°) >0, n € n_,n4], (6)
B 8a(a®+6b?)
837 T3p2(5a% + 3(a@ — 462)2) )
2(a* + 2b?
2= a ) )

b2 (5a* +3(a® — 4b2)2)

The condition (6) is satisfied if and only if T = % is restricted in the intervals 0 < T < 7_ or 7, < T, where 7, = 1+/5,

and 7_ is uniquely determined by the conditions: 0 < 7_ < 1/2 and 1 — 2‘L’i/ 24 %ﬁ = 0. Approximately we have
7_ ~ (0.28 and 74 =~ 3.24. The corresponding free energy function is reduced to

8 157432 1407 —40

3
EQ —gy+=—Inb—
80t g P37 37 32

€))

for T € (0,7_]U[t},0), where T =5+ 3(1 — 7). The density function in this case can be further changed into the
following forms. Let 7 = ax and T = ¢? (¢ > 0). Then

(x C)2+x2—l
16\>"5) T
= 05+23(1_cz)§ (/2 — (x—1)2dx, (10)

for x € [1 —c,1+c], where ¢ € (0,c_]U[cy,), c_ = /T_, and ¢4 = \/T1. On the other hand, if n = —ax and 7 = 2

(¢ > 0), then
(x+0)2+x2—1
_L6 c 2 2 [ 2 2
PZ(n)dTl— T 5—|—3(1—62)2 ¢ (x+1) dx, (1T)
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p2(n)dn =




forx € [-1 —c,—14c], where ¢ € (0,c_]U[cy,0), c- = /T_, and ¢4 = /T+.
The density on two disjoint intervals can be calculated by using the method discussed before. Briefly, there is

1
piP(n) = 5 (383 +4ga(a +a2+n))Re\/4b§b§ — (M —a)(n —a) — > —b3)*, (12)

where —oo < 11 < o0, and

4g4bib; = 1, (13)
2g2+ (3g3 +4g4(ar +a2))(ar + ar) — dga(arar — bt —b3) = 0, (14)
— (3g3 +4ga(ay +az))(aray — b3 —b3) = 0. (15)

It can be checked that if taking a; = a; = a and b = b, = b in the above, then a and b satisfy the equations (3) and (4).
In addition, the parameters need to satisfy extra condition(s) such that p§2> (1) does not take negative value. Relevant
discussions can be found in (15) if ones are interested in the corresponding free energy.

As aremark, if W(n) = g3 > +g4n* is degenerated to W(n) g4 n 4 by taking a — 0, (9) becomes E(®) =3/8 —Inb.
We will see next that E(*) has the same result as W(n) = gon* + g4 n* is degenerated to W (1) = g4n*. We can also
use (1) to get other special densities for m = 2. The density formula (1) and conditions (3) (4) for g; = g4 =0,g0 =1/2

coincide with the results (45) and (46) in (6).

7.2 Symmetric densities

For symmetric densities, consider W (1) = go+g21%+ -+ g2, n*", and a = 0.
When m = 2, there is

1
pa(n) = —(g2+2ga(n* +2b%)) /467 — 1%, (16)

for n € [—2b,2b], with the restriction conditions
g2+284(n* +2b%) > 0, 1 € [-2b,20], (17)
28 b+ 12g4b% = 1. (18)

The free energy becomes

3 1
E© *goJFZ*lanr24(282172*1)(9*282”2)7 (19)

which agrees with the equation (5) obtained in (6) if we choose g =1/2. fE (0) is taken as a function of 2g-b?, it has

a singular point at 2g,b> = 2, or at g4 = g4, where g4 = 12 This singular point is corresponding to the bound for the
condition (17) with g4 < 0, as well as the singularity v/(v — 1) with v =2 in (14) (Theorem 2.3). In fact, for the first part,
82 +2g4(4b*+2b%) =0 and (18) imply 12 g4 = —g3. For the second part, if g» = 1/2 in (18), then —1212%4 =2 (1 _ 1),
which implies v = 2 if dg4/dv = 0, where v = b2,

When m = 3, by Proposition 5, there is

1
ps(1) = — (82+284(n”+2b%) +3g6(n* +20°n° +6b%)) /452 — 72,
for 1 € [—2b,2b], and (2) and (3) become

82+2g4(n* +2b%) +3g6(n* + 20’0 +-6b*) > 0, n € [~2b,25),
2g2b% +12g4b* +60gsh® = 1.

Generally, the density is

pn(n) = ;kzm 2(n) V4B =12, n € [~2b,20], 20
where
L 2j—1 ( p) p—1 2p—1 2(,,73‘71)( 2_4b2)s 21
2m—2(M 218212 ji—p 4p1 A;] 25+1) 1 n 7
and
k2m—2(n) > Oa ne [_2ba2b]’ (22)
Y 2jgs; (Zj.1> b =1. 23)
= /
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Here, the formula (21) is obtained from (1) and (2) by choosing g; = g3 = --- = g2—1 = 0, a = 0, and then replacing j
by 2j, and takingg=2j—1and r = j— p.
By (7), there is for large R > 0,

kam—2(n) =

1 ou(A) dA 1 [ W@y aa
5 /

A=k VA2 —4b2 A —1M T 2mi =R VAZ—4pZA—1

When W (1) = g2,n>", there is kyn_2(N) = mgamh(nN), where h(n) is given by (9) which is from (6.151) in (10), and
(23) becomes (10).

Appendix A. Densities in other models
A.1. Density associated with Laguerre polynomials
Consider the Laguerre polynomials L (x) (19),
/(; L9 ()L (1)x% e dx = T(at + 1) <” : O‘) S
where o > —1, and I'(+) is the Gamma function. Choose
@, (x) = e 2L (), L) ()T

It can be verified that ®,(x) satisfies the following equation (27) (19)

0
aixcbn :An(x)q)ny
where a
1/ —5%+n —n—-a
—— 2
e (A

and trA,(x) = 0. It can be calculated that

o= () 1) (50 59))
A =(1+-L)2 and A_ = (1 — )2 Then

Vi Vi

Ty Y et () dx = AN O =)A= d, (A2)

which gives the density obtained in (22) (23), and the density is used in econophysics and relevant researches for studying
the distribution of the positive eigenvalues, for example, see (35) (36).

Letx=nA,qg=

_n_
n+o’

A.2. Densities associated with the polynomials on unit circle

Consider the orthogonal polynomials p,(z) = z"+ - on the unit circle |z| = 1 with the potential function V (z) = s(z+z"!)
(CIEY)
dz

27iz = hnsm,n

fpm(z)pn (Z)es(z+1/2)
where the integral is on |z| = 1, and p,(z) is the complex conjugate of p,(z). On the unit circle, let

b, (Z) = e%(erl/z) (an/2 Pn (Z)yzn/Z Pn (Z))T'

Then by the equation (4.10) in (4), there is

d
7q)n = An (Z)q)n I}
dz
where %+ ﬁ + n72s;2,xn+1 s(anrl i %)271
An (Z) = Xn+1 s s n—28XpXp41 )
SO —=4) B A= A
trA,(z) = 0, and x, (= p,(0)) satisfies the discrete Painlevé II equation
n
Jn === st +x01), (A3)
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with x, € [—1,1]. Then

1 z Z

2
Vdet(A,) = l\/(§+2~zvz+"_25;;xn+1) —i—ﬁ(xn—x’ﬂ) (xn+1_x7n). (A4)

Letn/s = A, and u, = —x,11/%,. Then A /(1 —x2) = u, + 1 /u,_1, or asymptotically as r,s — oo,

-1
unw{ 2(1/1x%)+ (Z(Iixyz,))z_l } .

IfA =2(1-x2) (<2), then u, ~ 1,0 X1 1 ~ —Xy ~ X1,

1 2 A
= dei(An(2)) dz~ cos% 2 —sin? % da, (A.5)
where 7 = ¢/*, which gives the density (29) in (20) for weak-coupling; and if A > 2, then u,, < 1, or x, — 0,
1 1 2
%\/det(An(z))dZN E(l—kzcosa) do, (A.6)

which gives the density (24) in (20) for strong-coupling. It was obtained in (20) that the free energy for this model has
continuous first and second order derivatives with respect to A, and the third order derivative is discontinuous at the critical
point A =2 or n/s = 2. At this critical point, the discrete Painlevé II equation can be reduced to the Painlevé II equation
as discussed in the Riemann-Hilbert problem (38).

Remark: This paper is published in J. Phys. A: Math. Theor. (2009), 205205. Further discussion can be found in C.
B. Wang, Application of Integrable Systems to Phase transitions, Springer-Verlag Berlin Heidelberg, 2013.
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