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                                   In this working paper I try to prove the Riemann hypothesis  

 

 we have established the equalities (see On the Riemann Hypothesis version 3) 

2𝑠(2𝑛 + 𝜀)(3−𝑠) ∑
1

(2𝑘+1)(1−𝑠)

(𝑛−1)
𝑘=0 = (2𝑛 + 𝜀)3 − 𝜀𝑠(2𝑛 + 𝜀)2 +

1

2
𝑠(𝑠 − 1)𝜀2(2𝑛 + 𝜀) + 𝐶′(𝑠) + 𝑜(1)       (7)                            

2𝑠 ∑
1

(2𝑘+1)(1−𝑠)

(𝑛−1)
𝑘=0   

= (2𝑛 + 𝜀)𝑠 − 𝜀𝑠(2𝑛 + 𝜀)(𝑠−1) +
1

2
𝑠(𝑠 − 1)𝜀2(2𝑛 + 𝜀)(𝑠−2) + 𝐶′(𝑠)(2𝑛 + 𝜀)(𝑠−3) + 𝑜((2𝑛 + 𝜀)(𝑠−3))       (8)   

Let the sequence  𝑈 such that  ∀ 𝑛 ∈  ℕ∗   𝑈(𝑛, 𝑠) = 2𝑠(2𝑛 + 𝜀)(3−𝑠) ∑
1

(2𝑘+1)(1−𝑠)

(𝑛−1)
𝑘=0 −

1

2
𝑠(𝑠 − 1)𝜀2(2𝑛 + 𝜀) 

So  ∀ 𝑛 ∈  ℕ∗   𝑈(𝑛, 𝑠) = (2𝑛 + 𝜀)3 − 𝜀𝑠(2𝑛 + 𝜀)2 + 𝐶′(𝑠) + 𝑜(1) 

Since  𝜂(1 − 𝑠) = 0 we have  

∀ 𝑛 ∈  ℕ∗   𝑈(𝑛, (1 − 𝑠)) = (2𝑛 + 𝜀)3 − 𝜀(1 − 𝑠)(2𝑛 + 𝜀)2 + 𝐶′(1 − 𝑠) + 𝑜(1)  

So  ∀ 𝑛 ∈  ℕ∗   𝑈(𝑛, 𝑠) + 𝑈(𝑛, (1 − 𝑠)) = 2(2𝑛 + 𝜀)3 − 𝜀(2𝑛 + 𝜀)2 + 𝐶′(𝑠) + 𝐶′(1 − 𝑠) + 𝑜(1) 

Since 𝜂(�̅�) = 0 𝑎𝑛𝑑 𝜂(1 − �̅�) = 0 we have 

 ∀ 𝑛 ∈  ℕ∗   𝑈(𝑛, �̅�) + 𝑈(𝑛, (1 − �̅�)) = 2(2𝑛 + 𝜀)3 − 𝜀(2𝑛 + 𝜀)2 + 𝐶′(�̅�) + 𝐶′(1 − �̅�) + 𝑜(1) 

So  ∀ 𝑛 ∈  ℕ∗    (𝑈(𝑛, 𝑠) + 𝑈(𝑛, (1 − 𝑠))) − (𝑈(𝑛, �̅�) + 𝑈(𝑛, (1 − �̅�))) 

= (𝐶′(𝑠) + 𝐶′(1 − 𝑠)) − (𝐶′(�̅�) + 𝐶′(1 − �̅�)) + 𝑜(1)  

Let the sequence  𝑉 such that 

  ∀ 𝑛 ∈  ℕ∗   𝑉(𝑛, 𝑠) = (𝑈(𝑛, 𝑠) + 𝑈(𝑛, (1 − 𝑠))) − (𝑈(𝑛, �̅�) + 𝑈(𝑛, (1 − �̅�))) 

We have ∀ 𝑛 ∈  ℕ∗   𝑉(𝑛, 𝑠) = (𝐶 ′(𝑠) + 𝐶′(1 − 𝑠)) − (𝐶 ′(�̅�) + 𝐶 ′(1 − �̅�)) + 𝑜(1) 

So  lim
𝑛→+∞

𝑉(𝑛, 𝑠) = (𝐶 ′(𝑠) + 𝐶′(1 − 𝑠)) − (𝐶 ′(�̅�) + 𝐶 ′(1 − �̅�)) 

So  lim
𝑛→+∞

(𝑉((𝑛 + 1), 𝑠) − 𝑉(𝑛, 𝑠)) = 0 

∀ 𝑛 ∈  ℕ∗  𝑉((𝑛 + 1), 𝑠) − 𝑉(𝑛, 𝑠) = [(𝑈((𝑛 + 1), 𝑠) − 𝑈(𝑛, 𝑠)) + (𝑈((𝑛 + 1), (1 − 𝑠)) − 𝑈(𝑛, (1 − 𝑠)))]    

− [(𝑈((𝑛 + 1), �̅�) − 𝑈(𝑛, �̅�)) + (𝑈((𝑛 + 1), (1 − �̅�)) − 𝑈(𝑛, (1 − �̅�)))]  
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For each 𝑛 ∈  ℕ∗  let’s calculate (𝑈((𝑛 + 1), 𝑠) − 𝑈(𝑛, 𝑠)) 

∀ 𝑛 ∈  ℕ∗  𝑈((𝑛 + 1), 𝑠) − 𝑈(𝑛, 𝑠)  

= 2𝑠(2(𝑛 + 1) + 𝜀)(3−𝑠) ∑
1

(2𝑘+1)(1−𝑠)
𝑛
𝑘=0 − 2𝑠(2𝑛 + 𝜀)(3−𝑠) ∑

1

(2𝑘+1)(1−𝑠)

(𝑛−1)
𝑘=0   

−
1

2
𝑠(𝑠 − 1)𝜀2((2(𝑛 + 1) + 𝜀) − (2𝑛 + 𝜀) )  

= 2𝑠(2𝑛 + 2 + 𝜀)(3−𝑠) ∑
1

(2𝑘+1)(1−𝑠)
𝑛
𝑘=0 − 2𝑠(2𝑛 + 𝜀)(3−𝑠) ∑

1

(2𝑘+1)(1−𝑠) − 𝑠(𝑠 − 1)𝜀2(𝑛−1)
𝑘=0   

= 2𝑠(2𝑛 + 2 + 𝜀)(3−𝑠) ∑
1

(2𝑘+1)(1−𝑠)

(𝑛−1)
𝑘=0 − 2𝑠(2𝑛 + 𝜀)(3−𝑠) ∑

1

(2𝑘+1)(1−𝑠)

(𝑛−1)
𝑘=0 + 2𝑠(2𝑛 + 2 + 𝜀)(3−𝑠) ×

1

(2𝑛+1)(1−𝑠)  

−𝑠(𝑠 − 1)𝜀2  

= ((2𝑛 + 2 + 𝜀)(3−𝑠) − (2𝑛 + 𝜀)(3−𝑠))2𝑠 ∑
1

(2𝑘+1)(1−𝑠)

(𝑛−1)
𝑘=0 + 2𝑠(2𝑛 + 2 + 𝜀)(3−𝑠) × (2𝑛 + 1)(𝑠−1) − 𝑠(𝑠 − 1)𝜀2  

We have  

(2𝑛 + 2 + 𝜀)(3−𝑠) = (2𝑛 + 𝜀)(3−𝑠) (1 +
2

2𝑛+𝜀
)

(3−𝑠)

  

= (2𝑛 + 𝜀)(3−𝑠) (1 +
2(3−𝑠)

2𝑛+𝜀
+

4(3−𝑠)(2−𝑠)

2(2𝑛+𝜀)2 +
8(3−𝑠)(2−𝑠)(1−𝑠)

6(2𝑛+𝜀)3 + 𝑜(
1

(2𝑛+𝜀)3))  

= (2𝑛 + 𝜀)(3−𝑠) + 2(3 − 𝑠)(2𝑛 + 𝜀)(2−𝑠) + 2(3 − 𝑠)(2 − 𝑠)(2𝑛 + 𝜀)(1−𝑠)  

+
4

3
(3 − 𝑠)(2 − 𝑠)(1 − 𝑠)(2𝑛 + 𝜀)(−𝑠) + 𝑜((2𝑛 + 𝜀)(−𝑠))  

So  ((2𝑛 + 2 + 𝜀)(2−𝑠) − (2𝑛 + 𝜀)(2−𝑠))2𝑠 ∑
1

(2𝑘+1)(1−𝑠)

(𝑛−1)
𝑘=0 = 

[ 2(3 − 𝑠)(2𝑛 + 𝜀)(2−𝑠) + 2(3 − 𝑠)(2 − 𝑠)(2𝑛 + 𝜀)(1−𝑠) +
4

3
(3 − 𝑠)(2 − 𝑠)(1 − 𝑠)(2𝑛 + 𝜀)(−𝑠) + 𝑜((2𝑛 + 𝜀)(−𝑠)) ] ×

[ (2𝑛 + 𝜀)𝑠 − 𝜀𝑠(2𝑛 + 𝜀)(𝑠−1) +
1

2
𝑠(𝑠 − 1)𝜀2(2𝑛 + 𝜀)(𝑠−2) + 𝐶′(𝑠)(2𝑛 + 𝜀)(𝑠−3) + 𝑜((2𝑛 + 𝜀)(𝑠−3))]  

= 2(3 − 𝑠)(2𝑛 + 𝜀)2 − 2𝜀𝑠(3 − 𝑠)(2𝑛 + 𝜀) + 𝑠(𝑠 − 1)(3 − 𝑠)𝜀2 + 2(3 − 𝑠)(2 − 𝑠)(2𝑛 + 𝜀) − 2𝜀𝑠(3 − 𝑠)(2 − 𝑠)  

+
4

3
(3 − 𝑠)(2 − 𝑠)(1 − 𝑠) + 𝑜(1)  

= 2(3 − 𝑠)(2𝑛 + 𝜀)2 + (−2𝜀𝑠(3 − 𝑠) + 2(3 − 𝑠)(2 − 𝑠))(2𝑛 + 𝜀) + 𝑠(𝑠 − 1)(3 − 𝑠)𝜀2 − 2𝜀𝑠(3 − 𝑠)(2 − 𝑠)  

+
4

3
(3 − 𝑠)(2 − 𝑠)(1 − 𝑠) + 𝑜(1)  

So  ((2𝑛 + 2 + 𝜀)(2−𝑠) − (2𝑛 + 𝜀)(2−𝑠))2𝑠 ∑
1

(2𝑘+1)(1−𝑠)

(𝑛−1)
𝑘=0  

= 2(3 − 𝑠)(2𝑛 + 𝜀)2 + (−2𝜀𝑠(3 − 𝑠) + 2(3 − 𝑠)(2 − 𝑠))(2𝑛 + 𝜀) + 𝑠(𝑠 − 1)(3 − 𝑠)𝜀2 − 2𝜀𝑠(3 − 𝑠)(2 − 𝑠)  

+
4

3
(3 − 𝑠)(2 − 𝑠)(1 − 𝑠) + 𝑜(1)        (9) 

We have 

(2𝑛 + 2 + 𝜀)(3−𝑠) × (2𝑛 + 1)(𝑠−1) = (2𝑛 + 1 + (1 + 𝜀))(3−𝑠) × (2𝑛 + 1)(𝑠−1)  

= (2𝑛 + 1))(3−𝑠) (1 +
(1+𝜀)

2𝑛+1
)

(3−𝑠)

× (2𝑛 + 1)(𝑠−1)  
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= (2𝑛 + 1)2 (1 +
(3−𝑠)(1+𝜀)

2𝑛+1
+

(3−𝑠)(2−𝑠)(1+𝜀)2

2(2𝑛+1)2 + 𝑜(
1

(2𝑛+1)2))  

= (2𝑛 + 1)2 + (3 − 𝑠)(1 + 𝜀)(2𝑛 + 1) +
1

2
(3 − 𝑠)(2 − 𝑠)(1 + 𝜀)2 + 𝑜(1)  

= (2𝑛 + 𝜀 + (1 − 𝜀))2 + (3 − 𝑠)(1 + 𝜀)(2𝑛 + 𝜀 + (1 − 𝜀)) +
1

2
(3 − 𝑠)(2 − 𝑠)(1 + 𝜀)2 + 𝑜(1)  

= (2𝑛 + 𝜀)2 + 2(1 − 𝜀)(2𝑛 + 𝜀) + (1 − 𝜀)2 + (3 − 𝑠)(1 + 𝜀)(2𝑛 + 𝜀) + (3 − 𝑠)(1 + 𝜀)(1 − 𝜀)  

+
1

2
(3 − 𝑠)(2 − 𝑠)(1 + 𝜀)2 + 𝑜(1)  

= (2𝑛 + 𝜀)2 + ((3 − 𝑠)(1 + 𝜀) + 2(1 − 𝜀))(2𝑛 + 𝜀) + (1 − 𝜀)2 + (3 − 𝑠)(1 − 𝜀2)  

+
1

2
(3 − 𝑠)(2 − 𝑠)(1 + 2𝜀 + 𝜀2) + 𝑜(1)  

= (2𝑛 + 𝜀)2 + ((3 − 𝑠)(1 + 𝜀) + 2(1 − 𝜀))(2𝑛 + 𝜀) + (1 − 𝜀)2 + (3 − 𝑠) − (3 − 𝑠)𝜀2  

+
1

2
(3 − 𝑠)(2 − 𝑠) + (3 − 𝑠)(2 − 𝑠)𝜀 +

1

2
(3 − 𝑠)(2 − 𝑠)𝜀2 + 𝑜(1)  

= (2𝑛 + 𝜀)2 + ((3 − 𝑠)(1 + 𝜀) + 2(1 − 𝜀))(2𝑛 + 𝜀) +
1

2
(3 − 𝑠)(−𝑠)𝜀2 + (3 − 𝑠)(2 − 𝑠)𝜀  

+
1

2
(3 − 𝑠)(4 − 𝑠) + (1 − 𝜀)2 + 𝑜(1)  

= (2𝑛 + 𝜀)2 + ((3 − 𝑠)(1 + 𝜀) + 2(1 − 𝜀))(2𝑛 + 𝜀) −
1

2
𝑠(3 − 𝑠)𝜀2 + (3 − 𝑠)(2 − 𝑠)𝜀  

+
1

2
(3 − 𝑠)(4 − 𝑠) + (1 − 𝜀)2 + 𝑜(1)  

so 

2𝑠(2𝑛 + 2 + 𝜀)(2−𝑠) × (2𝑛 + 1)(𝑠−1)  

= 2𝑠(2𝑛 + 𝜀)2 + 2𝑠((3 − 𝑠)(1 + 𝜀) + 2(1 − 𝜀))(2𝑛 + 𝜀) − 𝑠2(3 − 𝑠)𝜀2 + 2𝑠(3 − 𝑠)(2 − 𝑠)𝜀  

+𝑠(3 − 𝑠)(4 − 𝑠) + 2𝑠(1 − 𝜀)2 + 𝑜(1)       (10) 

From equalties (9) and (10) we deduce that 

𝑈((𝑛 + 1), 𝑠) − 𝑈(𝑛, 𝑠)  

= 6(2𝑛 + 𝜀)2 + (−2𝜀𝑠(3 − 𝑠) + 2(3 − 𝑠)(2 − 𝑠) + 2𝑠((3 − 𝑠)(1 + 𝜀) + 2(1 − 𝜀))) (2𝑛 + 𝜀)  

+𝑠(𝑠 − 1)(3 − 𝑠)𝜀2 − 2𝜀𝑠(3 − 𝑠)(2 − 𝑠) +
4

3
(3 − 𝑠)(2 − 𝑠)(1 − 𝑠) − 𝑠2(3 − 𝑠)𝜀2 + 2𝑠(3 − 𝑠)(2 − 𝑠)𝜀  

+𝑠(3 − 𝑠)(4 − 𝑠) + 2𝑠(1 − 𝜀)2 − 𝑠(𝑠 − 1)𝜀2 + 𝑜(1)  

= 6(2𝑛 + 𝜀)2 + 2(−𝜀𝑠(3 − 𝑠) + (3 − 𝑠)(2 − 𝑠) + 𝑠(3 − 𝑠)(1 + 𝜀) + 2𝑠(1 − 𝜀))(2𝑛 + 𝜀)  

+(𝑠(𝑠 − 1)(2 − 𝑠) − 𝑠2(3 − 𝑠))𝜀2 +
4

3
(3 − 𝑠)(2 − 𝑠)(1 − 𝑠) + 𝑠(3 − 𝑠)(4 − 𝑠) + 2𝑠(1 − 𝜀)2 + 𝑜(1)  

= 6(2𝑛 + 𝜀)2 + 2(−𝜀𝑠(3 − 𝑠) + (3 − 𝑠)(2 − 𝑠) + 𝑠(3 − 𝑠) + 𝜀𝑠(3 − 𝑠) + 2𝑠(1 − 𝜀))(2𝑛 + 𝜀)  

−𝑠(𝑠2 − 3𝑠 + 2 + 3𝑠 − 𝑠2)𝜀2 +
1

3
[4(3 − 𝑠)(2 − 𝑠)(1 − 𝑠) + 3𝑠(3 − 𝑠)(4 − 𝑠)] + 2𝑠(1 − 𝜀)2 + 𝑜(1)  
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= 6(2𝑛 + 𝜀)2 + 2((3 − 𝑠)(2 − 𝑠) + 𝑠(3 − 𝑠) + 2𝑠(1 − 𝜀))(2𝑛 + 𝜀)  

−2𝑠𝜀2 +
1

3
[4(3 − 𝑠)(2 − 𝑠)(1 − 𝑠) + 3𝑠(3 − 𝑠)(4 − 𝑠)] + 2𝑠(1 − 𝜀)2 + 𝑜(1)  

= 6(2𝑛 + 𝜀)2 + 2(𝑠2 − 5𝑠 + 6 + 3𝑠 − 𝑠2 + 𝑠(1 − 𝜀))(2𝑛 + 𝜀)  

−2𝑠𝜀2 +
1

3
(3 − 𝑠)[4(𝑠2 − 3𝑠 + 2) + 12𝑠 − 3𝑠2] + 2𝑠(1 − 𝜀)2 + 𝑜(1)  

= 6(2𝑛 + 𝜀)2 + 2(−2𝑠 + 6 + 2𝑠(1 − 𝜀))(2𝑛 + 𝜀) − 2𝑠𝜀2 +
1

3
(3 − 𝑠)(𝑠2 + 8) + 2𝑠(1 − 𝜀)2 + 𝑜(1)  

= 6(2𝑛 + 𝜀)2 + 2(−2𝑠𝜀 + 6)(2𝑛 + 𝜀) − 2𝑠𝜀2 +
1

3
(3 − 𝑠)(𝑠2 + 8) + 2𝑠(1 − 𝜀)2 + 𝑜(1)  

= 6(2𝑛 + 𝜀)2 − 4(𝑠𝜀 − 3)(2𝑛 + 𝜀) − 2𝑠𝜀2 +
1

3
(3 − 𝑠)(𝑠2 + 8) + 2𝑠(1 − 𝜀)2 + 𝑜(1)  

Let 𝑝(𝑠) = −2𝑠𝜀2 +
1

3
(3 − 𝑠)(𝑠2 + 8) + 2𝑠(1 − 𝜀)2 

So          ∀ 𝑛 ∈  ℕ∗  𝑈((𝑛 + 1), 𝑠) − 𝑈(𝑛, 𝑠) = 6(2𝑛 + 𝜀)2 − 4(𝑠𝜀 − 3)(2𝑛 + 𝜀) + 𝑝(𝑠) + 𝑜(1)   

We have also         

   ∀ 𝑛 ∈  ℕ∗  𝑈((𝑛 + 1), (1 − 𝑠)) − 𝑈(𝑛, (1 − 𝑠)) = 6(2𝑛 + 𝜀)2 − 4((1 − 𝑠)𝜀 − 3)(2𝑛 + 𝜀) + 𝑝(1 − 𝑠) + 𝑜(1)   

So (𝑈((𝑛 + 1), 𝑠) − 𝑈(𝑛, 𝑠)) + (𝑈((𝑛 + 1), (1 − 𝑠)) − 𝑈(𝑛, (1 − 𝑠))) 

= 12(2𝑛 + 𝜀)2 − 4(𝜀 − 6)(2𝑛 + 𝜀) + 𝑝(𝑠) + 𝑝(1 − 𝑠) + 𝑜(1)   

We have also 

∀ 𝑛 ∈  ℕ∗ (𝑈((𝑛 + 1), �̅�) − 𝑈(𝑛, �̅�)) + (𝑈((𝑛 + 1), (1 − �̅�)) − 𝑈(𝑛, (1 − �̅�))) 

= 12(2𝑛 + 𝜀)2 − 4(𝜀 − 6)(2𝑛 + 𝜀) + 𝑝(�̅�) + 𝑝(1 − �̅�) + 𝑜(1)   

So    ∀ 𝑛 ∈  ℕ∗  𝑉((𝑛 + 1), 𝑠) − 𝑉(𝑛, 𝑠) = (𝑝(𝑠) + 𝑝(1 − 𝑠)) − (𝑝(�̅�) + 𝑝(1 − �̅�)) + 𝑜(1)  

Since       lim
𝑛→+∞

(𝑉((𝑛 + 1), 𝑠) − 𝑉(𝑛, 𝑠)) = 0 

We deduce that    (𝑝(𝑠) + 𝑝(1 − 𝑠)) − (𝑝(�̅�) + 𝑝(1 − �̅�)) = 0 

Let’s calculate (𝑝(𝑠) + 𝑝(1 − 𝑠)) 

Let 𝑝(𝑠) = −2𝑠𝜀2 +
1

3
(3 − 𝑠)(𝑠2 + 8) + 2𝑠(1 − 𝜀)2 = −

1

3
(𝑠 − 3)(𝑠2 + 8) − 2𝑠𝜀2 + 2𝑠(1 − 𝜀)2 

= −
1

3
(𝑠3 + 8𝑠 − 3𝑠2 − 24) − 2𝑠𝜀2 + 2𝑠(1 − 𝜀)2  

= −
1

3
(𝑠3 − 3𝑠2) −

8

3
𝑠 + 8 − 2𝑠𝜀2 + 2𝑠(1 − 𝜀)2  

So 𝑝(𝑠) = −
1

3
(𝑠3 − 3𝑠2) −

8

3
𝑠 − 2𝑠𝜀2 + 2𝑠(1 − 𝜀)2 + 8 

𝑝(1 − 𝑠) = −
1

3
((1 − 𝑠)3 − 3(1 − 𝑠)2) −

8

3
(1 − 𝑠) − 2(1 − 𝑠)𝜀2 + 2(1 − 𝑠)(1 − 𝜀)2 + 8  

𝑝(𝑠) + 𝑝(1 − 𝑠) = −
1

3
(𝑠3 − 3𝑠2 + (1 − 𝑠)3 − 3(1 − 𝑠)2) −

8

3
− 2𝜀2 + 2(1 − 𝜀)2 + 16  

𝑠3 − 3𝑠2 + (1 − 𝑠)3 − 3(1 − 𝑠)2 = 𝑠3 − 3𝑠2 + 1 − 3𝑠 + 3𝑠2 − 𝑠3 − 3𝑠2 + 6𝑠 − 3 = −3𝑠2 + 3𝑠 − 2  
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𝑝(𝑠) + 𝑝(1 − 𝑠) = −
1

3
(−3𝑠2 + 3𝑠 − 2) −

8

3
− 2𝜀2 + 2(1 − 𝜀)2 + 16  

𝑝(𝑠) + 𝑝(1 − 𝑠) = (𝑠2 − 𝑠) − 2𝜀2 + 2(1 − 𝜀)2 + 16 +
2

3
−

8

3
  

𝑝(�̅�) + 𝑝(1 − �̅�) = (�̅�2 − �̅�) − 2𝜀2 + 2(1 − 𝜀)2 + 16 +
2

3
−

8

3
  

(𝑝(𝑠) + 𝑝(1 − 𝑠)) − (𝑝(�̅�) + 𝑝(1 − �̅�)) = (𝑠2 − 𝑠) − (�̅�2 − �̅�)  

We deduce that (𝑠2 − 𝑠) − (�̅�2 − �̅�) = 0 

So   𝑠2 − 𝑠 − �̅�2 + �̅� = 0  

So   𝑠2 − �̅�2 − (𝑠 − �̅�) = 0  

So  (𝑠 − �̅�)(𝑠 + �̅�) − (𝑠 − �̅�) = 0  

So  (𝑠 − �̅�)(𝑠 + �̅� − 1) = 0  

So  2𝑖𝑏(2𝑎 − 1) = 0  

Since 𝑏 ≠ 0  we have   2𝑎 − 1 = 0  

Thus 𝑎 =
1

2
 

So Riemann hypothesis is true 
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