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Abstract:Buildaspecialidenticalequation,useitscalculationcharacterstoproveand

searchforsolutionofanyoddconvergingto1equationthrough(*3+1)/2̂koperation,

changetheoperationto(*3+2̂m-1)/2̂k,andgetasolutionforthisequation,givea

specificexampletoverify.ThusprovetheCollatzConjectureistrue.Furthermore,

analysisthesequencesproducedbyiterationcalculationduringtheprocedureof

searchingforsolution,buildaweightfunctionmodel,proveitdecreaseprogressivelyto0,

buildacomplementweightfunctionmodel,proveitincreasetoitsconvergencestate.

Builda(*3+2̂m-1)/2̂koddtree,proveifoddin(*3+2̂m-1)/2̂klonghugeoddsequence

cannotconverge,thesequencemustoutsteptheboundaryofthetreeafterinfinitesteps

of(*3+2̂m-1)/2̂koperation.
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Ⅰ IntroductionAboutTheCollatzConjecture
TheCollatzConjectureisafamousmathconjecture,namedaftermathematician

LotharCollatz,whointroducedtheideain1937.Itisalsoknownasthe3x+1conjecture,

theUlam conjectureetc.Manymathematicianshavetriedtoproveittrueorfalseand

haveexpandedittomoredigitsscale.Butuntiltoday,ithasnotyetbeenproved.

TheCollatzConjectureconcernssequencesofpositiveintegersinwhicheachterm

isobtainedfrom thepreviousoneasfollows:ifthepreviousintegeriseven,thenext

integeristhepreviousintegerdividedby2,tilltoodd.Ifthepreviousintegerisodd,the

nextterm isthepreviousintegermultiply3andplus1.Theconjectureisthatthese

sequencesalwaysreach1,nomatterwhichpositiveintegerischosentostartthe

sequence.

Hereisanexampleforatypicalintegerx=27,takesupto111steps,increasingor

decreasingstepbystep,climbingashighas9232beforedescendingto1.

27,82,41,124,62,31,94,47,142,71,214,107,322,161,484,242,121,364,182,91,274,137,412,

206,103,310,155,466,233,700,350,175,526,263,790,395,1186,593,1780,890,445,1336,668,334,

167,502,251,754,377,1132,566,283,850,425,1276,638,319,958,479,1438,719,2158,1079,3238,

1619,4858,2429,7288,3644,1822,911,2734,1367,4102,2051,6154,3077,9232,4616,2308,1154,

577,1732,866,433,1300,650,325,976,488,244,122,61,184,92,46,23,70,35,106,53,160,80,40,

20,10,5,16,8,4,2,1.

Iftheconjectureisfalse,thereshouldexistssomestartingnumberwhichgivesrise

toasequencethatdoesnotcontain1.Suchasequencewouldeitherenterarepeating

cyclethatexcludes1,orincreasewithoutbound.Nosuchsequencehasbeenfoundby

humanandcomputerafterverifiedalotofnumberscanreachto1.Itisverydifficultto

provethesetwocasesexistornot.



Thispaperwilltrytoprovetheconjecturetruefrom aspecialview.Becauseany

evencanbecomeoddthrough operation,thispaperwillresearchonlyodd

charactersintheconjecturesequence.Theequivalenceconjecturebecome:withrandom

startingoddx,do operationrepeatedly,italwaysconvergesto1.The

abovesequencecanbewrittenasfollowing,inwhichnumbersonarrowsarekin

ineachstep:

Ⅱ BuildEquationForTheConjecture

Ifoddxdontimes calculationbuildoddy,wecanget:

Inwhichp1…pniskin operationineachstep.

Forexample: , ,then

Supposeoddxcanconvergeto1through calculation,theny=1, get:

Formula(1)

Weknow ,andcandoanytimesthiskindofoperation.Thatisto

say,1dorandom nsteps operationcanconvergeto1,have:

BelowweusethismodeltoproveandsearchforsolutionofFormula(1)foranyodd

xconvergingto1.

Ⅲ SolutionForAnyOddConvergingTo1Equation
Firstwithoddxdoreform:

,am…a0=0,1or2.Then:

Ifam>1oram=1but



,make

or:

Buildidenticalequation:

Formula(2)

Ifxcanconvergeto1,Formula(1)andFormula(2)shouldbeequivalence.Belowwe

trytoreform Formula(2)toform ofFormula(1),ifsuccessful,itprovesthatequationfor

Formula(1)hassolution.

Firstlet:

,

becausexisodd,thisisoddminuseven,tnshouldbeodd.

Becausethemaxvalueofx-3m is ,minvalueis

,thentnhasarange:

from to

.

Changetntobinaryform andlet:

,thisisjustwith3npartmultiply(2+1)

become3n-1part,andpluscorrespondingpartinFormula(2),minuscorrespondingpart

inFormula(1).From nowon,tn-1becomeeven.Continue:

,andlet2p1equaltothemax

valueofevenpart(orthelowestbitofoddpart).

WatchFormula(1)andFormula(2),ingeneral,ifdonotconsider2p1+…part(because

weconsider2p1+…asmaxvalueofevenpartofti-2)inFormula(1),correspondingparts

inFormula(2)arebiggerthancorrespondingpartinFormula(1).Henceafterafewtimes

of ,valueofti-2ismainlydeterminedbycorrespondingpartinFormula(2).

And,after ,oddpartshouldadd1or2bits,ifadd1bit, should

operateinMSBbit;ifadd2bits, shouldoperateinMSB-1bit.Bothcasesodd

partadd2bitsafter operation,ifMSBbitofti-2is2k,kshouldbeodd.

Forexample:

, ,



Continue:

,let2p1+p2equaltothemax

valueofevenpart.BecauseLSBbitsequencenumberofoddpartoftiincreases

continuously,thiscanbefinishedeasily.

Watchti(i<nanddecreasesstepbystep),duringiteration,thecountofsuccession1

inthehighestpartshouldbeunchangedorincreased.Why?Thisisbecauseof

charactersofoddmultiply3and operation.Ifti-1iswithbinaryform 10…,

obviously,countofsuccession1inhighestpartofti-2isunchangedorincreased.Ifti-1is

withform 111…,afterdo ,shouldbecome101…,do ,become111…,count

ofsuccession1inhighestpartisalsounchangedorincreased.Othercasescanbe

provedeasily.Somecasescanincrease,forexample,ifti-1iswithform 110110…,ti-2

becomes1110…

Dothisiterationcontinuously,countofsuccession1inthehighestpartofoddpart

oftiisunchangedorincreased,LSBbitsequencenumberisalsoincreased.Hence,finally,

ticanbecomeform of11…,just form (k+j=odd).Stophere,donotdo

again,oddxalreadyconvergeto1.Do operation,itshouldoperatein

MSB+1bit,becauseMSBbitsequencenumberof isforeverequaltoMSB+1bit

sequencenumberofthepreviousitem.Henceminusresultcanbeequalto ,

thusprovetheCollatzConjectureandgetsolutionofFormula(1).

Belowgiveaspecificexample,x=7.

Weknow,with7do ,have:

Suppose:

Build:

*(2+1)and+24:

-3n-1:

*(2+1)and+26: ,



Letp1=1,anddeleteitem 2:

*(2+1)and+28:

Letp1+p2=2,anddeleteitem 22:

*(2+1)and+210:

Letp1+p2+p3=4,anddeleteitem 24:

*(2+1)and+212:

Letp1+p2+p3+p4=7,anddeleteitem 27:

Nowbecome111…,thehighestbitis213,iterationfinished,stepsn=5.And

.

Thisway,wegetasolutionforFormula(1),inwhichthevalueofnandpiisexactly

samewiththeresultgotfrom calculatingdirectly.

Ⅳ ConvergenceRegularityOfCollatzConjecture

Ifwecalculatedirectlywithoddthrough operation,theodd

sequencebuilt(calledSequence(1))hasnoobviousconvergenceregularity,elementsin

thesequencevarysometimesbig,sometimessmall.Butifwedooperationas

introducedinabovesection,convergenceregularityoftheoddsequencebuilt(called

Sequence(2))ismoreobvious.

First,ifaddtwocorrespondingelementsineachstepinthesetwooddsequences,

shouldbeexactly2k(kisdifferentwithdifferentelements).Suchas

…inaboveexample.

Ingeneral,firstelementinSequence(2)is:

andfirstelementinSequence(1)isx:

,then

,isjustthesameform withFormula(2),

and2m shouldbetheMSB+1bitsequencenumberofxora(alongwiththeincreasement

ofainSequence(2),2m shouldbetheMSB+1bitsequencenumberofa,becauseeach



correspondingpartinFormula(2)isbiggerthanwhichinFormula(1)).

Belowprovenextelementsalsosatisfyaboveregularity.

SupposeainSequence(2)andxininSequence(1)satisfyaboveregularity,and:

,

,then

,

,

Thisstatesthatthelowestbitofoddpartof(3x+1)and(3a+2m+1-1)isequal,andadd

thesetwooddpartsshouldbe2i(i<k).

Aboveregularitystatesthattheoriginaloddsequencehasnoobviousregularityis

becauseitisonlythepartialpart,notthewholepart.

Second,researchintooddmultiplying3,anyoddcanbewritteninbinaryform 1…1,

boththehighestandlowestbitis1,after ,althoughtotalbitnumberincreases,first

substepistoshiftbit1tothemiddleoftheresult,secondsubstepmaymakecarryto

higherbitdueto1+1inthemiddleoftheresult(1-bitsinthemiddleofoddalsosatisfy

thisregularity).Bothsubstepsarebeneficialtoourfinalgoal,becauseweneedmany1

bitsinfinalresult. operationensuresuccession1bitsinthehighestpart,-1

operationreducecountofisolated1bitsinthelowestpart.Hence0-bitsintheoddpart

intishouldshiftrightorbit-countreduceineachstep,anditsweightintotaltishould

reducestepbysteptillto0,whentheoddpartconvergesto1...1.Buildasimpleweight

model:

Definition (1)

Where22kisthecorrespondingaddingpartintiinthatstep.Becauseobviously

ineachstep,simplywecanusewirepresenttheweightofvalueofall0bitsin

oddpartinti.Wecanalsothink asthesum oftianditscorrespondingpartin

originalsequence,theconclusionwefinalgotissame.Specially,withanyodda,which

highestbitis2m,definewiforthisodd:

Definition (2)

AlthoughthedenominatormaybebiggerthanwhichinDefinition(1),theregularityis

same.

Note:ifoddiswithform 1...1,without0bits,trytofinditscorrespondingoriginalodd

strictlyusingmethodintroducedabove,ifnotfound,abandonit,iffound,ignoresome

previousstepstillwiorw[a]isnotequalto0.Onlyweightfunctionvalueof11isalways

equalto0tilltoconvergence,itisnotworthworryingabout.Thesecasesdonot

influenceourresearch.



Observewi,itshouldreducestepbystep,andmodelvaluecanandmustconvergeto

0,becausethereisnopossibilitytoexistaconvergencevalue,whichitscorresponding

oddpartintiisnot1...1,anditsmodelvaluecanremainunchangedinnextstepsthrough

multiplying3operationandothertwooperations.Thusoddpartmustconvergeto1...1,

couldnotdivergeorconvergetootherodds.

tisequenceinaboveexampleis:9,42,188,816,3456,14336

oddpartsequenceis:9,21,47,51,27,7

wisequenceis(accordingtoDefinition(1)):

(2+4)/4=1.5,(4+16)/16=1.25,64/64=1,(64+128)/256=0.75,512/1024=0.5,0/4096=0

Throughaboveintroductionweknow,withoddwedo operationinthe

CollatzConjecture,onthecontrast,withoddwedo inaboveiteration

method.Wecaneasilyprovethatodd1…10a(aisinbinarybase)isequivalenttoodd10a

insecondmethod,countofsuccession1bitsintheheadpartonlyrepresenttheiteration

stepsroughly.

Infact,onlyonecase0bitsintidonotshiftrightorbit-countreducewhentihasnot

converged.Thisis:

101->1011.

Thiscasewidonotchange,bothare1/4,accordingtoDefinition(2).Butnextstep

1011->11,ticonverges,hencethiscaseisnotworthworryingabout.

Belowweproveitstrictly.

Supposewithoddado operation,andusexrepresentiterationsteps.

Wecanreform wiasfollowing(accordingtoDefinition(1)),thenumeratorpartisexactly

equalto0bitsinti:

Obviouslyw(x)iscontinuousderivablewhenainodddomaindefinitionandxin

positiveintegerdomaindefinition,andisbounded(>=0).

Nowwetrytotakethederivativeofw(x).

Herethederivationdefinitionofthenumeratoranddenominatoris:

(y(x+1)-y(x))/(x+1-x).

Thenthederivationofthenumeratoris:

Thederivationofthedenominatoris:

Then



Wherebistheoddafteroddadoingxsteps operation.thatis:

Observew'(x),weknowwhenb>3,w'(x)<0,w(x)monotonicallydecreases.Only

whenb=1(thiscase shouldequalto4),orwhenb=3, ,w'(x)=0.Second

caseofb=3istheexceptcaseintroducedabove,thecorrespondingoddpartoftiiswith

form '101',isnotworthworryingabout.Firstcaseisconvergencecase.

Totally,thiskindofiterationcalculationhasthesecasesafterdoing

asfollowing:

Case1:oddtailpartdecreasesonebit,headpartdoesnotincreaseonebit,thiscase

tailpartshouldinsertonebitof1andwithzeroormore0changingto1,totally1bits

weightshouldincreaseintailpart.

Case2:oddtailpartdecreasesonebit,headpartincreasesonebit,ifcorresponding

oddin sequencechangebigger,isjustbecausetailpartcarryonebitof1

toheadpart;ifcorrespondingoddchangesmaller,isjustweneed.

Case3:oddtailpartdecreasestwobits,headpartdoesnotincreaseonebit,tailpart

0bitsshouldshiftright.

Case4:oddtailpartdecreasestwobits,headpartincreasesonebit.

Case5:oddtailpartdecreasesthreeormorebits,headpartincreaseszeroorone

bit.

Allthesecases,w(x)functionaredecreasedstepbystepexceptsomecases

introducedabove.

Doesitexistsomeoddswhichitswitendsto0butnotequalto0forever?Infact,it

existssomeoddswhich0-bitsdistributionaresimilarandwidecreasesiftheyexistin

samesequence.Suchas,10001and110001(+25)or11000011(*4-1),10001and

1100001(insert0).Becausethe operationlimitsthevaryingofthe

highestpartofodd,theseoddscouldnotbepossibletoappearinthesamesequence,

alsocouldnotrepeatedlyappear.

Forexample:

10001->101001->1011101->11001011->11011->111,couldnotproducesimilar0-bits

distribution.

Belowproveitfrom anotherview.

Supposeoddaisin operationsequence,itscorrespondingoddin

operationsequenceisb,whichhighestbitis2m,thenaccordingto

Definition(2), .

NextStep,bbecomeoddc,then ,where2pisthelowestbitofodd



part.

,

Whenaisbigenough,forexamplea>=210+1, .

Thismeanswhenoddin operationsequenceisbigenough,nextstep,

wiissmallerthanwhichmultiply0.751incurrentstep.

Inaboveexample,forfirstodd, ,forotherodds, ,

, ,wiforallotheroddsisequaltoorbiggerthanwi*0.5for

firstodd.

Anyoddshavethissameregularity.Becausewhenthetailpartoftheoddsremain

unchangedorinsert0(anytailposition),thenumeratorpartissameorbiggerthan2

timesoforiginal,andthedenominatorbecomesameor2timesoforiginal,whenthe

headpart(successive1part)oftheoddsaddone1,thedenominatorbecome2times

again,thenthefinalvalueshouldbebiggerthan0.5timesthanoriginal.

Inaboveexample,obviously,firstoddcouldnotbecomeotheroddsinwithin3

steps(caseofhugeoddsissame).But0.751*0.751*0.751=0.423564751<0.5,itis

contradictious.

Ifstepsincrease,itisalsonotpossibletobecomeotherodds,becauseifsteps

increase,countof1inheadpartshouldalsoincrease,thisconsumesmanysteps,there

arenoenoughstepslefttofinishtheneeddeformation.

Weknow,normallyifonlythinkaboutvaryingofheadpart,itneeds2or3steps

periodlytofinishaddingone1toheadpart,iftailpartcarryonebitof1toheadpart,it

minus1step.Andtailpartisnotpossibletocarry1bittwotimestoheadpartwhenhead

partaddtwo1successively,becauseeachtimeheadpartaddone1ortailpartcarry1

bittoheadpart,highestpartoftailpartproducestwomore0bits,itcouldnotproduce

carryingbitsuccessively.Thisistosay,normallyinlongoddsequence,eachtimehead

partaddone1,itatleastneedabout2moresteps(weignoreoddsneedingonly1stepto

addone1toheadpartinfirststephere,andwealsoignoreoddswithform 10111(many

many1)...,becausealthoughthiskindofoddsneed2stepstofinishaddingone1to

headpartsuccessivelyduringsomesteps,itdecreasescountofsuccessive1intailpart

aftereachstep,thisisnotgoodforchangingtosimilar0-bitsdistribution).

Weknowloopoddsequenceanddivergenceoddsequencebotharelongsequence

whichhasmuchmorethan4elements(3steps).Supposeanyhugestartodda(its

correspondingoddin sequenceisbiggerthan210+1),aaddxbitsof1in

headpartandbecomehugeoddbwithsimilar0-bitsdistributionofa,itatleastneedy

stepstofinish.Thenw[b]shouldbebiggerthan0.5xtimesofW[a]from calculationdirectly,

andshouldbesmallerthan0.751ytimesofW[a]throughiterationcalculationcharacter



introducedinabove.Thisis:

But,nomatterwhetherthedeformationisfinishedornot,onlytofinishadding

enoughbitsof1toheadpart,itneedatleastmorethan2xsteps(about2.5xsteps),there

isnoenoughstepstodotaildeformation.Sofar,theneedingstepsfrom thesetwo

anglesmaybecontradictious.

Henceitcouldnotbepossibletoexistasequencewhichexistsalooporwitendsto

0butnotequalto0foreverwhenalloddsinthesequencearebigenough.Onceone

correspondingoddin sequencebecomesmallerthan210+1,itbecome

caseofsmallodd,andallsmalloddscanbeprovedtoconvergeeasilymanually.

Ⅴ TheComplementWeightFunctionOfW[a]

ToavoidprovingweightfunctionW[a]convergingto0(itisnoteasilytoprovestrictly

thenumeratorpartequalto0finally),webuilditscomplementweightfunction.Build:

,thehighestbitofais2m.

Throughtheproofandintroductionabove,weknowWc[a]monotonicallyincreases

exceptwhencorrespondingoddbiin sequenceofaiis1or3,andthese

exceptcasesarenotworthworryingabout.Andwealsoknowtheconvergencestateof

Wc[a]is .

HowmuchdoesWc[a]increaseineachstep?Supposeodda0,a1,a2arethreeelements

inorderin sequence,a0isequaltoa,then

, , ,where2p

is2kinfirststep operation.

,

,



Observethisformula,when2pisequalto2or4, is ,supposethis

ratiois ,then

,

Whenn->∞, ,thisisaconvergencestate,

andweknow,inactualcase,itneedsalimitnumbernstepstoreachto(orbiggerthan)

,becausetheratiois .

when2pisbiggerthan4, is ,butstill ,Wc[a]alsoincreases,

thistime,thereisnotanyotherlimit,itcanincreasetilltoitsconvergencestate.And

moreimportantly,when2pisbiggerthan4,convergingspeedbecomemorefaster,

becausecorrespondingoddin sequencebecomesmaller.

Ofcourse,Wc[a]canconvergein (kisanypositiveinteger),notonly .

ThisincreasestheconvergencechanceofWc[a].

IsitpossiblethatWc[a]increasescontinuouslybutneverequalto ?For

example,87/128,177/256,357/512,717/1024…(heredoesnotconsiderratio

temporarily).

Itisnotpossible.ObservethevaryingoffractioninlowesttermsofWc[a],the

denominatorpartisequal,smaller,or2timesofprevious(becausethenumeratorpartat

leastcanbedividedby2ineachstep)ineachstep,whenisequal,thenumeratorpart

shouldincrease,itispossibletoconverge,whenis2timesofprevious,thetotalvalue

alsoincrease,whenissmaller,thetotalvalueshouldnotonlybiggerthanthevalueof

frontWc[a]withsamedenominatorpart(ifexist),butalsobiggerthanallWc[a]followit.And

inlongsequence,usuallyappearthesmallercase,ithasmanychancestoappear ,

especiallywhenthefrontelementisalreadyclosetoitsconvergencestate.Forexample,



suppose177/256isinsequence,ifsomefollowingelementwithsamedenominatorpart

256appearaftermanysteps,itsvalueshouldbebiggerthanalltheelementsbetween

177/256anditself,itismuchpossibletoequalto255/256.

ContinuouslyobserveWc[a],eveninthe2timescase,elementsarecloserto

convergencestatebythemselves.Supposethedenominatorpartoffractioninlowest

termsof is2m+2,

Weknow2m<a<2m+1-1,ifaisnotequalto11…101,whichisveryclosetoits

convergencestate11…1,theaboveformulais<0.Thusprovedtheaboveconclusion.

Belowgiveanexampleofstartnumber27in oddsequencetoverify,

somedecimalsarewrittenintheform whichiseasilytobejudgedequalto,biggeror

smallerthan0.75.

Oddsin sequenceare:

37,87,97,209,441,917,1887,1927,1957,3959,3993,8037,16151,16209,32505,65141,130479,130627,6

5369,130821,261767,261861,523863,523969,1048097,2096433,4193225,8386989,16774787,8387697,1

6775849,33552381,67105787,16776639,16776783,16776891,4194243,2097129,4194269,8388555,104

8571,262143

Wc[a]sequence:

37/64,87/128,97/128,209/256,441/512,917/1024,1887/2048,1927/2048,1957/2048,3959/4096,39

93/4096,8037/8192,16151/16384,16209/16384,32505/32768,65141/65536,130479/(65536*2),130627/

(65536*2),65369/65536,130821/(65536*2),261767/(65536*4),261861/(65536*4),523863/(65536*8),52

3969/(65536*8),1048097/(65536*16),2096433/(65536*32),4193225/(65536*64),8386989/(65536*128),

16774787/(65536*256),8387697/(65536*128),16775849/(65536*256),33552381/(65536*512),6710578

7/(65536*1024),16776639/(65536*256),16776783/(65536*256),16776891/(65536*256),4194243/(655

36*64),2097129/(65536*32),4194269/(65536*64),8388555/(65536*128),1048571/(65536*16),262143/

262144

sequence:

13/128,10/128,15/256,23/512,35/1024,53/2048,40/2048,30/2048,45/4096,34/4096,51/8192,77/16

384,58/16384,87/32768,131/65536,197/(65536*2),148/(65536*2),111/(65536*2),83/(65536*2),125/(65

536*4),94/(65536*4),141/(65536*8),106/(65536*8),159/(65536*16),239/(65536*32),359/(65536*64),53

9/(65536*128),809/(65536*256),607/(65536*256),455/(65536*256),683/(65536*512),1025/(65536*10



24),769/(65536*1024),144/(65536*256),108/(65536*256),81/(65536*256),15/(65536*64),11/(65536*6

4),17/(65536*128),13/(65536*128),1/(65536*16)

sequence:

10/13≈0.77,0.75,0.77,0.76,0.76,0.755,0.75,0.75,0.76,0.75,0.755,0.753,0.75,0.753,0.752,0.751,0.75,0.

748,0.753,0.752,0.75,0.752,0.75,0.752,0.751,0.751,0.750,0.750,0.749,0.751,0.750,0.750,0.749,0.75,0.75,0.

741,0.73,0.77,0.76,0.62

Throughaboveweknow ,itcanbewritteninfollowingforms:

,b-1<>0mod4,or

,b-1≡0mod4,inwhichbisthecorrespondingoddofain

sequence,b-1reflectsthe0-bitsinthetailpartofa.

ThenCollatzConjecturecanbedescribedas:Withanyoddainrangeof2kto2k+1-1,

setitsinitialgoalsetis2j+1-1(j<=k),itstailpartisb,dooperation:trytodo(b-1)dividedby

4,ifcannot,shiftleftonebitofa,plustheresultofshiftingrightonebitofb(the0-bitsin

thetailpartofa),andadd2k+2-1togoalssetofa,thisoperationmakesthe0-bitsinthe

tailpartofashiftrightorcountreduce;ifcan,aplustheresultof(b-1)dividedby4,this

operationnotonlymakesthe0-bitsinthetailpartofashiftrightorcountreduce,but

alsoreducestheoddscountabout1/4toitsgoal2k+1-1,furthermore,ifthelastresultis

even,itcanreduceafractionofusing2k+1asdenominator,thismakesitcanreachits

previousgoal2j+1-1(j<=k)possibly.Dotheseoperationsrepeatedly,ithaveunlimited

chancestoreachoneofitsgoalset.

Throughaboveweknow,if sequencehaveonly/2and(or)/4cases,

thesequencecanneverconverge,/2casemakesgoalofain

sequencelarger,/4caseneeds∞ steps.Butitisnotpossibleinlongsequence,thisis

determinedbytheregularityoftailbinarybitsofodddoing operation.Odds

ofform with*10…01(many0),bothitsinitialvalueandresultcando(-1)/4,Oddsofform

with*11…11(many1),bothitsinitialvalueandresultcando(-1)/2,thesetwocasescan

becomeotherformsafterseveralsteps,andoncebecomeotherforms,itneedsmany

stepstobecomebacktomany1or0forms(ifbecomebacktoform withsimilar



distribution,0or1countshouldreduce).Oddswithotherforms,themselvesandtheir

followingstepscanappearalternately/2,/4,/2kcases.

Ⅵ (*3+2m-1)/2̂kOddTreeAndItsRegularity

Charactersof2kareveryregular,ifwesetoddsof between

4p+4p-1+…+1and4p+1+4p+…+1asonelayer,call2karethepropertiesoftheseoddsafter

doing operation,wecanfindeachlayercountof22p+1,22p,…22,2are1,12

4,124816…,theirpositionshaveequalintervalspace,22p+1isinthemiddlebetween4p

and4p+1,22pisinthemiddleofleftpart…,firstpositionandsteplengthofoddsof

different2kpropertyaredifferentaferdoing operationindifferentlayers.In

brief,charactersof2kareveryregular,wedonotintroduceindetail.Herewestillput

focuson odds.Seefollowingtree:

…

L6:129(321.1)131(81.3)133(327.1)135(165.2)137(333.1)139(21.5)141(339.1)143(171.2)145(345.1)

147(87.3)149(351.1)151(177.2)153(357.1)155(45.4)157(363.1)159(183.2)161(369.1)163(93.3)

165(375.1)167(189.2)169(381.1)171(3.8)173(387.1)175(195.2)177(393.1)179(99.3)181(399.1)

183(201.2)185(405.1)187(51.4)189(411.1)191(207.2)193(417.1)195(105.3)197(423.1)199(213.2)

201(429.1)203(27.5)205(435.1)207(219.2)209(441.1)211(111.3)213(447.1)215(225.2)217(453.1)

219(57.4)221(459.1)223(231.2)225(465.1)227(117.3)229(471.1)231(237.2)233(477.1)235(15.6)

237(483.1)239(243.2)241(489.1)243(123.3)245(495.1)247(249.2)249(501.1)251(63.4)253(507.1)

255

L5:65(161.1)67(41.3)69(167.1)71(85.2)73(173.1)75(11.5)77(179.1)79(91.2)81(185.1)83(47.3)

85(191.1)87(97.2)89(197.1)91(25.4)93(203.1)95(103.2)97(209.1)99(53.3)101(215.1)103(109.2)

105(221.1)107(7.6)109(227.1)111(115.2)113(233.1)115(59.3)117(239.1)119(121.2)121(245.1)

123(31.4)125(251.1)127

L4:33(81.1)35(21.3)37(87.1)39(45.2)41(93.1)43(3.6)45(99.1)47(51.2)49(105.1)51(27.3)53(111.1)

55(57.2)57(117.1)59(15.4)61(123.1)63

L3:17(41.1)19(11.3)21(47.1)23(25.2)25(53.1)27(7.4)29(59.1)31

L2:9(21.1)11(3.4)13(27.1)15

L1:5(11.1)7

L0: 3

Inabovetree,a.bin()meansresultisa*2bafterfrontodddoing

operation.M_thlayerhas2m elements,thelastelementistheconvergencestate.

Charactersof2karealsoveryregular,forexample,upwardfrom aspecificlayer,

positionsof2are1+2i(i>=0),upwardfrom anotherspecificlayer,positionsof22are4+4i,

positionsof23are2+8i,positionsof24are14+16i…,thiscanbeeasilyprovedstrictly.For

example,oddsofposition2+8iinm layerare2m+1-1+(2+8i)*2,(0=<i<=[(2m-1-1)/4]).



Canbedividedby23,resultisoddifm+1>3.Andbecausethehighestbitoftheresult

oddis2m,itmustbeinm-1layer,downwardonelayerfrom m layer.

Throughabove,wecaneasilyprovethatifthepropertyofanoddis21,itmoves

upwardonelayer(andalsomovesforwardsomelocation),ifthepropertyofanoddis22,

itmovesforwardinthesamelayer,ifthepropertyofanoddis2k(k>2),itmoves

downwardk-2layers(andalsomovesforwardsomelocation).

Inthistree,becauseelementcountofeachlayeris2timesofwhichofthe

downwardlayer,wecantransform allpositionstoonespecificlayer.M-1layertransform

tom layerdo*2,m+1layertransform tom layerdo/2,etc.Thenalltransformed

positionscannotexceed2m!

Belowwetrytoproveoddsinanylayercanconverge.Normally,wesupposethe

researchsequenceislonghuge(oddsin sequencearehuge)sequence.

Supposeaisanoddinm-1layer,itshighestbitis2m.

Posofainm-1layeris: ,

,bisinlayerm-p1+1

Posofbinm-p1+1layeris: ,

Posofbinm-1layeris:

,isinlayerm+3-p1-p2

Posofcinm+3-p1-p2layeris:

Posofcinm-1layeris:

,ratiopis:



Nexttrytoprovetheaveragevalueofpositionincrementratiopis>=3/4inlong

validsequence(orrebuiltsequence).

Onlythesecasesratiop<3/4:p2=1,p1>=2;p2=2,p1>=3.When2m+1-a>>

(correspondingoddin sequenceisverybig), canbeignored,

.Then:

, ,

, ,

Belowlistsomespecialcases.

Ifpkappear2,1,2,1,2,1,2,1...,p(2,1)+p(1,2)≈3/2,averagep≈3/4.

Ifpkappear2,1,1,2,1,1,2...,p(2,1)+p(1,1)+p(1,2)>9/4,averagep>3/4.

Ifpkappear3,1,3,1,3,1,3,1...,p(3,1)+p(1,3)<3/2,averagep<3/4(still>1/2).butthis

sequencemeans:firstdownwardonelayer,thenupwardonelayer,thendownwardone

layer…,allmovementsareinthetwolayers,itmustoversteptheboundaryofthe

tree(sequenceisinvalid)orconverge.

Ifpkappear2,1,3,1,2,1,3,1…,p(2,1)+p(1,3)+p(3,1)+p(1,2)<12/4,averagep<3/4,thisserial

numbercouldnotbepossibletoappearfrequently,becausethepropertyofthefrontand

backnumberof2aresame,and3also.Inmostinstances,frontandbackpropertyare

different.Frontandbackpropertyaresamefortwonumbersfrequentlyarelesscases.



Ifpkappear2,1,3,2,1,3,2…,averagep<3/4,butthissequencemeans:firstforwardin

onelayer,upwardonelayer,anddownwardonelayer,andforwardinthatlayer…,all

movementsareinthetwolayers,itmustoversteptheboundaryofthetreeorconverge.

Ifpkappear2,1,3,1,3,2,1,3,1,3,2...,averagep<3/4,butallmovementsareinthetwo

layers,itmustoversteptheboundaryofthetreeorconverge.

Ifpkappear2,1,3,1,3,2,2,1,3,1,3,2...,averagep<3/4,butallmovementsareinthetwo

layers,itmustoversteptheboundaryofthetreeorconverge.

Summary,all<3/4casesinaboveareinvalidorcanconvergepossibly.Andweknow,

Normally(3,1),(4,1),(5,1)…,(3,2),(4,2),(5,2)…appearlesstimesinlongsequence,

becausetheyarebeneficialtoconvergence.Theratioofthem is<3/4isusuallyjust

becausetheratiois>3/4infrontofthem.Infact,(1,1),(1,2),(2,1),(2,2)appearfrequently

inlongsequence.Thiscase,averageratiop>=3/4.

Althoughabovecalculationisroughly(mainlybecauseainaboveformulachanges

eachtime),wecanusethem toestimate.

Wecanalsoproveitfrom anotherview.From ratioformulaweknow,casesof

(forward,upward),(downward,upward),(downward,forward)ratio<3/4;casesof

(upward,upward),(downward,downward),(upward,downward),(upward,forward)ratio

>3/4;caseof(forward,forward)ratio=3/4.casesof>3/4ismorethancasesof<3/4.

Andmostimportantly,inlonghugesequence,thegeneraltrendofthesequenceis

upwardinthetree(generalforwardanddownwardtrendincreasetheconvergencespeed),

casesof(upward,upward),(upward,forward),(forward,forward)shouldappear

frequently,(upward,upward)shouldappearmosttimes.Becauseonestepcanonly

upwardonelayer,andonestepcandownwardonemorelayers,wecanconsidersome

successiveupwardstepsasonesteptoachievereciprocityoperation,thenthe

accumulationratioisbig,thisguaranteetheaverageratiois>=3/4.

Forexample,ifappear(4,1)or(4,2),normallyitshouldupward2ormorelayers

before(orafter)toguaranteegeneralupwardtrend.Iffrontsequenceis(1,1,4),thenratio

sequenceisabout:

p, ,

Ifconsiderfrontupwardstepsasonestep,thenratioisabout:

ratiosequenceof(4,1)isabout:

p,

ratioisabout:



If2m+1-aisverybig(hugesequence), >> ,

p(1,1,4)-(3/4)>>|p(4,1)-(3/4)|,theaverageratiois>3/4.

Ifbacksequenceis(1,1,1),thenratiosequenceisabout:

p, ,

Ifconsidertwoupwardstepsasonestep,thenratioisabout:

If2m+1-aisverybig(hugesequence), >> ,

p(1,1,1)-(3/4)>>|p(4,1)-(3/4)|,theaverageratiois>3/4.

Wecanverifyitusingactualvalue:

Supposeafter(1,1,4,1)operationgetodde,then

Positionofeinm-1layeris:

Ifuseproportionalsequenceofratio3/4,considertwostepsof(1,1)asonestep,

stilluseaandb-aasstartpositionandstartpositionincrementtoestimate,positionis:



pos1>pos2because2m+1>a,itisthusclearthattheaverageratiois>3/4.

ifthesequenceis(4,1,1,1),positionofeinm-1layeris:

Ifuseproportionalsequenceofratio3/4,considertwostepsof(1,1)after(4)asone

step,positionis:

pos1>pos2if2m+1-aisverybig,thentheaverageratiois>3/4.

Ifneeded,wecanalsomergesuccessive(2,2)toonestep,thisfurtherguarantees

theaverageratiooflonghugesequenceis>3/4.Infact,wecanmergeanysuccessive



stepstoonestepifneeded,becausewehavealreadytransformedoddpositionto

absolutepositionofsamelayer,nothingtodowithlayersequencenumberagain.

Belowwerebuildanewsequencefrom oddsequencewhichthe

averagepositionincrementratiooftransform positionsequenceisbiggerthan3/4using

abovemethod.

From aboveweknowthetransform positionincrementfrom oddatobis:

Onlywhena=3(or1…11inbinaryform),p1=2ora=5(or1…101inbinaryform),p1=1,

thepositionincrementisequalto0,thesetwocasesareconvergencestateorquasi

convergencestate.Othercasespositionincrementisbiggerthan0.Thebiggerp1is,the

biggerpositionincrementwillget.Sinceaisrandom,wecangetresult:Toanyspecific

odd,upwardstephasthesmallesttransform positionincrement.Ofcourse,toany

specifica,p1isactuallyfixed,heresupposeitcanvaryforpurposesofcomparison.

From aboveweknowthepositionincrementoftwosuccessiveupwardstepsis

thepositionincrementofdownward2layersinonestepis

,Whenin

longhugesequence.

Thismeansthepositionincrementofmerging(1,1)toonestepinlonghuge

sequenceisaboutequivalenttoonedownwardstep.Merging(1,2),(1,2+),(2,2),(2,2+),

(2,1),(2+,1),(2+,2)issimilarbecauseupwardstephasthesmallesttransform position

increment.



Hence,ifappearpositionincrementratio<3/4casesinlonghugesequence,wecan

mergetwoormorebehindsuccessivestepstoonestep,finallygetanewsequence

whichitsaveragepositionincrementratiooftransform positionsequenceisbiggerthan

3/4.Ifmergeallbehindstepstheratioisstill<3/4,itreinforcesconvergenceofthe

sequence(convergencesequencecouldappearthiscase),becausethecurrenttransform

positionisnotfaraway2m-1.

Note,duringthemergingprocedure,makesuretheratioisalittlebiggerthan3/4,not

verybig,especiallynotbiggerthan1.Ifthepreviousratioismuchbiggerthan3/4,wecan

splitsometransform positionvaluetonextstep,notinfluencingthefinalpositionvalue.

Neversupposethetransform positionlimitoflonghugesequenceis2m-1,because

positionincrementisforever>0beforeconvergence.

Sowecanuseproportionalsequenceofratio3/4toestimatetherebuiltsequence.

Afteradontimes operation,posinm-1layeris:

Whenn->∞(althoughwemergesomesuccessivestepstoonestep,non

convergencesequencestillhas∞ steps),

Whenfirstnumberproperty >4(thisisveryeasytoachieveinoriginallong

sequence),andwhenn->∞,thefinaltransform positionis>2m-1,iscontradictory.This

means,thesequenceshouldbecomesmallsequence(onceoneelementbecomeasmall

oddinourrange,thesequencebecomes),orconvergebeforealimitsteps,oroverstep

theboundaryofthetree(itisnotpossibleinrealworld).

Wecanalsorebuildsequenceusingothermethod.Lookbelow.Thecommon

transform positionformulais:

...



whichbiisthecorrespondingoddin sequence.

Supposeonelonghugesequencehasnupwardsteps,kforwardsteps,ldownward

steps,finallyupwardhlayers,then

,whichq1…qliskof2kin

downwardsteps.,n>h(normallyn>>hinlonghugesequence)andn>l.

Thefinaltransform positionis:

Nowrebuild,donotchangefirststep,wemovenumberproperty2kofallthe

downwardstepsnexttothefirststep(supposewecanmoveinordertocompare),then

forwardstepsandupwardsteps.From commontransform positionformulaweknow,

thenewsequencehasslowerconvergencespeedbecausemorepreviousthepositionof

2kis,moregreatinfluenceitproduce,biggerthevalueofminuspartis.Andatleast

previousdownwardstepshaveratio>3/4.Mergeallupwardstepstoonestep(Ifneeded,

wecanevenmergeallupwardstepsandforwardstepstoonestep).Usenewsequence

toestimatetransformationposition.Belowprovetheestimationpositionissmallerthan

theoriginal.

Useproportionalsequenceofratio3/4andnewstepcounttoestimate,then



is>> ,isabout times,

isthetailpart,itsabsolute

valueis<< ,canbeignoredinlonghugesequence.

Becausethesequenceislonghugesequence,wecanselecta >= .

Let ,then

Hence isabout ,its timesis

whenn(orn+k)>>hinlonghugesequenceandp1

isnotverybig(forexample=3),hence, .Ifthelonghugesequenceis

non-convergence,thecountofthepreviousdownwardsteps(ratio>3/4)ofnewsequence

canbeinfinite.Thismeanswecanuseproportionalsequenceofratio3/4toestimatethe

convergenceoforiginalsequence,anditstransformationpositionmust>2m-1after

infinitesteps..

Stillhasonepuzzle,thetransformedpositionsofequivalenceelements(addbinary

1sinhead)ofelementsinlefthalfpartinm-1layerareallinrighthalfpartinm-1layer,it

isasifexistmanyloops.Itisofcoursenotcorrect,thisisbecause,althoughtheyare

equivalence,theirfunctionsaredifferent.Otheroddscanchangetothem,andtheycan

alsoconverge.Throughproofinprevioussection,oddacannotmakealoopinlonghuge

sequencebecauseaddingxbitsofbinary1inhead,needsabout2.5xsteps,andW[a]

transformationneedslessthan2.4207xsteps.And,ifsomelongsequenceexistloops,

thetransformationposition(tom-1layer)canneverreachtoorbiggerthan2m-1,itisalso

contradictory.

Maybeitispossibletouseproportionalsequenceofratio3/4toestimatethe

convergencestepsforsomelonghugesequence(guaranteetheaverageratiois>3/4).

Forsomeoddsinm-1layer,ifstartoddcanreachtoorbiggerthan2m-1inlimitstepsn

usingratio3/4,indicatesthattheconvergencestepcountshouldbesmallerthann



multiplyanumber(becausewemergesomesuccessivestepstoonesteptoestimate,

thesuitablevalueofthenumberisdifficulttoget,butshouldnotbeverylarge);ifcannot

reachtoforever,indicatesshoulduseaverageratio>3/4,butwedon'tknowsuitable

valueoftheratio,wecando operationseveralstepsuntilfounda

suitableodd(normallythenumberproperty oftheoddisbiggerthan4)asstartodd

anddoestimationagain.

Ⅶ Conclusion
Thisway,wehaveprovedthattheCollatzConjectureistrue.
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