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Abstract

We look at the classical Kaluza-Klein theory allowing the metric to vary in the fifth
dimension. Considering only linear terms we then use a Lorentz invariant distribution
of the metric terms to find out how the metric terms vary with respect to frequency. We find
that they blow up at high frequency, so that non-linear terms would have to be taken into

account.

I. Introduction

Kaluza and Klein'? extended the Einstein field equations to 5 dimensions and were able to
obtain the Einstein-Maxwell equations if the metric in the fifth dimension was taken to
represent the electromagnetic potential.  For a review see Applequist, Chodos and Freund?,
Bailin and Love®, and Overduin and Wesson®. Most papers, including those of Kaluza and
Klein, take the metric to be independent of the fifth dimension. When the metric is allowed to
vary in the fifth dimension then it can be expanded in a Fourier expansion with respect to the
fifth dimension. The higher order modes are then generally interpreted as massive spin two
particles, and neglected in the low energy limit. For example see Bailin and Love®. Wesson’
allows the metric to vary in the fifth dimension, and interprets the extra terms as a stress-energy

tensor in Einstein’s field equations.
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In this paper we also make a Fourier expansion of the metric with respect to the fifth
dimension, but take the terms as purely classical and don’t associate any spin two particles with
them. Instead we require their distribution to be invariant under a Lorentz transformations and

find the resulting expectation values.

I1. Basic equations

Following Klein? we will write the metric in the form
ds? = @?(dx* + a,dx*)(dx' + a,dx¥) + g, dx*dx” (1)

where ¢, a,,, and g,,,, are functions of x* and x*. The coordinate x* represents the fifth
dimension, and x*, where the u can be any Greek index, represents the four dimensional space-
time coordinates. x° will be used to represent time, and x¢, where the i can be any Latin index,
is used to represent the three-space coordinates. We will also use the Einstein summation
conversion where repeated indices indicate a summation.

Again following Klein® we take the fifth dimension to be closed with respect to x* so that
x* + 2ma comes back to the same point for some constanta. ¢, a,, and g, are taken as
functions of x1, and x*.

Following Einstein and Bergmann® if we now make the transformation

1
x¥ = D71 [* pdx!, where D = fozna @dx! , then the new ¢ will be independent of x*. In

this case the curvature tensor components take the form

Ri; =Ry’ @)



Rlﬂ = Rﬂl = Ru_ll + a#Rlll (3)
Ry = auayRiy’ + Ry’ + @Ry + Ry (4)

where
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A comma represents a partial derivative, a semicolon represents a covariant derivative, and
07= Ou=au0n (8)
Oz = O = u0n 9)

where () represents a tensor of any rank and for tensors 4, 4, A,,,, we have



A, =4, (10)

Ay = Ayy— TLA, (11)

A 2 Asy — T2 Aus (12)

uviy = Auvy ™

where T}, = g¥°Ts,, and
1
Loy = > (guvr)_/ + Guyv— gvy'ﬁ) (13)

g*Vrepresents the inverse metric of g,,, that is g#* g,,, = 6. We also have

P;Lv = Oy — Ay (14)

PR = g g%y (15)
1

RuywS = E{gu&}_/v + yvigs — Gysav — guw?g} + F;fdrlyv - F,Lfvr/lys (16)

The egs. (2-7) for Ry4, R, and R, agree with Bejancu® when ¢ = 1, with Wesson’ when

a, = 0, and with Wehus and Revndal® when the metric is independent of the fifth dimension.

I11. Linear Field Equations

We will take the field equations to be a 5D generalization of the Einstein vacuum field



equations

Rll = O (17)
Ry =0 (19)

Now write g, = N,y + hy, and ¢ =1 + &, where 7, is the diagonal Minkowski tensor
withngy = —1,7m¢; = Oand n;; = &;; along n*” = n,,. If we only keep linear terms in h,,,, &

and a, then egs. (17-19) reduce to
1
YI”V {awvl — Sy 2 huwll } =0 (20)
r]vy{ Fuv:y + hvy'lu_ huy:lv} =0 (21)

A1 + ®Ayou1 — zgluv - h;w:11+ nya{hudlyv + hyvru& - hyc‘iruv - huvry&} =0 (22)

Now consider the allowable coordinate transformations such that ¢,; = 0. Define new

coordinates x*" and x*’ such that
xt = x4 fxH x1") (23)

xt = x* + Y, xY) (24)



If we only keep linear terms in £, f#, and the metric components h,,,, € and a,,, then the

new metric components take the form

g=c+fy (25)
ay = ay + fort N fy (26)
hw = Py + Ny V0 + M fV 0 (27)
Then in order for &' to be independent of x1'we need
gy = Euftt frry =0 (28)
Taking ¢,, f*,1r as a second order effect we then need £,/ = 0 and thus take f to be
independent of x1' . To see what further restriction we can make, take the x*" derivative
of eq. (26) to obtain
a;’m’ = ayt f;u’1’+ nuva'l'l' (29)
Since f, 7= 0 eq. (29) will be zero if we take f#,/;y = —n*Va,,;s . Thus we can take a,, to

be independent of x1" in this linear approximation.

Now dropping the prime, expand the metric in a Fourier expansion in x* so that



hy = X5 all, ein*'/a (30)

h,, is real so we need a,,' = a;, where a, is the complex conjugate of a;,,. We then take

a;;, for n = 0 to be the independent degrees of freedom. Egs. (20-22) then become

n*ay, = (31)

n"{avyu— auyn} =0 (32)
2

%aﬁv + Uya{aﬁa'yv+ a]r/lvr;uS - a;/l&uv - aﬁvr]/&} =0 (33)

where we have set a,,; = 0 and have only considered the n > 0 terms. Egs. (31-33) reduce to

the conditions

n*ay, =0 (34)

n"Yajy,, =0 (35)
2

nygalrzlvryS = %a;?v (36)

Egs. (34-36) are the same equations as found in Bailin and Love®. Following Mandel and

Wolf', expand a?, in a Fourier series in a box of size L? so that



1 "
ap = =2k aje™™ (37)

where k; = ZT"ni with n; an integer, and a bold letter indicates a vector. Using eq. (37) in egs.

(34-36) they then reduce to

U”v aka = (38)

Ao = Tkl (39)
2
K2y + Q00 = — % vk (40)
For a solution write
A = ape't + aje et (41)

When eq. (41) is applied to egs. (38-40) , we obtain the condition that w? = Z—z + k2 and
agoi = 8V afjy; (42)
ae = +ark (43)

with the ag{{ and a;j, arbitrary up to the constraint equation



(0?69 — k'kD)ajk =0 (44)

IV. Invariants

We would like to find a distribution of af%y and af%, which is invariant under Lorentz
transformations, so we want to see how af%y and af%, transform under a Lorentz transformation.

To accomplish this, we can write

1 ik-
apy = = | d’k ajj, (K)e™™ (45)
where
aﬁv(k) ( )Zauvk = a#+(k)elwt + altl; (k)e_iwt (46)

From Landau and Lifshitz'? we have that the integral over k space transforms as
3, — (X 437,/
fdk—fw,dk 47)
under a Lorentz transformation. k' is the transformed k vector, and w’ is the frequency

associated with it. Using egs. (45-47) and the fact that k - x — wt is invariant under Lorentz

transformations, we find that under a Lorentz transformation a"+ (k) transforms as

a N I,(k,) = ,AZ,Av,a”’"(k) (48)



where the AZ , are Lorentz transformation matrices. Using egs. (47) and (48), we have the

invariants w?a*""**(k)alt (k) and f d®k . We have set a¥®** (k) = n¥*nallt (k) and a *

represents the complex conjugate. Thus

f d3k w?a""* (K)air (K) = [ d3k wa*™" ™ (K)akr (K) (49)
transforms as a scalar under a Lorentz transformation.
V. Probability Distribution and Expectation Values

We will take the distribution of the a[gj—f (k) to be invariant under a Lorentz transformation and

assume the following Gaussian form
P = Cexp(— Enso = [ d*k (@™ (K)ajly (k) + a"~* (K)ajly (K)))

/,tvn+ un—x n—

= Cexp(— Xn>o szw(a we A @)

= Cexp(— Tnso zzkwa“”"** anm) (50)

where C is a normalization constant and a,, is an input to determine the width of the distribution.

Using egs. (42) and (43) we can express eq. (50) in terms of the degrees of freedom a;';, ]k as

. i klik « 4%
P = Cexp(—Yps0 szw((S”agi Sklaps — 269 — — ani ]’};l:+ Ljnd Zf()) (51)



subject to the constraint equation (44).

To find the constant C, normalize the probability P so that

Hn>0 kadaZT(Rfda%:;Ifdauk fdal]k P=1 (52)

subject to the constraint eq. (44). We have set

+R +R +R [ +R [ +R [ +R [ +R
fda:;k = f_ alik f daisi f_oo da7113k f_oo dajsy f_oo da1213k f_oo da13*13k (53)

n+tl + _ ntR n+l
with the same idea for [ dajy" where aUk A +iag -

To do this calculation, we will choose special coordinate system for each value of k
such that in this coordinate system x* points in the k direction. In this case the constraint

eq. (44) becomes

at = -1+ —kz)(a22k+ als (54)

so that integrating over a3} we find we just need to replace al';_ in the probability distribution,

eq. (51), by —(1 + kz)(a22k + a33k) so that now eq. (53) is replaced by

+R o +R [® +R [® +R [® +R [ +R
Jdaiiy" = [ dai5 [-, daiy’ - dayyy [ dags [ dagi (55)

The normalization condition eg. (52) then reduces to the condition



€ =T Hk[\/i‘z" o (56)
Next look at the expectation values given by

ka > = [Inso [Tk S dalii" [ dafiy! [ dafy” [ daly ( Uk'P) (57)

<alibai > = o Il S dalii® [ dalis! [ dali® [ dali! (afyéap,diP) (58)

where in eq. (58) the a; 1:? and a, k,, terms represent the real or imaginary parts,

along with either the + or — components, so that eq. (58) actually represents ten different

equations. Using the same methods as used for finding C, we find that

<alg>=0 (59)
n*R n "+1 n+R_n'FI n+R, n'-R n+l n'—
<Gk G > =< g Qe > =< Agjie Qe >=< Ay apt >=0 (60)

along with
n+R _n'+R _ n+l n +1
< Qi Qe > =< Qg Qo > = s’ Ok’ < aukaklk > (61)

where in the frame of reference where k is aligned with x* we have

n__n — 1 4.2 3
< Akliik > = 353 0nW (62)



n n — n n — 1 22
< Ap1kQgzk > = < A11kA33k = = ;A7 0n®W (63)

n .n _ n _n _ 1 5 3
< ApkQ12k = = < Ay3xQ43k > = iz 4 0n® (64)
< alyalyy > = —o2 (65)
Az3kA23k = = ;5 0n
n .n _ n _n _ 1 -
< AykQ52k = = < Az3kd3z3k > = 30 01 (66)
<abialy > = ——g2 67
Az2ka33k =~ = 2 (67)

with the other < a;jy ayy, > equal to zero.

In a general frame of reference these results reduce to

721 2
< alyapy > = Z_w{dikdjl + dydje — 5 dijdig} (68)
where
a2
dij = 51’] + ﬁkikj (69)

2
Now w? = Z—Z + k2, so for very large k values, that is for k > S we have w ~k . Then from

a*

egs. (68) and (69) it is apparent that the expectation values of aj, blow up as o2 —~ k3 and



that nonlinear terms would have to be taken into account to see what would happen at very
high frequencies.

A way out of this would be to only have transverse fluctuations so that kfa{;:—’( =0
with the constraint equation (44) requiring that 5%/ a{;;—’( = 0. Fromegs. (42) and (43)

we would then need alsi. = ali = 0 which would not be the case when we transform

to a new frame, so this idea is not frame independent.

V1. Conclusions

If the fluctuations were finite and died off at very high frequency they could have been used in
the rest of the Kaluza-Klein equations as an extra fluctuating force in Maxwell’s equations, and
perhaps Einstein’s field equations. In that way they might be interpreted as a possible source for
a hidden variable theory similar to the ideas of Nelson’s stochastic mechanics®. Since the
fluctuations blow up at high frequency nonlinear terms would have be taken into account, and
that is beyond the scope of this investigation. Bergia, Cannata, and Pasini'* have also looked at
the idea of metric fluctuations being the source of quantum mechanics, but consider conformal
metric fluctuations.

Since the five dimensional fluctuations blow up at high frequency it is interesting to compare
them to the vacuum fluctuations of the electromagnetic field. The five dimensional vacuum
fluctuations blow up as w® while those of the vacuum electromagnetic field go as w, for example

see Mandel and WolfL,
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