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Abstract

It is proved thatm —e , m+e , me and % all are irrational numbers .
[t is an argument by contradiction.

Notation and reminder

7 : known as Archimedes constant , is the ratio of a circle's circumference to
its diameter and 3 <t < 4.

+oo 1

e=2m=0" known as Euler’'s number and 2 < e < 3.

N*:={1,2,3,4, ... } the natural numbers .
Z:={..,—4,-3,-2,—-1,0,1,2,3,4, ...} the integers and Z*:= 7.\ {0}.

Q:={—=:(pq) € ZxZ*and prnq = 1} the set of rational numbers.

Q|

R : the set of real numbers.
R\Q:={xeRandx € Q : Q c R} the set of irrational numbers.
paq :=max{d € N* : d/p and d/q} the greatest common divisor of p and q.

V : the universal quantifier and 3 : the existential quantifier.
Introduction

Irrational numbers are the type of real numbers that cannot be expressed in
the rational form g , Where p, g are integers and g # 0. In simple words, all

the real numbers that are not rational numbers are irrational. In this paper
s
we show that V3 —+v/2 and V3 +V2, eandn, t—e ,m+e,me and?

all are irrational numbers. It is an argument by contradiction.
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Theorem 1.6 € R\ Q. In other words, V6 is an irrational number.

Proof. An argument by contradiction. Suppose that v6 € Q, and as v6 >0
2 2
then 3p,q € N* such that v6 = g and paq = 1, then (\/6) = (Zp) , then

2
6=% and 6g% = p? > p?isevenandp € N* > piseven orp = 2k: k € N*

= 6% = (2k)? = 4k? = 3q* = 2k?and 3A2 = 1 = 2 divides g% and 2 is prime
= 2 dividesqand q € N* = gisevenorq = 2k" k" € N*, hencepaq =2 ,
and we get a contradiction because paq = 1.

Main Theorem 1.4/3 —v/2 € R\ QandV3 +v2 € R\ Q.
In other words, V3 — V2 and /3 + V2 both are irrational numbers.

Proof. An argument by contradiction. Suppose that V3 —v2 € Q, then
3r € Q such that /3 —v2 = rimplies that (\/§—\/7)2 =r2eQ
=>5-2V6=1r2 € Q =2V6= 517

On the other hand, suppose that V3 ++2 € Q, then 3 r € Q such that
V3 ++v2 =rimpliesthat (V3 ++v2)2=12€ Q = 5+2V/6=r?€ Q

2_5 .
=v6=_ 5 € Q ,and we get a contradiction.

€ Q , and we get a contradiction .

Main Theorem 2.e e R\ Qand me R\ Q.
In other words, e and 1 both are irrational numbers .

Proof. An argument by contradiction . A simple proof that e is irrational
presented by Dimitris Koukoulopoulos and was found by Fourier in 1815 is
available at [2, Théoreme15.2] . A simple proof that m is irrational was
found by Ivan Niven in 1947 is available at [3].

Properties. The sine function satisfy the following properties :

The sine function (or sin(6) ) is defined , continuous, odd and 2m-periodic on R .
V 0 € R we have sin(2km + 0) = sin(0) and sin(2kmr — 0) = —sin(0) : k € Z.
VO € Rwehavesin(0) =0 0€ {krn:k € Z}.

Let {0,,},,cn+ € Rwe have lim sin(6,) =0 lirll 0,€{kmr:keZ}.
n—->+0o

n—+oo

According to [Main Theorem 2] we have {kr : k € Z} c R\ Q U {0} .


https://math.stackexchange.com/questions/483488/prove-that-if-the-sum-of-two-numbers-is-irrational-then-at-least-one-of-the-numb
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n!
Lemma. We have lim Y% n+1-=0.
n—-+oo
n 1 1 1

- n+1+ (n+1)(n+2)+ n+1)(n+2)(n+3)

Proof.Vn € N*, Y% N+l

1 1 1

< n+1 + (n+1)(n+1) + n+1)(n+1)(n+1)

1

=Xk 1(n+1)k “n
1 !
then 0 < Y42 o <—and lim —=0= lim }}% n+1n=0.
n n-+oon n—+oo

( lim sm(n' (r—e)+ Y- I)

n—-+oo

lim sm(n' (m+e)— Y- I) =0

n—+oo
Theorem 3. We have | n!
i i | — n —) =
n1_1>Too sin (n. me — M. Y=o m!) 0
i i | —_ n n_l =
\ n1_1>Too sin (n. pe —p.YXm=o m!) 0

Proof. First,

lim Sln(nl(n—e)+2 lll) = lim sm(nln— nle+ Y- E,)

n—-+oo n—-+oo

. . n!
= lim sm(n!n— F20 +Z )
n-+oo
n!
= lim sin(n!n— +o —)
Nstoo m—n+1m!
n! .
= nl_l)rpoo— sin (Zm n+1 ) = —sin(0) =0.
Second,
n! . . n n!
lim sin(n!(r+e)—Xr_ 0—) = lim sin{nlm+ nle — 33 _o—
n—+oo n-+oo m!
n! n!
= lim sm(n'n+ e — — 2l _ —)
n—-+oo Z ! m—Om!

n!
= lim sm(n'n+ 1 )
n—+4oo

. . 00 n! .
=n1_1)210051n( ;znﬂﬁ) = sin(0) =0.
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Third,
n! n! n!
lim sin (n'ne — . Y=o ) = lim sin (n Z+°° — — . %:0_,)
n—+oo n—+oo m.
n' .
= lim sin (n IR ) = sin(0) =0.
n—+oo

Fourth, let p € N* we have

n!

lim sin (n'pe—p Y= —,) = lim sm('p Z+°° » — D Xm= )

n—+oo n—-+oo

= lim sin (p IR n') = sin(O) =0.

n—-+oo

Main Theorem 3. t— e E R\ Qand mn+e € R\ Q andme € R\ Q
and %E R\ Q. In other words, 1t —e, ™+ e, me and% all are irrational

numbers.

Proof. An argument by contradiction . First, suppose that m — e € Q, and
asm— e>0,then3ap,q € N*suchthatm — e = s and pang = 1.

We recall that, Vn € N* we have n!(r —e) + Y= 1! > 0.
Then, lim sm(n'(n—e) + Y0 ') = lim sin (n'p+2 E.) :

n—+oo n—+oo

We put a, = n!§+2m=o$ :n € N*, and it is clear thata, is strictly
increasing and {a,:n =q} c N*, then lim a, & {km: k €7},

this implies that 11r£1 sin(a,) # 0, and We get a contradiction according
n—-—+0oo

to [Theorem 3].

Second, suppose that t+ e € Q,andasmt+ e > 0, then 3p,q € N* such
thatm + e = Sand pnaq = 1.

We recall that, Vn € N* we have n!(m +e) — Y _o n—! > 0.
Then, lim sm(n'(n+e) Y= ') = lim sin(n'%— me On') :

n-+oo n—+oo
We put a, = n'g— n = On n € N*, and it is clear thata, is strictly

increasing and {a,:n = q} c N*, then lim a, € {kn: k € Z},

n—+oo

this implies that lim sin(a,) # 0, and we get a contradiction according
n—+oo

to [Theorem 3].
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Third, suppose that me € Q, and as me >0, then Ip,q € N* such
that me = Sand pnq = 1.

n! n!
Then, lim sin (n'ne — . Y=o ) = lim sin (n'g — .Y m= —)
n—+oo n—+oo q !

= nl_1)r+noo (—=1)™*1.sin (n! S)
We put a, = n!s :n € N%, and it is clear that a, is strictly increasing
and {a, : n = q} ¢ N*, then lim a, ¢ {km: k €7},

this implies that nl_IHIOO sm(an) i 0 and hm (—1D)™*1, sin(a,) # 0, and we
get a contradiction according to [Theorem 3]

Fourth, suppose that % € Q, and as % >0, then Ip,q € N*such

thatl = S and paq = 1 implies that pe = gr.

Then, lim sin (n'pe —p. Y=o n') = lim sin (n' qm — p. Ym—o n')

n-+o n-+o !
= lim - sin (p Y= )
n—+oo
Weputa, =p. 20 _ :n € N¥, and it is clear that a,, is strlctly increasing

and{an:nEN}CN ,then 11+m a, ¢ {km: k €7},
n—>—+00
this implies that lirP sin(a,) # 0and lir+n —sin(a,) # 0, and we get a
n——+00 n—-—+ 0o

contradiction according to [Theorem 3].

Vs . .
Thus , we conclude that m — e, m + e, me and - all are irrational numbers.
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	Proof.  An argument by contradiction. Suppose that ,3. − ,2. ∈ ℚ , thenAAA ∃ 𝑟∈ ℚ such that ,3.−,2. = 𝑟 implies that  ,,,3.−,2..-2.= ,𝑟-2.∈ ℚAAAA                                ⇒ 5 − 2,6.= ,𝑟-2.  ∈ ℚ   ⇒ ,6.= ,,5 − 𝑟-2.-2.  ∈ ℚ  , and we get a co...
	Main Theorem 2. 𝑒 ∈ ℝ \ ℚ and  𝜋 ∈ ℝ \ ℚ .                                                           In other words, 𝑒 𝑎𝑛𝑑 𝜋 𝑏𝑜𝑡ℎ 𝑎𝑟𝑒 𝑖𝑟𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 .
	Proof.  An argument by contradiction . A simple proof that e is irrational presented by Dimitris Koukoulopoulos and was found by Fourier in 1815 is available at [2, Théorème15.2] . A simple proof that 𝜋 is irrational was found by Ivan Niven in 1947 i...
	The sine function (or sin,θ. ) is defined , continuous , odd and 2π−periodic on ℝ .
	∀ θ ∈ ℝ we have sin,2𝑘𝜋+θ. = sin,θ. and sin,2𝑘𝜋−θ. = −sin,θ. : 𝑘∈ℤ .
	∀ θ ∈ ℝ we have sin,θ. = 0 ⇔ θ ∈,𝑘𝜋 :𝑘∈ℤ. .
	Let ,,,θ-𝑛..-𝑛∈,ℕ-∗..⊂ℝ we have ,,lim-𝑛→+∞.-,sin-,,θ-𝑛....  = 0 ⇔ ,,lim-𝑛→+∞.-,θ-𝑛.. ∈,𝑘𝜋 :𝑘∈ℤ. .
	According to [Main Theorem 2] we have ,𝑘𝜋 :𝑘∈ℤ.⊂ℝ \ ℚ∪,0. .
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	Theorem 3. 𝑊𝑒 ℎ𝑎𝑣𝑒 ,,,,lim-𝑛→+∞.-,sin-,𝑛!,𝜋−𝑒.+,𝑚=0-𝑛-,𝑛!-𝑚!..... = 0-,,lim-𝑛→+∞.-,sin-,𝑛!,𝜋+𝑒.−,𝑚=0-𝑛-,𝑛!-𝑚!..... = 0-,,lim-𝑛→+∞.-,sin-,𝑛!𝜋𝑒−𝜋.,𝑚=0-𝑛-,𝑛!-𝑚!..... = 0   -,,lim-𝑛→+∞.-,sin-,𝑛!𝑝𝑒−𝑝.,𝑚=0-𝑛-,𝑛!-𝑚!.......
	,,lim-𝑛→+∞.-,sin-,𝑛!,𝜋−𝑒.+,𝑚=0-𝑛-,𝑛!-𝑚!..... =,,lim-𝑛→+∞.-,sin-,𝑛!𝜋− 𝑛!𝑒+,𝑚=0-𝑛-,𝑛!-𝑚!.....                                                                                                                                               ...
	=,,lim-𝑛→+∞.-,sin-,𝑛!𝜋− ,𝑚=𝑛+1-+∞-,𝑛!-𝑚!.....
	=,,lim-𝑛→+∞.-,− sin-,,𝑚=𝑛+1-+∞-,𝑛!-𝑚!..... = ,− sin-(0). = 0 .
	Second,
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	Third,
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	Third, suppose that 𝜋𝑒 ∈ ℚ , and as 𝜋𝑒>0 , then ∃ 𝑝 , 𝑞 ∈,ℕ-∗. such that 𝜋𝑒 = ,𝑝-𝑞. and p˄q = 1.AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA                                                                            Then,,, lim-𝑛→+∞.-,sin-,𝑛!𝜋𝑒−𝜋...
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