HAMILTONIAN APPROACH TO DERIVING THE GRAVITY
EQUATIONS FOR A 3D-BRANE UNIVERSE.

RUSLAN SHARIPOV

ABSTRACT. Recently, using the concept of temporal coexistence, some arguments
were suggested saying that our universe should be considered as a three-dimensional
brane equipped with a Riemannian metric depending on the cosmological time. The
Lagrangian approach to this 3D-brane model of the universe shows that the number of
gravity equations in this model is less than it follows from Einstein’s equation written
in 3D+1 presentation thus making this 3D-brane model a separate non-Einsteinian
theory of gravitation. In the present paper we continue the research of this theory
developing a Hamiltonian approach to it.

1. INTRODUCTION.

In the 3D-brane paradigm suggested and argued in [1] (see also [2] and [3]) the
gravitational field is described by a time-dependent 3D metric with the components

gij = 9ij(a°, 2t 2%, %), 1<4,j <3, (1.1)

where 2° = ct and c is the speed of light. This 3D paradigm is related to the
standard 4D paradigm through the metric

10 0 0 1 0 0 0

o 0 —g11 —g12 —913 i 0 —g'! —g'2 —g3
v ’ V= 1.2
! 0 —ga1 —g22 —g23 0 —g2t —g22 —¢?3 (1.2)

0 —g31 —g32 —g33 0 _g31 _932 _933

In the standard paradigm ¢ is interpreted as the cosmological time (see [4]), while
xt, 2%, 23 are interpreted as comoving coordinates (see [5]).

In the standard four-dimensional paradigm of general relativity and cosmology
the four-dimensional metric should obey the standard Einstein’s equation

T 8wy
rij = 5 G — AGij = —— Tiy, (1.3)

(see §2 in Chapter V of [6]). Here c is the speed of light, 7 is Newton’s gravitational
constant (see [7]), and A is the cosmological constant (see [8]). The quantities T;; in
the right hand side of (1.3) are the components of the energy-momentum tensor (see
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[9]). The term 7;; in (1.3) corresponds to the components of the four-dimensional
Ricci tensor and r is the four-dimensional scalar curvature (see §8 in Chapter IV
of [10]). By substituting (1.2) into (1.3) in [1] the following equations were derived:

(%k - Y
o Z 55 9 = O (bwi b} + by ) JZZbkbq
k=1 k=1q=1
3 3 R . (1.4)
Gij 7T~y
_TJZZ bl g+zbkbw+Rw 29@'4—1\9@ Tij,
k=1q=1 k=1
- & 8wy
kabﬁ_vabzf T Loy, (1.5)
k=1 k=1
3 3 3 3
1 1 R 8mey
—izzbSbZ+§zzb§b3+§—A: = Too- (1.6)
k=1q¢=1 k=1g=1

Here R;; are the components of the three-dimensional Ricci tensor, R is the three-
dimensional scalar curvature, and b;; are given by the formula
1 9gi;  9ij

779 920 2¢ (1.7)

Later on in [11] the Lagrangian approach to the 3D-brane model was applied.
For this purpose the standard 4D action integral was taken

3
167y

Sgr = — /(r +2A)V—det G d'z (1.8)

(see §2 in Chapter V of [6]) and then it was transformed to the 3D form

(r+2A)/det g d*x dax®. (1.9)

The scalar curvature 7 in (1.8) and (1.9) is associated with the four-dimensional
metric (1.2). As is was shown in [1], it is expressed through the three-dimensional
scalar curvature R in the following way:

3. opk 3 3 3 3
r:—QZa—Cﬁ—R—ZZb’;bZ—ZZbﬁbg. (1.10)
k=1 k=1qg=1 k=1q=1

The action integral (1.9) with  given by the formula (1.10) was complemented with
the action integral responsible for matter:

Smat = // Lomat Vdet g >z dz®. (1.11)

Taking the total action in the form of the sum

S = Sy + Smmat (1.12)
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and applying the stationary-action principle (see [12]) to (1.12), in [11] the equation
(1.4) was rederived along with the following purely three-dimensional expression for
the components of the energy-momentum tensor in it:

5£mat

T, = —2c 5gi7 "

(1.13)

As for the equations (1.5) and (1.6), they were omitted since they cannot be derived
within the purely three-dimensional Lagrangian approach to the theory.

The main goal of the present paper is to develop a Hamiltonian approach to
deriving the equation (1.4).

2. REDUCING THE ORDER OF THE ACTION INTEGRAL.

Most physical theories lead to differential equations of the second order with
respect to time derivatives. Their action integrals (if any) are of the first order in
time derivatives. However, looking at (1.9), we see that S, is different due to the
first term in the right hand side of (1.10). Indeed, due to (1.7) we have

3 3 3
8()2 B 0 agkq kq
2 k_lw—‘kz_lw(q_l 700 9 ) (2.1)

where 2 = ct. In order to reduce the order of time derivatives in (2.1) we apply
integration by parts in the action integral (1.9):

u

E u
/( 9y E/detg d’x )d:c = ‘/bk\/detg d?’x—/( b’gLﬁfg)d%> dax®.

v

Non-integral terms usually do not affect differential equations derived from action
integrals. Therefore we can replace the action integral (1.9) with the following one:

3
Sgr = —C—//(p—|—2A)\/detg d3x da”, (2.2)
167y
3 3 3 3 3
bﬁ d(y/detg) k K
coy AN p Sy S e

tg k=1q=1 k=1 qg=1

where

In order to transform (2.3) we use the formula

/— 3

qul

This formula (2.4) is easily derived from the well-known Jacobi’s formula for dif-
ferentiating determinants (see [13]). Applying (1.7) to (2.4), we get

Jet 3 3 3
%9::0 9) =35 by fdetg = 3 b9 /detg. (2.5)
g=1

k=1q=1
Substituting (2.5) into (2.3), we find
3 3

3 3
p=> Y bibI—R->> kbl (2.6)
k=1gq k=1q

=1 =1
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By means of direct calculations it is easy to show that the action integral (2.2) with
the function p given by the formula (2.6) leads to the same differential equation
(1.4) as the action integral (1.9) with the function r given by the formula (1.10).
But unlike (1.10), the formula (2.6) has no derivatives of the tensor field b.

3. LEGENDRE TRANSFORMATION.

In classical mechanics the Legendre transformation is used for converting La-
grangian mechanics into Hamiltonian mechanics (see [14]). Below we develop field-
theoretic version of this transformation and apply it to the 3D-brane model of
gravity. Relying on (2.2), (2.6), (1.11), and (1.12), we define

L=— (p+2A)+/detyg d3x+/£ma“/detg d*z. (3.1)

16

Upon substituting (2.6) into (3.1) we transform (3.1) as follows:

3 3 3
16 i 9 brg 77 \/det g dPx —
™J A 1k:1 q=1
3 3 3 -
ij k .
167T’Y bij G brg g*1 \/det g d*z — (3.2)

=1 j=1k 1 q=1

¢ / (2A — R) \/det g d3z + / Lonat \/det g d32.

167r’y

The quantities b;; are related to g;; through the formula (1.7). However in this
section we treat them as independent dynamic variables. The same trick is used
in Lagrangian mechanics (see [15]) where generalized coordinates and their time
derivatives are considered as independent arguments of the Lagrange function

L:L(QI;---anQI,---,Qn)- (33)

The function (3.2) below plays the same role as the Lagrange function (3.3) in
Lagrangian mechanics.

The function Lat in (3.2) describes matter. It is different for different sorts of
matter. Typically it does not depend on b;;. But it can depend on g;; and on spatial
derivatives of g;;. Apart from g;; the function Lmat in (3.2) depends on dynamical
variables describing matter and on their time derivatives. We denote them through

@1, ..., @, and introduce the following notations for their time derivatives:
Qi _ Qi )
= 50" o i=1,...,n. (3.4)

The index 4 in (3.4) just enumerates the dynamical variables of matter. It does not
take into account their transformational behavior. They can be components of some
tensorial and/or spinor fields, they can be components of some sections in complex
vector bundles associated with electromagnetic, weak, and strong interactions (see
[16]). In the case of dark matter their structure is yet unknown.
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The formula (3.4) is similar to the formula (1.7). Using it, we write

Ematzﬁmat(Qla"' aQn;Wb"' ;Wn;g)- (35)

Writing @; in the argument list of the function L.t in (3.5) we assume that
Lumat depends not only on @;, but on some finite number of spacial derivatives!
of the function Q;(z", 2!, 22, 23). The same assumption applies to each argument
W; = W;(2°, 2, 22, 23) and to each component (1.1) of the metric g in (3.5).
Remark. Generally speaking the function (3.5) can depend on the components
of the tensor field b too. However in most cases it does not.
Apart from Lumag, in (3.2) we have the function L4,(g, b) responsible for gravity.

This function is given explicitly through the formula

}

K3

3 3 3 3 3 . ) B
Lo = 1g7w DO (bij g™ brg g = bij 97 brg gF) + R — 2 A> - (3.6)
=1 j=1k=1q=1

1

In terms of (3.5) and (3.6) the formula (3.2) is written as

L= /L' Vdet g d®z, where £ = Lgr + Lonas- (3.7)

The arguments of the function £ in (3.7) are written as follows:

EZE(QD"'aQn;Wb"'aWnagab)' (38)

We need to define partial variational derivatives for functions like (3.5), (3.6),
and (3.8). Let’s introduce small variations to the arguments W, ..., W, of them:
Wi = Wi (20, 2', 2%, 2%) + £ hi(2°, &', 22, 2%) (3.9)

Here € — 0 is a small parameter, while h;(2?, 21, 22, 23) are smooth functions with

compact support (see [17]). Substituting (3.9) into the arguments of (3.8) and then
substituting (3.8) into the integral (3.7), we get

i_L+s/i(;§i) hi/detg &z + ... . (3.10)

Q.g,b

Here in (3.10) and in what follows below through dots we denote higher order terms
with respect to the small parameter ¢. Similarly, we can introduce small variations
to the arguments @1, ..., @, in (3.8):

Q,L-:Qi($0,$l,$2,$3)+€hi($0,$l,$2,$3). (311)

Despite the relationships (3.4) the functions Wy, ..., W, and Q1, ..., @ in (3.9)
and (3.11) are treated as independent functions. Substituting (3.11) into the argu-
ments of (3.8) and then substituting (3.8) into the integral (3.7), we get

Ji_L+s/zn:(5‘c) iAoty 'z (3.12)
=1

0Qi/ W.g,

1 Spacial derivatives are derivatives with respect to the spacial coordinates z!, 22, z3. The
variable 0 = ¢t is associated with the time variable .
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Small variations of the metric g are introduced through the formulas
g’LJ = g’ij(‘roa xla $2, 'IB) +e h’LJ (‘roa xla $2, xg)v (313)
Substituting (3.13) for the components of the metric g into (3.8) and then substi-
tuting (3.8) into the integral (3.7), we can write
3 3

i:L+s/ZZ( oL )Qywybhij\/detg &zt ... . (3.14)

1 09i;

=1 j=

And finally we introduce small variations to the components of the tensor field b:

bij = bij(:co, zt, 22, xg) + Ehij(:co, zt, 22, x?’), (3.15)

Substituting (3.15) for the components of the field b into (3.8) and then substituting
(3.8) into the integral (3.7), we can write

- oL 3
L_L+s/lzg(5bij)qw7ghij\/detgdx+.... (3.16)
Thus we have introduced partial variational derivatives

) ) 5 )
(5—I/IE/1-)Q,g,b’ (rci)w,g,b’ (gfj)w,q,b’ (5b—i—)w,q,g' (3.17)

The relationships (3.10), (3.12), (3.14), and (3.16) serve as definitions of the deriva-
tives (3.17). The corresponding derivatives for the functions (3.5) and (3.6)

(o aws (8 war (e )aws' (Fdawa @19
((;IC;:)Q,g,b, (igg;)w,g,b’ (figi—r)q,w,b’ (fiiigjr)q,w,g' (3.19)
are defined similarly (compare (3.18) and (3.19) with (3.17).

Generally speaking the variational derivative in (1.13) is different from those
defined in (3.18). However it can be expressed through them:

5£mat _ l i(&cmat) _
591'3' N 2 020 5()” W.Q,g
3.20)
1 5£mat 5 5£mat (
R bQ+ ,
2( 5()1] )W,Q,g; q ( 591] )W,Q,b
5£mat 5 5 5£mat
— — — — g i 3.21
5gii kqu; S0kq Jik 9qj (3.21)

If we recall the remark on page 5 and look at (3.5), we see that L,.¢ does not
depend on b;;. In this special case

(5‘;‘;‘]_“ )wayg —0. (3.22)
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Applying (3.22) to (3.20), in this special case we reduce (3.20) to

0L mat _ (5Emat

. 2
591'3' 591'3' )W,Q,b (3 3)

In classical mechanics the Legendre transformation consists in replacing gener-

alized velocities ¢i, ..., ¢, by the generalized momenta:
oL
pizaqi, i=1,...,n. (3.24)

Here L is the Lagrange function from (3.3). In our present case the Lagrange
function is given by the formula (3.8). By analogy to (3.24) here we define the
Legendre transformation through the formulas

oL
8bi; )W,Q,g’

Pi:(ziﬁ

87 = ( 5 ) - (3.25)

The momenta (3% are used in order to replace the quantities b;; and the momenta
P? are used in order to replace the quantities W;.

4. THE ENERGY FUNCTION AND THE HAMILTONIAN.

In classical mechanics the energy function is defined through the formula

H=> pidg-L, (4.1)
i=1
where L is the Lagrange function (3.3) and p!, ..., p" are the generalized momenta

given by the formula (3.24).

Definition 4.1. The Hamiltonian or the Hamilton function in classical mechanics
is the energy function (4.1) expressed through the variables q1, ..., ¢, p*, ..., p".

By analogy to (4.1) we define the energy function through the formula
3 3 B n .
H —/(225” bij+ZPl Wl-) Vdetg d®x — L. (4.2)
i=1 j=1 i=1

Here L is given by the formula (3.7), while 8% and P? are defined through the
formulas (3.25). We write the formula (4.2) as

H= /H Vdet g dz, (4.3)

where
n

3 3
H=> Y p7by;+> P'W;,—L. (4.4)
i=1 j=1

=1

Assuming that the Legendre transformation (3.25) is invertible, we consider the
function (4.4) as a function with the following arguments

H:H(Ql""7Qn’P1""7Pn’g713)' (4'5)

Each argument @); in the argument list of the function (4.5) represents the function
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Qi(2%, 21, 22, 23) and some finite number of its spacial' derivatives. The same is

true for each argument P® = P%(2°, x', 22, 23) in (4.5), for each component of the

metric g, and for each component of the tensor field 3 in (4.5).

Definition 4.2. The function (4.4) written in the form of (4.5) is called the Hamil-
ton function or the Hamiltonian of gravity and matter in the 3D-brane model.

For the function (4.5) the following partial variational derivatives are defined:

) ) ) )
(5—;)@&5’ (%)P,g,g’ (%)Q,Fﬁ’ (%)Q,P,g' (4.6)

The derivatives (4.6) are introduced through formulas similar to the formulas (3.10),
(3.12), (3.14), and (3.16).

Theorem 4.1. If the Legendre transformation (3.25) is invertible, then the inverse
transformation is given by the formulas

bl-j:((sﬂ

1)
5ﬂlj)Q7P7g’ p

5Pi)Q,g,5'

W = ( (4.7)

Proof. Keeping P;, Q;, and g;; unchanged, we introduce small variations to 3%:

Bij =[Y (:co, zt 22, 3:3) +eh¥ (:co, zt 22, 3:3). (4.8)
Invertibility of the Legendre transformation (3.25) means that the variations (4.8)
induce small variations of b;; and small variations of the variables Wy, ..., Wy:

bij = bij (2%, 2t 2%, 2%) + Eizij(:co, zt 2% 2?), (4.9)

Wi = Wi(2°, 2, 2%, 2%) + e hy (20, 2", 22, 2%). (4.10)

The functions h;(z°, z', 22, 23) and h;(2°, 21, 22, 2%) in (4.9) and (4.10) are deter-
mined by the functions h% (2%, 2!, 22, 23) in (4.8). Applying (4.8) to the integral
(4.3) with the function H written as (4.5), we get

f= H+s/zz 56”) hid \/detg dz + ... . (4.11)

=1 5=1

Applying (4.8), (4.9), and (4.10) to the same integral (4.3) with the function H
written as (4.4) and taking into account (3.7) and (3.8), we derive

3 3
H—H—FE/(ZZ(}LUI) —l—ﬂljhw)_i_ZPl )\/mdgx—
e 5; h " s (4.12)
- _ 3
E/(;;((Sbij)wv(lgh”+;(5Wi)ngybhl> Vdetg d*z + ...

1 Spacial derivatives are derivatives with respect to the spacial coordinates z!, z2, 23. The
variable 20 = ct is associated with the time variable t.
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If we take into account the relationships (3.25), then the formula (4.12) reduces to

H= H+s/22bwh3\/det Bx+ .. (4.13)

1=15=1

Now, comparing (4.13) with (4.11) as ¢ — 0, we find that the first of the two
formulas (4.7) is proved.

In order to prove the second formula (4.7) we keep (3%, g;;, and @; unchanged
and introduce small variations to the variables P!, ..., P™

Pt = Pi(a0, 2", 2%, 2%) + e (20, 2", 2%, 7). (4.14)

Invertibility of the Legendre transformation (3.25) again means that the varia-
tions (4.14) induce small variations of b;; and small variations of the variables
Wi, ..., Wy. They can be expressed by the formulas (4.9) and (4.10), though
the functions h;;(z0, ', 22, %) and hi(z, ', 22 2%) now are determined by the
functions hf(z°, 21, 2%, 23) in (4.14). Applylng (4.14) to the integral (4.3) with the
function H written as (4.5), we get

H= H+s/zz 5P1 i\/detgd3x+.... (4.15)

Applying (4.14), (4.9), and (4.10) to the same integral (4.3) with the function H
written as (4.4) and taking into account (3.7) and (3.8), we derive

H_H+s/(226”hzg+Z(Wh1+Pl )x/det &Pz —
1=15=1

(4.16)

3 n
/(Z Z(&)w )Wvag Bij N Z(;/Iﬁ/i)ng,b iLl) detg d’z ...

1=15=1 1=1

If we take into account the relationships (3.25), then the formula (4.16) reduces to

3
H:H+E/ZWihi\/detgd3x+.... (4.17)
j=n

Comparing (4.17) with (4.15) as ¢ — 0, we find that the second formula (4.7) is
proved. Thus Theorem 4.1 is completely proved. O
5. EULER-LAGRANGE EQUATIONS AND HAMILTON EQUATIONS.

Let’s return back to the formula (3.7). It is a short presentation of the formula
(3.2). Therefore the action integral (1.12) now can be written as

S = //,c Vdet g d®x da. (5.1)

The arguments of the function £ in (5.1) are shown in (3.8). When applying the

stationary-action principle to the integral (5.1) the functions b;;(z%, z', 22, 2*) and
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gi; (2%, ', 22 23) are not treated as independent parameters any more. They are
related to each other through the formula (1.7). The same is true for the functions
Wi(2°, 2t 22, 23) and Q;(z°, z', 22, 23). They are related to each other through
the formula (3.4). Nevertheless the partial variational derivatives (3.17) are defined
and the formulas (3.10), (3.12), (3.14), and (3.16) defining them can be used.

In order to apply the stationary-action principle with respect to the dynamical
variables of matter @1, ..., @, we introduce small variations to them:

Qi = Qi(a°, 2", 2%, 2%) + e hy(a, 2", 27, 2). (5.2)

The formula (5.2) is similar to (3.11). However, unlike (3.11), now we take into
account small variations of W1, ..., W, induced by (5.2) due to the formula (3.4):

Oh; (20, 2t 22, 23)

Wy = Wi(a®, 2, 2%, 2%) 4 ¢ (5.3)
0x0
Applying (5.2) and (5.3) to (5.1) and using (3.10) and (3.12), we derive
5 _ 1
S=S+¢ Q b 8:c0 etg d°z +
(5.4)

) 3
+5/Z 5@1 Wb hi\/detg d®z + ... .

Integrating by parts in the first integral, we transform (5.4) as
. "9 /oL
-5 — (= hiv/det g d®z —
5=5 6//; 529 (3777 g0 10 V0608 %2
n 3 5L
— _— qp. 3
5//22(5Wi)qubbq hi \/det g d*z + (5.5)
+€/Z 5Q1 . hi\/detgd?’x—k....

Since h;(z%, 21, 22, 23) are arbitrary smooth functions with compact support, from
(5.5) we derlve the following differential equation:

3
_% (‘gf/i)Qvgvb B (;f/i)ngyb Z by (551 )w,g,b =0, (5.6)

q=1

where i =1, ..., n. Note that £ = Lg + Linat, where Lg, does not depend on Q;
and W; (see (3.7) and (3.6)). Therefore the equations (5.6) are rewritten as

3
35 (5 s (a2 (D 09

g=1
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Definition 5.1. The equations (5.7) are known as the Euler-Lagrange equations
with respect to the dynamical variables @1, ..., @, of matter.

Now let’s apply the stationary-action principle with respect to the dynamical
variables g;; of the gravitational field. For this purpose we introduce small varia-
tions to the metric components g;;:

Gij = gl-j(:co, A shij(:co, zt 2% 2?). (5.8)

The formula (5.8) is similar to (3.13). But unlike (3.13), now we take into account
small variations of b;; induced by (5.8) due to the formula (1.7):

R e Ohi; 0, 1, 2, 3
bij = bij($0;x1;$2;$3) + 5 J(:C 8§0 T ) (59)

Applying (5.8) and (5.9) to (5.1) and using (3.14) and (3.16), we derive

3 3
S’—S—F%//ZZ((SE) Ohi; Vdet g d®x +

5b1‘j W.Q.g 020

(5.10)
hi; \/det g d® cee
+s/zz 5% ey i3 VG
Integrating by parts in the first integral, we transform (5.10) as
< hij \/det g d*z —
=5 //;Zl 00 )wayg jvdetgdiw
__//ZZZ ) b2 hij/detg d®z + (5.11)
i=1 j=1¢=1 W.Qe
& oL
hi; \/det g d® cee
+s/;;(5gij)wm JV/detg de +

Since h;;(zY, zt, 22, 23) are arbitrary smooth functions with compact support, from

(5.11) we derive the following differential equation:

) >
_%@(&fﬂ-)w,q,g_%(5bw)wqub +(5gw)WQb 0- (5.12)

q=1

Since £ = Lgr + Lmat, if we recall the formula (3.20), then we can rewrite (5.12) as

8 (L. L - 0Lgr 0Lma
_% @( 5bfj )W,Q,g_% (5bigj )Wvng Zbg +(Wigj)qub - —v”t 19

q=1
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Definition 5.2. The equations (5.13) are known as the Euler-Lagrange equations
with respect to the dynamical variables g;; of the gravitational field.

Let’s recall the energy function (4.2) and write it as follows:

H= /(ZZBUbU+ZP1W L)Md‘o’ (5.14)

1=15=1

The integral (4.3) with the function (4.5) is another presentation of (5.14). Keeping
B% and P* unchanged, we introduce small variations to g;; and Q;:

9ij = gij(2°, ', 2%, 2°%) + e hij (20, 2t 2%, 27), (5.15)
Qi :Qi($0,$1,$2,$3)+€hi($0,$1,$2,$3). (516)

Invertibility of the Legendre transformation (3.25) means that the variations (5.15)
and (5.16) induce small variations of b;; and small variations of the variables

Wi, ..., Wy. They can be expressed by the formulas (4.9) and (4.10) where the

functions hy; (20, z', 22, %) and hi (:c xl, 22, 23) are determined by the functions

hij(20, 2!, 2%, 23 ) and h (2% 2t 2% 2 ) frorn (5.15) and (5.16). Applying (5.15) and
(5.16) to the integral (4.3) w1th the function H written as (4.5), we derive

T = H ) ,
H_H+€/22(5913)Qp hij /et g d’z +
o (5.17)
H ,
+€/Z(5Q1)Pg7 hi\/det g d®z + .
Similarly, applying (5.15) and (5.16) along with (4.9) and (4.10) to (5.14), we get
3 n
i=1 j=1 i1
y s g I
kq k ij -
+s/1_1;(;;6 brg +ZP ) ; Jetg &’z
NG n (5.18)
— _ -
| i_lg(ébzg)wqg i ;( o hl) Sty d
oL "L 3
_E/(;JX—;((SQU)WQth—i_;((SQz W.g )@d T+
Taking into account the formulas (3.25), we can reduce (5.18) to
- oL , P Wk )
R (CA MR o albos S
e (5.19)

+ZZB e g (M)WQb>hijvdet9d3$+'“'

k=1q9=1 593
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Now we can compare (5.17) and (5.19) as € — 0. As a result we derive

Bk b P*W,, oL
(5913)QP5_;Z R kz_lTng_(‘Sg“)w’Q’b, (5.20)
(55
0Q;/ Wb

)
(52;1')13,&5 -

The relationships (5.20) are complementary to (3.25). Applying (3.25), (5.20),
and (4.7) to (5.12) and (5.6), we derive the following pair of differential equations:

10989 /0H 1o oH
290 = (g ama~ 322 29" (55 que ¥

3

PRI (555 ars 0+ 5P (55 ) et O

k=1q=
i 3 3 _
o= (s~ E 2 () ar ™

Another pair of differential equations are derived from (4.7). Indeed, applying (1.7)
and (3.4) to the left hand sides of the relationships (4.7), we get

—

1 0g;j _ ( oH

0Q; (9
3 000 o= (57

o : = (22 : 5.22

634 )QyPyg 0x0 5P1)Q7gﬁ (5.22)
Definition 5.3. The equations (5.21) and (5.22) constitute the system of Hamilton
equations for the gravitational field and for matter.

The Hamilton equations (5.21) and (5.22) are equivalent to the Euler-Lagrange
equations (5.6) and (5.12), though they are written with respect to a different set
of dynamic variables.

6. SOME EXPLICIT CALCULATIONS.

Let’s begin with the Euler-Lagrange equation (5.13). Its left hand side is de-
termined by the function (3.6). We substitute this function for £ into the integral
(3.7) and then apply the small variation of b from (3.15) to this integral:

3 3
Lg = Lge + 1gm /ZZZZ(M 9" brq 9+ bij g hig g7 —

i=1 j=1k=1g=1 (6.1)
—hijg K bkqg —bijg g hkqg ) \/det g x4 .

Due to the symmetry of g;; and b;; the formula (6.1) reduces to

L= Lyt / ZZ(W N ”)hw\/Md?’x+ (6.2)

=1 j=1 k=1
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Comparing (6.2) with (3.16), we find

5L >
gr ) k _ij
(%ij )Q,w,g - (b I3 bk g J). (6.3)

k=1

The second partial variational derivative in (5.13) is more complicated. In order
to calculate it we need to substitute (3.6) for £ into the integral (3.7) and then we
need to apply the small variation (3.13) of the metric g to it. Upon substituting
(3.6) into the integral (3.7) we subdivide this integral into three parts:

Lgr = L1+ Lo+ Ls, (64)

3 3 3 3
L= c /ZZZZbijgikbkqgjq\/detg d3z, (6.5)

where

(R —2A)\/det g d*z. (6.7)

From (3.13) we derive the following relationships:

3 B
Vdet§ = \/det g (1%2292&) ., (6.8)

i=1 j=1
SRTEEED 9 YIRS @9
p=1qg=1

Applying the relationships (6.8) and (6.9) to (6.5) and (6.6), we obtain

Li=L — 16 (Zz2blbk -
™ i= 1] 1 “k=1gq=1 (610)
- ZZ bk bl ”> hij\/detg &3z + ... .
k=1q9=1
3 3
Ly = (Zzbk b —
1=15=1
5.3, (6.11)
— Zz§b§bggiﬂ'> hijV/detg d*z + ... .
k=1g=1
In the case of the relationship (6.7) we have
X 3 3
Ly = - (Rw g7 + A gw> .
6” P (6.12)

- hij\/detg Prd® + ... .
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The arguments and calculations supporting the formula (6.12) are the same as in
deriving Einstein’s gravity equation in §2 of Chapter V in [6].

Now we substitute (6.10), (6.11), and (6.12) for Ly, Lo, and L3 into the formula
(6.4). As a result we derive the formula

3 3 3
7 k19 1 i1k j
b=t g [ S35 g - 2 S
1=1 j=1 “k=1gqg= 1 k=1 qg=1
+ Zzbk b — ZZ b bl g — RY + B g Ag”) hij\/det g d*x + .
k=1q=1
that should be compared with the formula (3.14). This comparison yields
5L 3 3
= be b g* 2}, bl g%
( 3gi; )Wvbe 167w (Z Z pS Z ka9
k=1 qg=1
X (6.13)
, 1 , R . ,
268 b — —bFbl gl — RY 4 — gl — A gl ).
+ kz:; k ,;; 5 "k % 9 59 g

The next step is to substitute (6.3) and (6.13) into the differential equation (5.13).
Substituting (6.3) into (5.13), we get

1 0 0Ly c3 by 8bk _ .

_5@(5bfj)w,@g_m(_@+ 226’“1)3) (6.14)
L

(5bi)WQgZ b= 16m (kzlz;bkbq kz_lbﬁb’) (6.15)

The expressions in the left hand sides of (6.13), (6.14), and (6.15) constitute the left
hand side of the equation (5.13). Its right hand side is determined by the derivative
(3.20). Applying (6.13), (6.14), and (6.15) to (5.13), we get

8bij ’ i k i ’ i1k j
—@‘i‘ J+ZZ b bq J ZZZbkbngJ—
, k=1 k=1q=1 k=1qg=1 (616)
i 1 ma
_Zbkbw—i_zz bkbq i le+§g Ang_ 67;7 5§t
k=1q9=1 c Gij

The equation (6.16) is similar to (1.4). In order to make these equations more sim-
ilar we need to lower indices ¢ and j in (6.16). Taking into account the relationship
(3.21) and using symmetry of g;; and b;;, we derive

5.3 3 3
8:00 Za oglﬂ+225b§bzgij+zzbkzb + b ) —

k=1q=1 k=1 q=1

, . (6.17)

1 167r7 0L ma
— Z bz b” =+ Z Z 5 bk bd q9ij — RlJ + D) 9ij — A 9ij = 03 591] - .
k=1q9=1
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Now, comparing (6.17) and (1.4), we see that these two equations do coincide
provided the relationship (1.13) is fulfilled. The relationship (1.13) was derived in
[11]. Therefore we conclude that the formula (6.17) proves the following theorem.

Theorem 6.1. The 3D Euler-Lagrange equation (5.13) is equivalent to the equation
(1.4) that was derived from the four-dimensional Einstein’s gravity equation (1.3).

Proceeding to the Hamilton equations (5.21) and (5.22), we choose the special
case determined by the condition (3.22), see also remark on page 5 and (3.5). In this
case special case the relationship (3.20) reduces to (3.23). Note that £ = Lgr+Limas-
The function L, is given by the explicit formula (3.6). It does not depend on

Wi, ..., W, and Q1, ..., Q. Therefore apart from (3.22) we have
5£gr 5£gr
= == . .1
(5W1 )Q,g,b 0’ ( 5@1 )W,g,b 0 (6 8)
Applying (3.22) and (6.18) to (3.25), we obtain
y oL - 0L mat
ij er , P! = ma . 6.19

Substituting (6.19) into (4.2) and taking into account £ = Lgr + Lmat, we derive
H= ng + Hmat, (620)

i.e. the energy function H is subdivided into two parts responsible for the gravita-
tional field and for matter. The functions Hg, and Hyae are given by the formulas

3 3
Hy = /(Z > B b — ,cgr> Vdet g d*z, (6.21)

i=1 j=1
Hypat = / (Z PIW; — ,cmat> Vdet g d°x, (6.22)
1=1

The partial variational derivative in the first formula (6.19) is already calculated in
(6.3). Therefore we can write the following explicit formula:

3

3
9= (- D). (6.23)
k=1

The relationship (6.23) is invertible. Its inverse is written as

3

- 138 ;
pii = 211 (gw -3 N g”). (6.24)
k=1

We have no explicit presentation for the second formula (6.19). Therefore we
shall just assume that it is invertible in the sense of Theorem 4.1. Applying this
theorem to (6.21) and (6.22), we obtain the following two functions in (6.20):

ng = ng(ga /6)3 (625)
Hmat:Hmat(Qla"' 7QnaP15"' 7Pnag)' (626)
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Substituting (6.25) and (6.26) into (6.20) and then substituting (6.20) into the
equations (5.21) and (5.22), we derive the following Hamilton equations for matter:

0Qi _ (‘Wmat)Q ) (6.27)

0z0  \ §pi

%P;: (zSHmat) ZZ ’“q(ggfé) pi. (6.28)

Similarly we derive the Hamilton equations for the gravitational field:

1 89( 5}{r
2 90~ (ng) (6.29)
1 91 THer\  Lxns kg (OHer) aij
2 920 :_(595 )5_§;;gkq(5ﬂ’€gtI)gﬁj+

A Hgr\ 55 (OHmat 1 5 Hma 4 (6.30)
+ 5;_1(1_26kq(56’CgQ)ggJ_( 09ij )Q,P 5223 ( oP* )nggj'

The last term in (6.28) and two last terms in (6.30) are directly responsible for
matter to gravity interaction.

We shall not try to make more explicit the equations (6.27) and (6.28) because
in this paper we do not specify the sorts of matter and the nature of the dynamic
variables @1, ..., @, of matter as well as their associated momenta Py, ..., P,.
The equations (6.29) and (6.30) are different. In this case we can make explicit
all terms except for the last two terms in (6.30). Let’s begin with the Hamilton
function (6.25). According to Definition 4.2 the Hamilton function is the density of
the energy function expressed through the dynamic variables and their associated
momenta. The energy function of the gravitational field is given by (6.21). Hence

3 3
=3 BYUbij — Ly, (6.31)
i=1 j=1

where Lg, is given by the formula (3.6). In order to replace the components of the
tensor field b by the components of the tensor field 3 in (6.31) we use (6.24):

3 3
Z Z(ﬁkq Brq — %6}5 53) — Lo (6.32)
k=1qg=1

The function L4, also comprises the entries of b. As a result of applying (6.24) to
L in (3.6) we transform it as follows:

4 3
== Z Z(ﬁkqﬂkq - —ﬁk 6‘1) s (R=24). (6.33)
k=1q=1 Y
Substituting (6.33) into (6.32) yields
Ay B3 1 5
S S (5 g — Lk ) 1g7w (R—2A). (6.34)

k=1g=1
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The energy function Hyg, is produced from (6.34) by integration:

3
- 47W /ZZ B3 Brq — _5k 5q) Vdetg d®x —

bt (6.35)

(R —2A)/det g d*z.

The integrals in (6.35) can be used in order to calculate partial variational deriva-
tives of the function Hg, in (6.34). The procedure is similar to that of (6.1) and
(6.4), (6.5), (6.6), (6.7) with subsequent calculations. It yields

167r’y

OH gy 3
(;;gj) = SM (61] Zﬂ’é gz-j>, (6.36)
(i’;gr) 4:3")/ (Z 261 6’6] Zﬁk 613 +ZZ Bk BIZ gzg
Y k=1q9=1
- i c? i R ij (6.37)
_;;ZB 5‘1 J) IGWV(RJ_EQJ_FAQJ)'

Applying (6.36) to the second and third terms in the right hand side of (6.30) yields

A e\ i 277 o
AT S () =T

k=1q=1

3
S () oSS s zzg ot o)

k=1q9=1 =

Now we substitute (6.36), (6.37), and (6.38) into the equations (6.29) and (6.30).
As a result we obtain the explicit form of the Hamilton equations for gravity:

1 0gij 871'")/ >
4 k
3 = (B3 oot 639

% %iz; _ 477")/ (Z Bk 6” 2261 Bkj +ZZ Bk 611 ij _

(6.38)

k=1q=1
—ZZ 1 8 “)— (R =5 + 87 - (6.10)
k=1g=1
() 5 P (G g

Due to (1.7) the equation (6.39) is equivalent to (6.24). In order to compare (6.40)
with (6.16) and (1.4) we need to rewrite it in terms of the components of the tensor
field b. For this purpose we use (6.23). Differentiating (6.23), we get

1 06 A (i abk ; "o
5@‘%(@‘ J+Zzb bﬂ) (6.41)
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Now, applying (6.41) and (6.23) to (6.40), we derive
I~ ik
_ 1] k 1] i 1kj
527~ 2 5! ZZ by g D206 +
= k=1g¢=1 k=1

3
1 . R . .
+Zbkb” zz—bzbggwmw—ggwmgw: (6.42)

k=1q=1
- 167T’}/ 5Hmat 1 " 5Hmat i
3 <_( 09ij )Q7P+§1§Pk( oP* )Qvggj)

Comparing (6.42) with (6.16), we see that these two equations are equivalent to
each other provided the following equality is fulfilled:

n

B ( 5?92'% ) QP % kz:: (5?;kat )Qvg 9 = 5?;;“ (0:43)

The right hand side of the equality (6.43) is given by the formula (3.20). Let’s
recall that we have derived the equation (6.42) from the equation (6.40), while
the equations (6.39) and (6.40) were derived under the assumption that the rela-
tionships (3.22) and (6.18) are fulfilled. In this case the formula (3.20) reduces to
(3.23), while the Legendre transformation (3.25) is written as (6.19). Applying the
formula (3.23) to (6.43), we transform the relationship (6.43) as

o dar a2 ()t = (5 D 01

The relationship (6.44) is similar to (5.20). It is derived in a way similar to that of
(5.20). Let’s recall the formula (6.22) and complement it with the formula

Hpat = / Hmat V detg dg«r, (645)

Keeping the variables Q1, ..., Q, and P!, ..., P™ unchanged, we introduce small
variations to the components of metric g;;:

g’LJ = gij(‘roa ':Cla :C2a ':63) +e h’LJ (‘roa ':Cla :C2a 'rg)v (646)
The variations (6.46) induce small variations of the variables Wy, ..., W,:
Wi = W;(2°, 2t, 22, 2%) + e hy (20, 2t 22, 2%). (6.47)

Applying both (6.46) and (6.47) to (6.22), we derive

Hmat mat+5/Z(thk+ZZPkW g >\/det dBZE—

1=15=1

3 6 Lomat 0L mat 7 3
_5/(22( )therZ( 5Wk) ,gh’“> Vdetg d®z+ ... .

0gi;

(6.48)
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Similarly, applying (6.46) to the integral (6.45), we obtain

Hynat = Hunat + s/z Z 5Hm“)P7Q hij\/detg d®z + ... . (6.49)

1=15=1 591]

Due to the second relationship in (6.19) the formula (6.48) simplifies as follows:

3 3 n
1
L R (52 Wy )y Betg o -
1=15=1 k=1 (6 50)
3 3 :
5£mat
_E/E;( 5%) hij /detg dc +

The inversion of the Legendre transformation given by the relationships (6.19) is
determined by Theorem 4.1 and the relationships (4.7) therein. Due to (6.20) and

since Hg, in (6.34) does not depend on P, ..., P" and Qq, ..., Qy, while Hyat
does not depend on 3% the relationships (4.7) in our present case are written as
5H T 5Hmat
bi-:( g) Wi:( ) . 6.51
! 6B /g 0P /Qe (6.51)

Now the formula (6.44) is derived by substituting the second relationship (6.51)
into (6.50) and comparing the formulas (6.49) and (6.50) as € — 0.

Having proved (6.44) and hence having proved the relationship (6.43), we con-
clude that the equation (6.40) is equivalent to the equations (6.16) and (6.17). The
equation (6.17) coincides with the equation (1.4) due to (1.13). This means that
we have proved the following theorem.

Theorem 6.2. In the special case determined by the relationship (3.22) the Hamil-
ton equations (6.29) and (6.30) are equivalent to the equations (1.7) and (1.4)
through the direct and inverse Legendre transformations given by (6.19) and (6.51).

7. CONCLUDING REMARKS.

The main result of the present paper is the Hamiltonian approach applied to
describing the dynamics of the gravitational field and matter within the paradigm
of a 3D-brane universe from [1]. In general case this result is expressed by the
Hamilton equations (5.21) and (5.22) which are equivalent to the Euler-Lagrange
equations (5.6) and (5.12). Due to the subdivision £ = Lg + Lmat the equations
(5.6) and (5.12) are written as (5.7) and (5.13). It turns out that the Euler-Lagrange
equation of the gravitational field (5.13) is equivalent to the equation (1.4) that was
previously derived in [1] and [11].

The subdivision £ = Lg 4+ Lmat leads to the subdivision H = Hgr + Hmat of
the function (4.4) through the formulas (6.21) and (6.22). However in general case
this subdivision does not imply separation of dynamic variables, i.e. the dynamic
variables of matter can enter the function H,,. Therefore the special case given
by the condition (3.22) was considered. In this special case the function Hg, does
not comprise the dynamic variables of matter and is given by the explicit formula
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34). It turns out that the Hamilton equations (6.29) and (6.30) written with the

use of this function are equivalent to the equations (1.7) and (1.4).

Although the Hamiltonian approach developed above in this paper does not lead

to equations other than those previously derived in [1] and [11], it is important from
the conceptual point of view. It can be helpful for quantization of the gravitational
field within the framework of our 3D-brane paradigm.
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