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Abstract

In this work, we unfold the mysteries surrounding the fine structure constant and explain the physical
origin of the fine structure constant as a result of gauge invariance, Einstein’s mass-energy relation, and
spacetime quantization. We obtain an estimate of an electron’s radius R, = 1.40934 x 101> m, and also
link the magic 137 beyond electromagnetism, to electrons’ Coulomb-gravitational force ratio F./F; =
3 x (137m)®, and the mass ratios of an electron to other particles such as a proton, Higgs boson, W/Z
bosons, and quarks. With the proposed quantized spacetime, singularity divergence, and vacuum

catastrophe problems in continuum quantum field theory can be avoided.



One of the most baffling mysteries in physics is the fine structure constant o, [1]. This universal
constant a quantifies the strength of the electromagnetic interactions between charged particles. The value
of about 1/137 has remained a mystery for over a century. Feynman once said, “It’s one of the greatest
damn mysteries of physics, you might say the hand of God wrote that number, but we don’t know how he
pushed his pencil” [2]. In this work, we hope to shed some light on this mystery and also point out its
possible relation to other types of forces in nature.

In this work, we present a model for the physical origin of the fine structure constant, based on
spacetime quantization, gauge symmetry, and Einstein’s mass-energy relation. In quantized spacetime,
space and time are not continuous and cannot be divided indefinitely. The concept of spacetime
quantization is also assumed in the loop quantum gravity theory [3] to treat the quantization of gravity [4].
As will be shown later, by applying Einstein’s mass-energy relation to the quantized gauge function we

could obtain the following equations:

no? hic/e? = g% +1,% +ng? 41,2
n52 :n12 + n22 + n32 (1)

n2 hic/e? = ny? +ng?,

where zc/e2 and ng must be prime numbers, and ny=1for the primary set of integer solutions. These

constraints are necessary for the solution to represent the fundamental mode instead of higher harmonic
modes. Before deriving Eq. (1) here we present the number theory [5] of this magic prime 137. The

constraints for the primary set of  solution for Eq. (1) lead naturally to sc/e? —137.
{no, N, Ny, n3,n4,n5}= {1,2,6,9,4,11} so that 137— 22 162 . 92+ 42 With 137 as a Pythagorean prime

quintuple, and 137 — 42 + 112 with 137 as a Pythagorean prime triple. In addition, one has112 — 22 1 62 + 92

with 11 as a prime and a Pythagorean quadruple. We have derived the ideal fine structure constant «,to

be 1/137. The small deviation from its experimental value of 1/, =137.035999206 (11) [6] is likely due to

gauge symmetry breaking by weak interaction or the interaction of an electron with its own field. Such a
situation arises in the deviation of the gyromagnetic ratio from 2 for an ideal Dirac’s electron [7]. A slight
increase in the effective fine structure constant observed at ~90 GeV is not surprising, because at such a
regime hadron contributions due to interaction increase. The ideal 1/137 is like Dirac’s theory of a “bare”

electron before QED renormalization. We have obtained an empirical fit to the experimental value by



1/en =137.03597454 =137+ 3(¢ + ¢2)/a, With ~107 in error for two expansion terms of ¢ = 2/137. With five
correction terms, one has /o, =137+ (3¢ +3¢2+¢2 )/a+4 c4/o+5£5/17 =137.035999207, showing an error of

10,

We now explain how to derive Eq. (1), based on the quantized gauge function in lattice spacetime.

In continuous spacetime, the gauge transform of the wave function is invariant if A, r) satisfies [8]

%A N %A—%W(t,r), ep — e¢+%e/1(t,r)
. (oA

24:2

Alt,r)-V-Valt,r)=0,
c-ot

and with discrete time and space, coordinates one has

Alt,r) - \/E:ZA(tn,xi,yj,zk) 8)
Yt r) - exp(iw/ch/eZA(tn,xi,yj,zk)j‘l‘(tn,xi,yj,zk),

where /cn/e? and /\(tn,Xi,Yj,Zk) are dimensionless, and the latter is related to the electric potential and

vector potential. In quantized spacetime, A(tn,xi,yj,zk) is no longer a continuous scalar function of time
and space, so it needs to be replaced by operators, and the spacetime coordinates need to be expressed in

terms of a fundamental length unit L and time unit T =L /C. Because the standing wave of the

fundamental mode has a wavelength 4 equals to twice the lattice length L, the fundamental unit for the

wave vector and frequency are given by k=z/L and Q=cz/L, respectively.

Using an operator approach and a discrete Fourier transform, the gauge transformation
A(tn,Xi ) yj,zk) , Which has a unit like a momentum, can be replaced by a dimensionless operator A in 4D

spacetime. One can define fundamental units for the wave vector k — /L and frequency @=cz/L. The

gauge function /sc/e?ny,KF, can be expressed in terms of four anti-commutative operators as

(-,/hc/eznoKFo +nKF +ny KF, +ng KF3+n4KF4j |¥)=0, (3A)

and



Jre/e?ngKRy | W)= (nsK Fs +nsKF )W) , (3B)

where {r,, F, {=25,,1, 4, v=0123 4, and {F, F,}=0. One can use anti-commutative and orthonormal

uv

matrices a, and p as in Dirac’s original paper [9] to represent F, as

_ —O'k O _ _ O —|2 _ 0 —iO'l _ O |2
Fk_( 0 ak}k_l’z’s’ FO_(IZ 0 J'FS_(ial 0 J F4_(I2 0 j

GRS N L R EY

where F-q,and Fa=B are idempotent, i.e., inow/ot=(ca-P+pmoc?)w. By taking the square of these

(4)

operators in Eq. (3A), one has

(—\/hc/ez noFo + MFy +ny Fy +ngF3+ny F4) 2|‘I’>

(5A)
Z((hC/ez)%)ZFOZ + n12F12 + n22 F2 2 + n32 F32 + n42 F42)|‘P>,

where all the cross terms vanish because of the anti-commutative relations {Fﬂ, F,j= 20, 1. One has

no2 (hc/ez): n12 + n22 + n32 + n42 . (SB)
Finally, from Egs. (3A) and (3B) we obtain the following equation involving a set of integers as

no? ic/e? = m? +1y2 +ng2 +ny?

no2 hc/e2 = n42+n52 (6)

n52 = n12 +n22 +n32 s

where 7c/e2 and ng must be prime numbers for the solution to represent a fundamental mode, instead of
higher harmonic modes. For the fundamental mode’s solution, we obtained ny=1 and nc/e2 —137. With
the value of sc/e2 —137 determined, we found o, M, Nz, na,ngns ) = {L,2,6,9,4,11} . It indicates that 137
is not only a prime but also a Pythagorean prime quintuple with1z7- 22 462 + 92+ 42, and a Pythagorean
prime triple with 137-112 4 42. One also has 112- 22,62 + 92, showing 11 a Pythagorean quadruple. From

Eqg. (6) one can notice that the index 11 is related to the magnitude of the total momentum vector, whereas
the indices 2, 6, 9 are related to the momentum components along three spatial axes, and 4 is related to

the internal energy due to the electromagnetic interaction. It is interesting to point out that2x6x9x4=432
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, the product of the four integers for the Pythagorean prime quintuple of 137, equals approximately t0137

. The lowest set of integers is called the primary set, and all other solutions correspond to higher harmonic

modes with the index n, greater than 1. Using this primary set of integers, one can restore Eq. (6) to the

original fundamental units K =7/L and frequency Q=c7/L to obtain

e 1
== - = TA
0 The T 137" (7A)
2 2 2 2 2
137 noﬁhc _ noﬁhc + n07Z'hC + n07l'hC . noﬂhc , (7B)
L L/4 L/2 L/6 L/9
and
[ noﬂhcjz _ [noﬂhcjz N ( noﬂhcjz N (noﬂhcjz (7C)
L/11) \ L/2 L/6 L/o )’

For the primary mode with ny=1, Eq. (7B) is analogous to Einstein’s mass-energy-momentum relation
E2—m2c* +c2p2 +c2p2 +c2p2 for a relativistic particle at the center of mass system in discrete spacetime.
The first term sc/4L on the right-hand side of Eq. (7B) represents the internal energy for an electron from
the internal structure due to electromagnetic interactions. The last three terms 7c/2L, sc/6L, hc/9L are
related to the particle’s kinetic energy along three spatial axes, and the term 437 sc/L On the left-hand
side of the equation represents the total mass energy. Eq. (7) contains different axial lengths in 4D
spacetime and represents a hyper-cell structure. An electron can be regarded as in entangled coherent
superposition of these degenerate eigenstates, and because of the couplings of the 4D coordinates to those
anti-commutative operators, an electron possesses a %2 spin and can be regarded as a hyper-dimensional
Maobius-type structure. In Eq. (7) L is a scalable length factor, one might consider to assign it to the Planck
length, but the corresponding energy of ~10%® GeV, a scale for grand unification [10], is unsuitable for
the known elementary particles. It is reasonable to assign its value to cover all elementary particles in the
Standard Model [11]. Because of the ubiquitous presence of the scaling factor 137z in those empirical m
formulae in Table 1, in addition to the constraints in Eq. (6), we also include a constraint for the search of
the prime value for »c/e2 with the ratio of the hyper-cell volume to the suitable prime be sufficiently close
to an integer multiple of .. Because 432/137~1.0037x ~~ in our screening procedure for the prime value

for xc/e2, we impose that the remain of the quotient to be < 0.5%. After a screening algorithm to search



all combinations of integers below10000, we have only found one primary solution with { n;, n,, nz,ns,ns}
- {2,6,9,4,11} that meets the constraints. The adjustable parameter K in Eq. (7) with k =z/L is related

tol, the cube lattice constant, half wavelength of the fundamental standing wave. Before we discuss its
link to the mass of elementary particles, we present in Table 1 a list of mass ratios between some
elementary particles and that of an electron which is the lightest and most accurately determined value
among fermions. We found links between 137 and the ratio between the Planck length [12] and Re, and
the mass ratios of the Higgs boson, W/Z bosons, top quark, and proton. All these findings are summarized
in Tables 1. These simple relations provide hints about a possible role of 137 in all these particles.

Table 1. Links between 137 and the empirical mass ratios formulae of fundamental particles

Electron Higgs boson

mec? = 0.510998910(13) MeV mHiggs/me _ (1377[)2 ><(5/3)2\/%><1.0003

MpiggsC’ =125.25 (17) GeV

W boson Z boson

my /me =(1377)? =< (5/3)2/3/2/4%0.9993 my /my =(1377) x(5/3)°/3/5x1.0011
my, c2 =80.4555 (64) GeV m5 c? =91.1876 (21) GeV

Proton Top quark

m, /M, = (1377)x 34/2 x1.0055. mc/me = (1377 ) x (3/2)¥2 x 0.9960

myc? =173.210 (710) GeV
m pc2 =0.93827208816 (29) GeV

Bottom quark Charm quark
Mp /Mg = (1377)x114/3 % 0.9975 me/Me =(137.7)x10/~/3 x1.004
mpc? =4.180 (30) GeV m.c? =1.275 (25)GeV

To determine a suitable unit length, we use the electron as a reference. We obtain

L.=2xR, —2.87907x1015 m With m_c2—0.51100 mev [13], and the radius of an electron is

Re = 7 71c/ mesc? = V137 x 36) =1.4395x10715 m . The factor 36 is the least common multiple of four axial length



4, 2, 6 and 9 for constructing a 4D perfect hyper-cube from hyper-cuboids. An electron can be regarded

as in entangled coherence of three degenerate eigenstates, therefore, an electron has a symmetric shape.

By equating the mass energy of an electron to the electrostatic energy of two point-like particle with the
same electric charge as an electron, the distance is found to be 2.8179x10-15m, Which is very close to the
we obtained. In comparison, the theoretical classical radius of an electron is2.gi1g8x10-15m[14], the
experimental proton’s radius is about 0.842x10-15m [15], and the radius of a quark is about 10-18 ,y [16]
. We have shown in Table 1, there are three tiers for the mass distribution of these elementary particles
according to the power of their dependence on137z. Thus, it is reasonable for us to define the value of the

minimum unit length |, = 1, /a37~)? SO that the effective mass energy could cover the particles belonging

to the 2" tier, such as the Higgs boson, W/Z bosons and top quark.

Aside from the role that 137 plays in the electromagnetic force, the ratio between the Planck length
and L, , we have also discovered a link between 137 and the gravitational force. More specifically, by
closely analyzing the ratio of the Coulomb to gravitational forces for a pair of electrons

(Fo/Fo Jexp = 4-165185x10*, we found a very simple formula 3. @37 ¢ <1.00135 With an error of only one

part per thousand. Therefore, the presence of 137 in the simple dimensionless constant ratio
Kee? /G m.2 =3x (137~ )¢ Strongly suggests a link of the fine structure constant in both the Coulomb force
and the gravitation force. This formula hints that the prime 137 also plays an intricate role in gravity, and
the power of 16 is likely related to sixteen pairwise operators in 4D spacetime according to the geometry
algebra formalism. Our conjecture could provide a guideline toward theoretical development of quantum
gravity. We obtained an estimate of R, = 1.4395 x 10~ >m , and found a relation for the ratio between the
Planck length |, ..« =1.61625x1073% m and the electron’s radius R, 8S Lpyancc/Re = (21775 )< (1372) 8 x1.002 -
The comparisons between the experimental values and our empirical formulae that link these values to

137 are summarized in Tables 2.

Table 2. The links between 137 and the Planck length and the ratio between Coulomb and gravitational

forces for two electrons

speed of light Electron’s charge
c = 2.99792458 x 108m/s e = 1.602176634 x 10~ °coulomb




Electron mass and radius Rr, Planck constant

m, =9.10938291(40) 1031 kg h=6.62607015x10"34 J s
unit length L, =2R, = 7rhc/(mes(:2\/137 x 36) h=1.054571817x1073* J s

radius Ry =L./2=1.43957x10"1% m

Gravitational constant & Planck length Coulomb constant

G =6.67498(30)x10 M kg—Im3s2 K =8.9875517923(14) x10° kg - m3 . s 4 A2

3 -35
Lpjanc =G/ ¢% =.616255x107%% m

Ratio between electrons’ Coulomb and | Ratio between Planck length and electron’s
gravitational forces radius
Fo/F; = 3 x (137m)'® x 1.00135 Lpkanck/Re = (1377) 8 x (33 /2 )x1.003

In summary, we presented a model to explain the origin of the fine structure constant, and via Eq.
(1) we can relate its inverse value to the number theory behind 137 as a Pythagorean prime of a triple, i.e.,
137 = 42+112, and also a Pythagorean prime of a quintuple, 137 = 42 +22 +62 +92. We show that Eq. (1) is
a natural consequence of spacetime quantization, gauge symmetry of the Lorentz group, and Einstein’s
mass-energy relation. Due to spacetime quantization, the gauge function is shown to be quantized and can
be expressed as a sum of 4x4 anti-commutative matrix operators «, andp, which are used by Dirac in his
theory of electrons. The derivation of the prime 137 as an ideal value of the fine structure constant compels
us to postulate spacetime quantization. In this work, we unravel the mysterious role of the prime 137 in
the fine structure constant. We also found some very simple empirical formulae, such as

my /Mg =(1377z)><3ﬁ x1.0055 for the mass ratio between a proton and an electron, r./r; =3x(@1372)-°~1.0015

for the ratio of Coulomb and gravitation forces between two electrons. In addition, we also obtained a
formula L, ;q /R = (3372 )< (1372) 8 x1.003 for the ratio between the Planck length and electron’s radius.
All these surprisingly simple relationships seem to imply that the magic 137 plays an important role not
only in electromagnetism but also has an intricately link to the other fundamental forces in nature. The
hypothesis of the quantized spacetime is essential in our model, without it this 137 value could not have
arisen. We have found that with a quantized spacetime lattice the energy is quantized as an integer multiple

of nz/L , which is the lowest quantized energy with one quantum, and the vacuum corresponds to a state

with no quanta that has no energy. This leads to the so-called vacuum catastrophe for the universe, where



the predicted total energy for each kind of quantized field becomes a value about 120 orders of magnitude

greater than the experimental value.

The core hypothesis in our model that links 137 to the fine structure constant is the quantized
spacetime. Also shared by loop quantum gravity community. Could alleviate some problems raised by
singularity and black hole singularity. We have provided possible links between 137 to the masses of the
quarks, proton, W and Z bosons, Higgs boson, the Planck length, and the Coulomb-to-gravitational force
ratio, as shown in Tables 1 and 2, and these simple formulae appear to imply deep relationships among
all four forces in nature. In this work, we present a model to explain the origin of the mysterious fine
structure constant, and also shed light on the links between 137 and other types of forces. The prescribed
formulae in this work could potentially point a viable path toward development of quantum gravity and
grand unification theories. The perturbation refinement of the fine structure constant due to symmetry
breaking of the Lorentz group or interactions of an electron with its own field awaits further studies.
Further theoretical developments are needed to quantitatively explain the origins behind the simple

formulae that we have found and described in this report.

10



References
[1] H. Kragh, Archive for History of Exact Sciences, 57, No. 5, 395 (2003).

[2] M. A. Sherbon, Fine-structure constant from Sommerfeld to Feynman, J. Am. Phys. 16, 333
(2019).
[3] A. Ashtekarand E. Bianchi' Rep. Prog. Phys.84, 042001 (2021).

[4] R. Takloo-Bighash, A Pythagorean Introduction to Number Theory (Springer Press, 2018).

[5] L. Morel, Z. Yao, P. Clade, Saida Guellati-Khélifa | Nature, 588, 61-65 (2020).

[6] S.J.Baodsky andS. D. Drell, Ann. Rev. Nuc. Sci., 147 (1970).

[7] L. O’Raifeartaigh and N. Straumann, Rev. Mod. Phys. 72, 1 -23 (2000).

[8] P.A. M. Dirac,, Proc. Royal Soc. London A 117, 610 (1928).

[9] W. De Boer, Prog. Particle and Nuclear Phys. 33, 201 (1994).

[10] M. D. Schwartz, Quantum Field Theory and the Standard Model, Cambridge Univ.
Press, (2013).

[11] Wikipedia, Planck units -, https://en.wikipedia.org/wiki/Planck units.

[12] NIST R3eference on Constants. Units and Uncertainty. CODATA Value: electron mass

energy equivalent in MeV (nist.gov).

[13] Wilkipedia, Pythagorean prime, Pythagorean prime - Wikipedia.
[14] G. Haug,_Physics Essays, 29, No., 4, 558-561 (2016).

[15] Wikipedia, Golden angle, https://en.wikipedia.org/wiki/Golden angle

[16] C. Quigg, Gauge Theories Of Strong, Weak, And Electromagnetic Interactions, CRC
Press (1988).

11


https://link.springer.com/book/10.1007/978-3-030-02604-2#author-0-0
https://www.nature.com/articles/s41586-020-2964-7#auth-Sa_da-Guellati_Kh_lifa
file:///D:/PRL_137/Wikipedia
https://en.wikipedia.org/wiki/Planck_units
https://www.physics.nist.gov/cgi-bin/cuu/Value?eqmec2mev
https://www.physics.nist.gov/cgi-bin/cuu/Value?eqmec2mev
https://en.wikipedia.org/wiki/Pythagorean_prime
https://www.ingentaconnect.com/search;jsessionid=1vv5pog3aqkxj.x-ic-live-01?option2=author&value2=Gaarder+Haug,+Espen
file:///D:/PRL_137/Wikipedia
https://en.wikipedia.org/wiki/Golden_angle

