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Abstract

The scientific article reviews some properties of the low-energy effective actions for consistent
supergravity models. We summarize the current state of knowledge regarding quantum gravity
theories with minimal supersymmetry. We provide an elegant extension of the theory and give a
deffinitions of the anomaly-free models in advanced supergravity constructions. The deep relation
between anomalies and inconsistency is emphasized in this research. The conditions for anomaly
cancellation in these supergravity theories typically constitute determined types of equations.
For completeness of theoretical framework, we are including anomaly-free models, which are
consistent supergravity theories.



1 Introduction

The main theories of interest in this scientific article are supergravities with a minimal amount
of supersymmetry and all possible anomaly-free models. In the first part of our work we use
the symplectic structure of four-dimensional minimal supergravities to study the possibility of
gauged axionic shift symmetries. This leads to the introduction of generalized Chern-Simons
terms, and a Green-Schwarz cancellation mechanism for gauge anomalies. Similarly, we study
the possibility of adding higher order derivative corrections to the two-derivative action, leading
to a cancellation of the mixed gauge-gravitational anomalies. Our models constitute the su-
persymmetric framework for string compactifications with axionic shift symmetries, generalized
Chern-Simons terms and quantum anomalies. We discuss the presence of gauge and gravitational
anomalies in theories with N = 1 local supersymmetry and a conventional gauging. We present
a Green-Schwarz mechanism that involves Peccei-Quinn terms, generalized Chern-Simons terms,
higher order derivative corrections and appropriate gauge transformations of the scalar fields.
We discuss the mutual consistency conditions for all these ingredients, such that the theory
is anomaly-free. We construct the complete coupling of (1, 0) supergravity in six dimensions
to tensor multiplets, extending previous results to all orders in the fermi fields. We then add
couplings to vector multiplets, as dictated by the generalized Green-Schwarz mechanism. The
resulting theory embodies factorized gauge and supersymmetry anomalies, to be disposed of by
fermion loops, and is determined by corresponding Wess-Zumino consistency conditions, aside
from a quartic coupling for the gaugini. In addition, we show how to revert to a supersymmetric
formulation in terms of covariant field equations that embody corresponding covariant anoma-
lies. The subsequent work of some authors has developed the consistent formulation, but one
can actually revert to a covariant formulation, at the price of having non-integrable field equa-
tions. The relation between the two sets of equations is one more instance of the link between
covariant and consistent anomalies in field theory. This is a remarkable laboratory for current
algebra, where one can play explicitly with anomalous symmetries and their consequences. The
supersymmetry algebra contains a corresponding extension that plays a crucial role for the consis-
tency of the construction. Whereas gauge and supersymmetry anomalies occur in theories with
global or local supersymmetry, mixed anomalies are specific for gauged supergravities. They
manifest themselves as a non-invariance of the effective action under local Lorentz transforma-
tions. Mixed anomaly usually refers to a mixture of a gauge and gravitational anomaly. These
structures appear in gauge current anomalies and lead to inconsistency unless cancelled. It is
common practice to attempt to cancel them by adding new fermions to the model. We have
found new anomaly structures which involve scalar fields, and these can require new independent
cancellation conditions. The issue of anomaly freedom in chiral supergravities can be examined
not only in the usual context of superstring theories, but also in the context of lower-dimensional
supergravities, many of which arise from superstring and M-theory compactifications. Anomaly
freedom is generally independent of the existence of superstring theory. The anomaly freedom of
our theory strongly suggests the deep significance of such interactions, and may lead to a more
fundamental theory of extended objects which are not necessarily superstrings. We will extend
our results about gauge anomaly cancellation to the framework of specific supergravity theories.
We will see that anomaly cancellation requires the modification of the representation constraint,
and we will interpret the original constraint as the condition for anomaly freedom. In our work
we take an important step forward that goal, and we unravel the intricate gauge structure of
these theories. We find an intricate interplay between the gaugings and certain quantum as-
pects of the theory. More precisely, we obtain the general cancellation conditions for quantum
anomalies, using a Green-Schwarz mechanism. The main purpose of our work is to identify the
necessary and sufficient conditions, such that generic N = 1 theories with chiral matter cou-



plings are free from the above anomalies. We also take a first step towards the identification
of consistent supergravity theories. The anomaly-free models in this publication are based on
consistency conditions on low-energy supergravity theories, and do not depend upon a specific
completion such as superstring theory. The results naturally lead to the question of whether it
is possible to place stronger bounds on the set of consistent theories than those understood from
anomaly cancellation and other known constraints. We identify a number of models which obey
all known low-energy consistency conditions, but which have no known string theory realization.
Many of these models contain novel matter representations, suggesting possible new superstring
theory constructions. We hope that the variety of new apparently consistent supergravity models
identified in the thesis will stimulate some further understanding of new string realizations or
will help to generate new constraints on quantum theories of gravity.

2 Supergravity Corrections in D =4

We generalize our treatment to the full N'= 1, D = 4 supergravity theory. We check supersym-
metry and gauge invariance of the supergravity action and show that no extra GCS terms have
to be included to obtain supersymmetry or gauge invariance. The simplest way to go from rigid
supersymmetry to supergravity makes use of the superconformal tensor calculus. Compared to
the rigid theory, the additional fields reside in a Weyl multiplet, the gauge multiplet of the super-
conformal algebra, and a compensating multiplet. The Weyl multiplet contains the vierbein, the
gravitino v, and an auxiliary vector, which will not be important for us. The compensating mul-
tiplet enlarges the set of chiral multiplets in the theory by one. The full set of fields in the chiral
multiplets is now (X7, Qf, HT), which denote complex scalars, fermions and complex auxiliary
fields. The physical chiral multiplets (2%, x*, h?) form a subset of these such that I runs over one
more value than 7. As our final results depend only on the vector multiplet, this addition will
not be very important for us, and we do not have to discuss how the physical ones are embedded
in the full set of chiral multiplets.

When going from rigid supersymmetry to supergravity, extra terms appear in the action are
proportional to the gravitino v,. The integrand of specific equation is replaced by the so-called
density formula, which is rather simple due to the use of the superconformal calculus

Sy = /d4xeRe [h(fW?) + dury* XL (fW?) + 20ury" Vurz(fW?)] (1)

where e is the determinant of the vierbein. For completeness, we give the component expression
of (1). It can be found by plugging in the relations, where we replace the fields of the chiral
multiplets with an index i by the larger set I, into the density formula (1). The result is

Sy = / d'ze| Re fap(X) (~4FAF"7 — I DAP 4+ LDADP
" (Fi + Fib) 7*X8 + Yilm fap(X)F T
41 (Dt fan(X)) M5y + {301 fan(X) | (—39F, +1D*) A7

3 (' + Dy Q0) MAF + 3010, fan(X) QLIS + 1.}
(2)
where the hat denotes full covariantization with respect to gauge and local supersymmetry,
Fit = Fon, + At (3)
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Note that we use already the derivative 25“ Im fap(X), covariant with respect to the shift sym-
metries, as explained around current literature. Therefore, we denote this action as S ¢ as we did
for rigid supersymmetry.

The kinetic matrix fap is now a function of the scalars X’. We thus have in the supercon-
formal formulation

5CfAB = a[fAB5CXI = iCAB,C 4+ ... (4)

Let us first consider the supersymmetry variation of (2). Compared with supergravity action,
the supersymmetry variation of (2) can only get extra contributions that are proportional to the
C-tensor. These extra contributions come from the variation of H! and Q! in covariant objects
that are now also covariantized with respect to the supersymmetry transformations and from the
variation of e and A in the gauge covariantization of the (YA?M Im f4p)-term. Let us list in more
detail the parts of the action that give these extra contributions.

First there is a coupling of QO with a gravitino and gaugini, coming from the exceptional term
—ie@IfABQiy“”Flﬁ,Af:

S, = /d%e[ — }LalfABQ?y“”)\sz[#%])\A + h.c.]
— 0(€)S; = /d4xe[ — 2iCu, WA P ertb 1At + ..+ hue.|. (5)

We used the expression (3) for .73;‘” where D, X’ is now also covariantized with respect to the

supersymmetry transformations and we have f)uX I There is another coupling between Q! a
gravitino and gaugini that we will treat separately

Sy = /d%e[}l@[fABQi”y“qu)\f)\f + h.c.}
5 5(€)Ss = / dize [giCAB,wagmwquxg‘Af T h.c.]. (6)
A third contribution comes from the variation of the auxiliary field H' in S3, where
Sy = / dize [— 10y fapH NANE + h.c.] . (7)
The variation is of the form

S H' = epy"D, + ... = —Ltepy" VD, X Yur + ... = Lo XTWEepv"y Ypr + ... . (8)

Therefore we obtain the action

53 = /d4l'€ [— ia[fABHIS\é)\f + hC]
— (€)S3 = /d% e [ — %iCAB’CWZ,CERv“’y”z/JMRXf)\f +...+hec|. (9)

Finally, we need to consider the variation of the vierbein e and the gaugini in a part of the
covariant derivative on Im f4p:

Sy = /d4a:e [iiC’AB,chj\A’y“’yg))\B}
— 3(€)Sy = /d4a:e [— iiC’AB,CWpC (XgW“AfERVPw“L + igR’Yp’Y“’wauL;\f%)\g
+ 1€V Y VurRALAL >
+ HOuB W rerNENE + .+ h.c.} : (10)
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It requires some careful manipulations to obtain the given result for 6(¢)S;. One needs the
variation of the determinant of the vierbein, gamma matrix identities and Fierz relations.
In the end, we find that
6(€) (S1+ S2+ S5+ 54) =0. (11)

This means that all extra contributions that were not present in the supersymmetry variation
of the original supergravity action vanish without the need of extra terms. We should also
remark here that the variation of the GCS terms themselves is not influenced by the transition
from rigid supersymmetry to supergravity because it depends only on the vectors W/f‘, whose
supersymmetry transformations have no gravitino corrections in N' = 1. Let us check now the
gauge invariance of terms proportional to the gravitino. Neither terms involving the real part of
the gauge kinetic function, Re f4p, nor its derivatives violate the gauge invariance of S ¢. The
only contributions to gauge non-invariance come from the pure imaginary parts, Im fap, of the
gauge kinetic function. On the other hand, no extra Im f4p terms appear when one goes from
rigid supersymmetry to supergravity and, hence, the gauge variation of S + does not contain any
gravitini. This is consistent with our earlier result that neither ¢ (e)g + nor Scg contain gravitini.
Consequently, the general N’ = 1 action contains just the extra terms, and we can add them to
the original action.

3 Dyonic Strings in Gauged Supergravity

We find a new family of supersymmetric vacuum solutions in the six-dimensional chiral gauged
N = (1,0) supergravity theory. We shall be focusing on the simplest example, for which the
field content comprises a graviton multiplet with bosonic fields (garn, By ) and chiral gravitino
superpartner 157, a tensor multiplet with bosonic field B,,;, and chiral superpartner x, and a
vector multiplet with bosonic field A, and chiral superpartner A.

The bosonic sector of the six-dimensional N = (1,0) gauged supergravity is elegantly de-
scribed by the Lagrangian

1 1
L=Rxl—1xdp Ndp— e’ *Hy N Hy — %eid) $Fp) A Flyy — 8g% 2% %1, (12)

where Fi,) = dA), Hs) = dBy) + 3Fs) A Ay, and g is the gauge-coupling constant. This leads
to the bosonic equations of motion

1
Run = 10m¢Ono + 3e2° (Fiy — §F2 gun) + ¢ (Hiypy — §H gun)
1
+2¢% €72 gy,
1 1
D¢ = e F?+Lle? H? —8g%e 27, (13)
1
d(e2® xFp)) = e® %Hyy A Fy d(e?xHg) =0.
The transformations rules for the fermionic fields are given by
. 1
0hapr = Dyre =Dy + €2 Hpg TNP2T e,
1
ox = —jlge= _i[FMaMﬁb - %€§¢ Hyyyp T e (14)
1 .
0N = plre= ﬁi[e“d)FMN MY —8ige 1%,

where D), is the gauge-covariant derivative, Dye = (Vy; —1ig Apr)e. The £ superscripts ap-
pearing on the 3-form Hj;yp in these expressions are redundant, since the chirality of € already



implies projections onto the self-dual or anti-self-dual parts, but we include them for convenience,
to emphasise which projection occurs in which transformation rule. We shall show that once the
I and H field equations and Bianchi identities, and the Killing spinor conditions are satisfied
by our ansatz, the remaining Einstein and dilaton field equations are automatically satisfied as
well as a consequence of the Killing spinor integrability conditions. As a byproduct we will de-
termine the full Killing spinor integrability conditions and observe that the first order Killing
spinor equations by themselves are in general insufficient to guarantee that all the equations of
motion are satisfied.

We now determine the Killing spinor integrability conditions. For the gravitino variation, we
may take the usual commutator of generalized covariant derivatives. After considerable algebra,
we obtain

DN [Dar, Dn] = —4[Rusn — 10000n ¢ — Le32(Fyy — Laun F?)
—Lef(Hy — LgunH?) — 2¢°e 20 gunTY — Lex? (O Hpor — 2FivpFom) TNT9RTy,

48
—%eiéd)vN(e(ﬁHNpQ)FPQFM — %<8M(b + %eéd)HNPQFNPQFM)AQS + %6%¢FMNFNAF
—érM(ei(bFNpFNP + 8ig€7i¢)AF y (15)

where the last two lines vanish when acting on Killing spinors. The quantities Ay and Ap are
defined in (14) and are supersymmetry transformations on y and A, up to unimportant numerical
factors. We see that once the H field equation, Bianchi identity and the Killing spinor conditions
are satisfied, and given that the Ricci tensor is diagonal, the Einstein equation is then satisfied
as well.

Additional integrability conditions may be derived from the dx and d\ variations. For the
tensor multiplet, we find

TM Dy, Ag) =[O ¢ — Le3?F? — Le? H? + 8922
—g¢2? (OurHnrg) — §Fary Fro)) DMNF@ — 4em300M (0 Hyppyp) TN
3 Hyn TV A = L (TN 4 8ig e i?) Ap. (16)

This shows once the H field equation and Bianchi identity and the Killing spinor conditions are
satisfied, then the dilaton field equation is satisfied as well.
From the Killing spinor condition coming form the Maxwell multiplet we find

FM[DM, AF} = eid)a[MFNp]FMNP + 2€7i¢[vM<€%¢FMp)
—LeP Hynp FMNIDP — ATM 8 6 A p + 1et By nTMN A, + LA, Af] (17)

which is automatically satisfied as a result of the F' field equation and the Killing spinor condi-
tions. The Killing spinor integrability conditions presented above can also be used to analyze in
more general situations the extent to which they imply the field equations.

We shall make a convenient choice for the coordinate gauge function A and exhibit the explicit
form of the dyonic string solution, and study its salient properties such as its behavior in various
limits. In particular, we choose h so that the solutions for ¢ and ¢ will be identical for the gauge
dyonic string. This is achieved by making the gauge choice

2a% b c?
h = — TB ) (]‘8)
and defining ¢ = ¢ + 4log ¢, whereupon the equations become diagonalised, with
A 4P 1 - 400 L
+:T—362¢+, gb_ :—FB 2¢7. (19)



The solutions can be written as

e~ = P+ T_JZ ’ e2%- = Qy + 7% , (20)
and hence P p
6¢:<Q0+7%><P0+r_2> ; C_4=(Qo+%><Po+ﬁ>- (21)

Were we indeed looking for the dyonic superstring solutions in the ungauged theory, we would
then solve for a and b, with ¢ = 0. In our present case, however, we already have the algebraic
equations, which came from solving the F; field equation and the 0\ = 0 supersymmetry condition
respectively. Both these conditions would have been vacuous in the dyonic string solutions in the
ungauged theory. Thus our solution is simply given by (21), together with the expressions for a
and b. Collecting the above results, we find that the dyonic string solution of the six-dimensional
gauged N = (1,0) supergravity is given by

1 1 P 5 1 k1 1 4qg P
ds® = HPQHQde“dxu—l—WHP?Héer—i—@HPQHCQQ(J%—Fa%%—gTUg),
Hs = PoyAoy Aoz —d*z ANdH,' Foy=koi1Noa, ¢’ = Ho/Hp, (22)
where 0 P

The H s, and Fj, charges must satisfy the algebraic constraint, namely 49 P = k(1 — 2g k).
Before turning to the properties of this solution, we may examine its relation to the dyonic
superstring of the ungauged theory. To highlight the similarities, we may reexpress the metric as

ds* = (HpHq) 2dx" dx, + (HpHg)? 423 dr? + 21 12(E(o? + 02) + 02)] ,  (24)

k P,
g:@—P:(1—29k)*1, = 1+<F°)r2. (25)

To obtain the ungauged theory, we may take the limit ¢ — 0, & — 0 with the H, magnetic
charge P — k/4g held fixed, so that £ — 1. The metric, (24), then approaches that of the dyonic
string in the ungauged theory, provided = — 1. This latter condition is somewhat surprising, as
this restriction is absent in the ungauged theory. Its origin is apparently related to the nature of
turning on both Fi,) and H, flux over the squashed S3.

We now return to the gauged theory, and consider the properties of the dyonic string solution,
(22). For small r, the functions Hp and Hg blow up as 1/r? (we take both P and @ positive).
Furthermore, in this limit, we see that = — 1. Hence the near-horizon limit of the string may
be read off from the metric (24) by taking = = 1 and retaining £ as a squashing parameter. We
see that this limit in fact precisely yields the AdS3 times squashed 3-sphere family of solutions.
Turning to the asymptotics away from the horizon, we note that some care must be involved in
handling the constant Py. For Py > 0, Hp — const as r — oo. However Z ~ r? in this limit, and
this drastically modifies the asymptotics. In particular, ds* ~ dr?/r% at large r, so that the r
interval has a finite range. On the other hand, for Fy = 0, the function = is identically 1, and in
this fashion we are able to recover large distance asymptotics. For Fy < 0, the function Hp goes
through zero when 72 = | P/ Py|, thus putting a natural limit on the coordinate, r € (0, |P/Py|'/?).

In fact, for either Py = 0 or Fy < 0, the large distance asymptotics originate when Hp — 0.
Both cases may be treated simultaneously by changing to a new radial coordinate p, related to
r by

where

P P?
PO—'—FZF' (26)
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We also replace the constants )y and @) by
QP ~

@OEQO_ P Q*=QP. (27)
In terms of these redefined quantities, dyonic superstring solution of (22) becomes
2 p’ 29,5 5 9 1, 2 2 2
ds® = - dxt dr, + 16 H2 dp” + H2 p° (§(0] + 03) + 03),
PH2
H, = PoyNoy ANog —d>z NdH ™, Fo =koi Aoy,
H p? . 2

If @0 is positive, these solutions describe everywhere non-singular dyonic string. If @0 is
negative, there is a naked singularity at the value of p for which H vanishes. The previously
noted horizon at r = 0 corresponds here to p = 0, and in the near-horizon limit where p — 0,
the metric approaches

l dpQ p4
as? ~ (PQ)Z (16622 +

drde,) + (PQ)2 (E(03 +03) +03). (40 (29)

while the dilaton approaches a constant; e — @/P. In this limit the tensor multiplet is frozen,
and the projection condition is lost. As a result, the supersymmetry at the horizon is restored
to % of the original supersymmetry.
At large distance, p — oo, the metric approaches
2 2 2 2 Pg’ 2 5 u
p (&(o] +03) +03) + 20 p”dx da:u> , (30)
0

1
ds? ~ 16£2 Q2 <d,02 + Ioe
which describes a cone over the product of a squashed S* and the (Minkowski), string worldsheet
metric. Unlike the gauge dyonic string, or for that matter typical string solitons, the present
dyonic string is not asymptotic to the usual vacuum attributed to this gauged N = (1,0) theory,
namely (Minkowski), x $2. In fact, looking at the dilaton, one finds e ~ p*(Qo/P?), which blows
up asymptotically. This is not necessarily surprising, since the potential is of a single-exponential
form, which suggests the possibility of a domain-wall type solution with runaway dilaton. We
note, however, that when the dilaton is active, the dxy = 0 condition requires non-vanishing
H, for the preservation of supersymmetry. This indicates that domain wall solutions with
(Minkowski)s symmetry do not occur, and that the (Minkowski), times squashed S® geometry
above is perhaps the most symmetric that may be obtained for a domain wall configuration.

4 Poincaré Supergravity

4.1 Off-shell Poincaré Action

The off-shell (1, 0) supergravity action has been constructed by means of a superconformal tensor
calculus in which the off-shell so-called dilaton Weyl multiplet with independent fields

{e, W, B VI b, 0 0} (31)

and Weyl weights (—1,—1/2,0,0,0,5/2,2), respectively, is coupled to an off-shell linear multiplet
consisting of the fields

{ Ew/pa ) Lij ) 901 } ) (32)
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with Weyl weights (0,4,9/2), respectively. The fields (¢, ", ¢") are symplectic Majorana—Weyl
spinors labelled by a Sp(1) g doublet index, the fields B and E are two- and four-forms with tensor
gauge symmetries, respectively, b, is the dilatation gauge field and L;; are three real scalars. An
appropriate set of gauge choices for obtaining off-shell supergravity with the Einstein—Hilbert
term, namely £L = eR + - - -, is given by

1 i
v E 5ij , ¢ =0,
which fixes the dilatations, conformal boost and special supersymmetry transformations. More-
over, the first of the gauge choices in (33) breaks Sp(1)g down to U(1)g. This set of gauge choices
leads to an off-shell multiplet containing 48 + 48 degrees of freedom described by the fields

L b, =0 (33)

e (15), V¥ (12), Vu (5), B (10), 0 (1), Byupr (5); w0 (40), ¥ (8).  (34)
The field V, is the gauge field of the surviving U(1)z gauge symmetry. It arises in the decompo-
sition )
Vi) = Vl’f + 55”1@ , V;” 0i; =0, (35)
where the traceless part Vﬁj has no gauge symmetry. The Lagrangian up to quartic fermion
terms is given by

6_IERIL:1 = %R - %U_QauUaMU - ig_2F/ﬂ/p(B)Fqu<B> + V.V
—iE“Eu + %E“Vu — ﬁEp@hpuvwi&j
_%¢M’YWPDV(W)7% — 202" D, (W) + 0 2h, "y 1 Do (36)
_4_180_1FNVP(B) (@AV[A’pr%WT + 4o~ My Py M — 40_21/_)7“”P¢) .

The indication L = 1 in the left-hand side indicates all the gauge choices (33). Here we have
defined the field strength for the 2-form potential and the dual of the field strength for the 4-form
potentials as follows

Fqu(B> = 3a[uBup} J (37)
1
) Dl ﬂe—lgﬂvln.VBa[ul El/g---lls] . (38)

The U(1)g covariant derivatives D,,(w) and the SU(2) covariant derivatives D (w) are given by

, 1 ] g
Du(@)t, = (Ou+ Jwu" eV, = 5Vu0" s (39)
/ 7 1 a i 1 iJ 17 j
Du(w>¢ = (Ou+ Zw# b’Vab)l/’ - §Vu5j¢j + V.57 (40)

where w4 is the standard torsion-free connection. Note that the symmetric traceless field Vl’f'j ,
occurring in the decomposition (35), is absent in the covariant derivative of the gravitino. This
is a consequence of having broken the SU(2) symmetry present in the dilaton Weyl multiplet by
the gauge choices (33). In the above formula, and throughout the paper the spin connection w,



is the standard one associated with the Christoffel symbol, and as such, it does not depend on
fermionic or bosonic torsion. The supersymmetry transformations, up to cubic fermion terms are

1 —a
de,* = 56")/ (P
) . 1 _ i 75 7
0y, = Dy(w)e' + 18° "N F(B)yue = Ve +un’
5B;w = _Ugf)/[u'lvbl/} - g’Ymﬂ/J s
, 1 1 .
st = EV - F(B)e' + 18061 —on',
So = @b, (41)
5E,u1/po = Qﬂ@[uifyupo} Ejéij )
. 1 . . 1 . ; 1 - ;
Vi = 5ERW(Q) + 5oy (BB ) + 51071y F(B))
1 ) ) 1 . ) 1 ) . o
50 €D W — g0 ey 00, — o ey F(B) + 20

where D, (w)e" is defined as in (39), R, (Q) is the gravitino curvature and 7; is the effective
contribution from the S-supersymmetry in the superconformal algebra:

; 1 | -
Dy(w)e = (0, + ~w, " vap)e' — §VM(5”6j :

4
R;wi(Q) = 2D[H<w)¢1’i} - 2V[/:jd}l/]j ’ (42)
Ly n s 1 5 i
N = Z(’y Vo ej—m Y e>5,~k ) (43)

The latter equation gives the compensating special supersymmetry transformation parameter in
the gauge ¢' = 0. Note that the U(1)g part of V/ has dropped out in this expression. The
surviving U(1)p symmetry of the Lagrangian L is gauged by the auxiliary gauge field V,,, which
acts as follows

o1 1
SAWVu=0uA, SN = 5070, S(NY" = 56Ny, (44)

with A\ being the parameter of the gauged symmetry.

We now wish to introduce a gauge multiplet, whose vector is not auxiliary, to gauge the U(1)
R-symmetry. The present gauging by V, is undesirable since V,, has no standard kinetic term.
To obtain this non-trivial gauging we add to Ly the kinetic terms for an abelian vector multiplet
Ly. The multiplet consists of the fields (W, Y;;, (), being a physical gauge field, an auxiliary
SU(2) triplet, and a physical fermion. They transform under dilatations with Weyl weights
(0,2,3/2), respectively. We add the coupling gLy, of the vector multiplet to the compensating
linear multiplet. Prior to fixing any of the conformal symmetries, these Lagrangians, up to
quartic fermion terms, are given by

Ly = o= 7Ew(W)FH(W) = 209" D) (@)Q + YY)

1 - VPO AT Y y
——e PR E (W) Fa (W) — 4Q17Y;

16
1 _ _ 1 _
+5 (cQy"y - E(W )i, +2Qy - F(W)) + EQV -F(B)Q, (45)
g _ o 1
e 'Ly, = YLV +2Qp — L99,y"Q; + §WuE”a (46)
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where D/, (w)€’ is defined as in (40). This action has the full SU(2) symmetry.
The coupling of the vector multiplet to supergravity is then achieved by considering the
Lagrangian

L) = (ﬁR + Ly + QEVL> ‘ ; (47)

where as before ‘L = 1’ refers to the set of gauges given in (33). This formula, up to quartic
fermion terms, yields the result

1 1 1 . 1
e = 2= 50_2&”8“0 + —295”5%' — —0*F,,,(B)F""(B)

\/— ﬂ uvp
. 1 1 1 -
AV IV — —E'E, + —=E"(V, + —=gW,,) + oYY,

4 V2 V2
1 1
—Z—laFW(W)F“”(W) — 1—6(15#””“3“”FPU(W)FAT(W)
1

_§@p7quDu(w)¢u - QU_Q&VMD,Q(W)#J + U_Q@BV’YM’VV@D@LO_

1 — 7 v, T —-1,7 v =2,V
——=0" " Flu,(B) (va“ Py + Ao oy P M — do TRt ”1/1>

1 , , 1 .~ _ o
—mEpr’ypiji(S” - Egémgi’yuwlm’ - QUQ’)/MD;(W)Q - 4Y1391w]
1 - - 1 ~
5 Fu (V) (090 + 2050) + = Fra (B0 (18)

The action corresponding to the Lagrangian £, is invariant under the supersymmetry trans-
formations (41) supplemented by the supersymmetry transformations of the components of the
off-shell vector multiplet. The transformations of the latter are given up to fermion terms by

5Wu = _@YMQ 3
i 1 i Lo
50 = gfy-F(W)e —§Yjej :
g 1. o1 o1 .
4 <D,Z(w)QJ_g%F(WWﬁJrQYJk%k) +7 Y+ (o), (49)

where 7 is as defined in (43). The Lagrangian £; also has a manifest U(1)g x U(1) symmetry
with transformations parametrized by A and n

5Vu = au)H 5Wu = OuTl,
' 1 . S 1
O, = Ay, U=, 000 =280, (50)

where (X, n) are the parameters of the (U(1)g,U(1)) symmetry, respectively.

4.2 Explicit Construction of the Action

We need an expression constructed from the components of the linear multiplet that can be used
as a superconformal action. The density formula is given for the product of a vector multiplet
W,, ', Y% and a linear multiplet LY, ¢, E,, :

. _ - 1
671£VL = Y;‘jL” + QQQO — L”lﬂm’Y“Qj -+ ZFHV(W)EMV' (51)

The next step is then to construct a vector multiplet from the components of the linear multiplet

O =QI(LY, ¢ E,),  Y9=YU(LY  E,), F,=F,(L9 ¢ E,)), (52)
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and to plug in these components into (51) to obtain a superconformal action for the linear
multiplet. Note that F,, = F},, + 2¢,7,)§ is the supercovariant field strength of W,. We also
define

L= (Ly;L7)"? (53)
Using (51) and retaining only the bosonic terms we obtain
€ Lo = —AGAL+ LTUALIA Ly L Ly Ly (A LAL — A LTALM)
1 1 ‘ .
+1—1L*1EaE“ —3LD - L3 B,L*" ALY,
1 - -
B (=20,L L850, Lol = 20y, (By L™ = 20 L9L7") ) (54)
We also know from specific equation that
E* =¢,"A E" = ¢,0,E" + fermionic terms. (55)
After partial integration and using the identity, we can write the bosonic action as
1 .
6_1£bos = —-A,A*L+ §L_1AQLZ]AGLU
1 1 — a 9T — 1 v ] —
—3LD— 7L 'E,E* + EMV, ;LY L7 — S OuLYLY0, Ly L2, (56)

We will discuss the gauge fixing procedure. To fix the S-gauge we will choose ¢ = 0. Hence,
in order to clarify calculations, we will drop all terms directly proportional to ¢ already at this
stage of the calculation. To write down the fermionic part of the superconformal Lagrangian we
need the fermionic terms of £, (L). We obtain

F,,(L) = (bosonic terms)
B R . , - .
—8L le‘jl/J[H Jy] - gL lLiﬂ/}[u%]Xj + 2L 1¢[HVV}D90—2L 11/1[MAV}<P
|- 7 ij i
+§L 1w[u7b¢zx}Eb - 2¢[u7V}Q(L ]7 2 >Ea)7 (57)

where the first term in the third line is obtained by use of the solutions of the conventional
constraints. By use of the theoretical construction we can write

B o s 4 - .
29 QLY 0" E,) = —2L 11/@%}17%0+§L Mt L’ (58)

Filling in the above equation into equation (57) and using (??) we find that all fermionic terms
of F},,(L) drop. Using the density formula (51), we obtain the fermionic part of the action which,
at this stage of the calculation, looks like

1 _ . 1 g — 1 -
e Liom = —ZLA?/J,ZJ’YWP?P,J,L@E“ + §L71L2ijl¢];7uypwyljvmj - gLT/J;/Y“X
_. 1 . 1 ) :
L Lt (=5 DL + 7Bt + AL, ). (59)

Note that the two first terms come from the step done in the construction of equation (55).

We will now prepare for the gauge fixing procedure by writing out the covariant derivatives
and dependent fields. The bosonic superconformal Lagrangian in (56) can be rewritten in a form
that is most convenient for the gauge fixing procedure

e Loos = LPLyyLyAJLMALY — L7'A L ALY — L L AJAY LY + §L’1AaL”A‘ILZ~j
1 1 g 1 g
—3LD - ZL‘lEaEa + EMV, i LI L — §E“”8MLZJijE)VLikL_3. (60)
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The fermionic terms in these covariant derivatives will be collected in a new fermionic La-
grangian, which contains not only the terms in (59), but also terms from the bosonic part (60)
due to terms quadratic in fermions in covariant derivatives or dependent bosonic fields.

We mentioned that the choice for the S-gauge will be ¢ = 0. We dropped already terms
proportional to ¢. Note that these terms should be restored to get a full superconformal action,
but that is not the aim of this paper. As the only fermionic terms in A,L¥ are proportional to
¢, the first two terms on the RHS of (60) will not contribute any new fermionic terms when we
write out the covariant derivatives. Instead we take a closer look at the third term on the RHS
of (60). Note that ¢ = 0 does not imply the vanishing of A,¢". We obtain

—L 'Ly AA LY = —L7'Lije™0,A, L7 — L' Lije™w, " Ay LY
2L LV C A LYF + 8L,
1

_ . 1 . X
FL Lt (=5 DL ar + 11 Byt + AL )

1 -
+ LU (61)

The last two lines will thus be added to L. Using the first relation of useful expression, the first
two terms in (61) combine into —L~'L;je~'9,(eA*L") and there is a term —%L*ILU@D“%Q/JbAbL”
that needs to be added to the fermionic Lagrangian. The bosonic Lagrangian thus becomes
- 1 - -
e Lyos = LPLyLyALMA LT — §L_1AGLZ-JA“L” — L' Lije 10, (eA*LY)
—2L7 L VU A LR 8L,
1 1 - a T — 1 v 1] -
—§LD — ZL 'E B + E*V,i; LV L™ — §E“ oL JLfa,,LikL 3 (62)
Writing out the covariant derivatives A®L;;, dropping the fermionic terms and terms proportional
to b,. We can write the bosonic Lagrangian as

1 - - : .
e ' Luos = SLf,"+ QL’lé)aL”f)“Lij — 2L LRV 0, Ly + 2L, LRV, LY
1

1 g 1 y
—3LD - ZL‘lEaE“ + E"V,, LL — EE“”@L”L;@VLML_S : (63)

The fermionic action looks at this point as

— 1 -1 v j 1 —17ig n v L -
¢ Maan = LA Ly B+ 5L LI Ll Vi — S Lt
_. 1 ) 1 ) )
_LilLijw;fY'uy <_§Dijwuk + Z’YpEpiﬂV] + 4L]k¢uk>

1. - 1 _ -
+6L¢G%X — §L_1Lij¢a7a¢bAbL”- (64)

Note that this fermionic Lagrangian differs from the one in (59) by the two last terms, and the
v#~" being replaced by v*, which originate from the last two lines of (61).
The bosonic terms in the expression of f,* lead to

2 1 y y
e Lyos = LR+ =L 0,L70°L;; — 2L " LF, V"0, Ly,

5 2
. ) 2 1 .
207, LRV L — LD - G LT BB + BV, LV LT
1 .
—§E"”8ML”L§E)VLML‘3. (65)
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The fermionic terms of f,* lead to terms modifying L., to
- L ij /y v L. _ TV j
e Liom = 5L LY L sy Pl Vi + 5L L0l Dy L

_ 1 4 1. - e
— Ly, " (27”% + gx) - gL@ZJ“W”D[VW + ngb%%T b

1-
—5 V"t O L. (66)
We used here the SU(2)-covariant derivative,
D,LY = 9,L" + 2V, LI, (67)

where we already put b, = 0 in view of the gauge fixing of special conformal transformations
that we will adopt soon.

To arrive at the super Poincaré group, the redundant symmetries of the superconformal
algebra need to be broken. The special conformal transformations are fixed by the condition
b, = 0. The dilatation gauge is fixed by L = 1. The SU(2) symmetry cannot be completely

broken. A gauge choice LY = \/gdij still leaves a remaining U (1) symmetry which will be gauged

by the auxiliary V,;;0". For the bosonic part of the gauge-fixed action, we write

2V, LRV L = ViV (68)
Here V,;; is the traceless part of Vg
Viii = Vaij — 3650 Vare. (69)
Applying the gauge fixing in (65), we obtain the bosonic part of the gauge fixed action
€ Lios = 2R+ Viy'e, 2p_ lEaEa + iEﬂvmal‘j : (70)
5 15 4 V2

We still need to fix the S-gauge. This can be done by demanding ¢ = 0. The fermionic part
of the resulting action after gauge fixing is then

_ 1 — 4
e Liogm = _vakl <5ij5kl — ;05 + Ekjeli)w;f}/# Pap,?
1 7.0 v j 1 7.0 v
-5 ij¢Lgp[u7 ]ijl(;klwyk -3 ugp[uv }Vpkﬂbuk

n v 1 i 4 - v 1- —abce
~Gu" (29760 + 3X°) = 299 Dby + st T, (7)

This can still be simplified using 676 — §%§7% = <! and the fact that 5ijz/;fﬂfyawi} =0:
-1 1 i uvp, ) g T v 1 i 4 TV T 1 - —abc
€ ‘Cferm = _Evpijwuﬂy wu - ZZJ;[Y (27 ¢V + §X ) - gw v D[u%@ + gd]b/-}/cwaT . (72)
Next we use specific expression to write
-1 1 i uvp, ) g 2 LY T 1 —abc 2 - m
€ £ferm = —inij%’Y % - gwﬂ Duwu + gwb’}/cwaT - Ew;f}/ X- (73)

As can be seen from the Lagrangians (70) and (73) the matter fields of the Weyl 1 multiplet,
D, x" and T, , have no kinetic terms. The field equation for D gives an inconsistency. This
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problem can be solved by using the Weyl 2 multiplet instead. This can be done by plugging in
specific expressions into the Lagrangians. We first write out the full expressions for x* and D.
We find

X' = o (D - v Py}, — Do)
3 g 1 % 5 7
+Z’7 ( uwu - _0 7 ’71/770 ) 0 ’7 Fq/J (74)
and
p = —1[ 6(D“)+1w W'D ——R+i ELF

-1 T) T ¥ el 50 127

2 - 1 [1—abc

+50-77Z)'u (D[Iﬂ/}u 80 7 F/y[,uqu)u) - _¢b76¢aF b

G (D = 127 By = gDow) + o0y Bty

- 1
_’_77/},tu (D,u’ébu - _0_1 ’ F'Yuqu)u) - 60_ ¢7 ’ Fr(p

40~y (D — ’y P, — 11501#“)}, (75)

where the D,)i and D, are Lorentz and SU(2) covariant derivatives, while D0 is a superco-
variant derivative:

Dby, = Vi, + V'] = (9, + Zwuab%b)wi + Vv
, 1
Dt = MW + V! ij = ( + 4wu %bwﬂ + V' ﬂ/’j
ﬁua = 0y0 — @EN@D. (76)

The expressions for y* and D can still be rewritten by using several gamma matrix manipu-
lations:

. 15 3 . 15 i
X = 4 HD/.Lw —+ ry'u 'D:U'I/} 60 /YLLDO-Qb
—30_1’}/MPUXFU ¢z o 30—1,}/0)( " Qpp 5 0_—2,.)/ . F’wz (77)
32 P16 "
and
15 1 o b 1 I
D = Za e Ou(eDro) + w Yot Db0—50R+EU FoF
FooPa Dyt — o0, wau — Dy + —w” Py
1 vpo o v
OV Dytby — 2oy Y — 2oy B o, — —o Y Fupet)
+4o WDy — o 1wv“Dawu] 7 (78)
where we also used
v 1 v 1 v O')\ 1 v 1 l/O')\
PRI = D (B e PN ) = 2 (3 B ). (79)

This equation can be proven using the duality relation (?77).
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Filling in the expressions for D and x' into (70) and (73) and distributing the respective
terms over the bosonic and fermionic Lagrangians we get

1 o 1 1 R | 3
6_1£bos = ER + V(;”V aij - Z aEa -+ EE“VMU(S” - 50'_28a0'8a0' - ga_Qa[HB,,p]a“B”p, (80)

where we used the definition of F'(B). We then perform gamma matrix manipulations and write
out the covariant derivatives (76). After dropping a total derivative, the fermionic Lagrangian
becomes

1- - - 1 -
e Lorm = —5%7“””%% — 2072 DY + 072y M, 0,0 + Ea_lwuv“”p”X@bV@pBax
3 1, 3,
_go- 11/}“'7 wpa[uBup} + 1_10 Zwu,yup XwapBox - ZU 2WL’Y pwa[uBup]

1 37 uv 1 - Voo n 3 A N v
+-0 3¢7M p¢auBup + @@Duryu P X¢u¢p70¢x - 3_2w[u7u¢p}¢uly W)

4
_}Laliﬁ“ww”tﬁp%uw + éalmvmww + %U%W””Xwﬁpmw
S T + S BT+ 30 AT o
—20’_2 Dl Yoo o1 — %0_2%“”%%1/1 = %UQW%W
A N L e (81)

4.3 The Total Gauged Supergravity Action

We shall review a map between the Yang-Mills supermultiplet and a set of fields in the alternative
Poincaré multiplet. In the following, we shall need the full supersymmetry transformation rules
only for the fields (e, 4, Vi, By,), and the Yang-Mills multiplet fields (W, Q7 Y*'), where I
labels the adjoint representation of the Yang-Mills gauge group. We only want to establish a
map between the Poincaré multiplet and the Yang-Mills multiplet and propose an R*-invariant
based on the action for the Yang-Mills multiplet. Both actions are invariant under the SU(2)
R-symmetry. To prove the validity of this map, we need the full nonlinear supersymmetry
transformation rules. After we construct the action we can still impose the gauge L% = \%L(W .

This will not affect the R%-invariant. It modifies the supersymmetry transformation rules with
SU(2) compensating transformations, which leave the action separately invariant. The full version
of the supersymmetry transformations is given by

1* a
de,* = 56"}/ (/9

. 1 . o o o
S, = Oue + =0, e + Ve = D, (@) + Ve,

4
VI = —56( fo\RMJ)(Q) + EG( - F(B)wu]) )
0By, = =&Yty )
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where the fermionic torsion and the different supercovariant objects are defined as
1~
@“iab — @“ab + §Fﬂab(B) 7
@,ﬂb = 26”[“8[uey]b] — ep[aeb}"euca,,em + K,ﬂb,
a 1 n a 7a
Kt = @0 e+ tet),

. 3 _
Fup(B) = 30,By, + §¢[u%¢p} )

Do Loy i i j
sz(Q) = 2 (8[u + Zwﬂu b’Vab) @Du] + 2V[M ﬂZ’V}] : (83)
Next, we consider the following transformations
~ a 1 __ Da
5“—# b= _§E'VMR b(Q)a
5Raln(Q) — Zf}/CdEZRcdab(wf) o Fabz] (V) €
~ .. 1, ~ ~.. 1 . ~ ~
SPI(Y) = —5dDRYQ) + ety F(B)RM(Q), (54)
where F,, (V) and R,,*(&_) are the supercovariant curvatures of 1,/ and &_,%, respectively:
F,uu J(V) = Fuu ](V) - w[u( 7pRu}p])(Q) - E¢[u( v F(B)Q/)V]]) y
Ro™@) = Ru™@) +dpmR(Q),
N pabi DHabi 1/\ c Dabi i pabj
DR™(Q) = 0.R™(Q) + 704 e (Q) + V', B (Q)
1 cd zﬁ ab (~ ﬁabij V 2% [acé bli 85
P Ra(@2) + FUI V)04 26, RIQ) (55)

We now compare the above transformation rules with the N'= (1,0), D = 6 vector multiplet

oW, = —en0f,
] 1 ~ . 1 .
0 = oy FI(W)e — oY1y,
g R L 4 :
SV = _glinnp I ¢ 2_45(17,]:(3)93)1, (86)

where
F,uz/I(W) - F,uVI(W) + 21;[//)@] QI s
DMQIZ — 6,@” + Z@uab’Yath + VMZjQI]

1 - i 1 ij i
=37 FIV)e + 5V 0 — fra W, (87)
We observe that the transformation rules (84) and (86) become identical by making the following
identifications:

<_2&\)7uab7 _Eabi(Q)’ _Qﬁabij(v)> N (WMI’ Qff, YIij) . (88)

Using this observation we can now easily write down a supersymmetric R2-action using the
superconformal invariant exact action formula for the Yang-Mills multiplet. In the gauge (33)
and up to quartic fermions, the Lagrangian becomes
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1 _ . 1 _
e Lym|,y = 5 Fu W) FI(W) = 20/ Dy (@) + YTV + 5 Fu(B)Q 70!
1 1 _
— 16 T T BuFy (W)L (W) + S F, Q7 (89)

Using the map (88) in this formula produces the result for the supersymmetrized Riemann tensor
squared action. In presenting the results up to quartic fermion terms, it is useful to note the
following simplification in the torsionful spin connection

~ a a 1 7.a a, a 1 a

w“_b:wu+b+§1/1 SR w#ibzw#bi§ (B, (90)
where w,” is the standard torsion-free connection. The map (88) applied to the action formula
(89) then yields the fermionic term (supersymmetric R%-action) in the total gauged supergravity
action. The total off-shell action of minimal Poincaré supergravity is

1 1 I 1 .,
Sp = / Sz [gLR + FILIYy+ YOV, 4+ 5L 10,L0" L — 5 LF,u,(B)F""(B)
1 1

1 1
o2LZ 7 — _L7YE EF + —FE# —agW,) — =
+ 7 1 pt + /2 (V;ﬂL \/59 u) 1

1 — VPO AT 1 a 4 4
eI B By (W) B (W) = [RW b(w_ ) R™ gy(w_) — 2F™ (V) F,, (V)

1
—SFI(Z)F(Z) + 76710 By g™ (w0-) Rasanlw-)] + Ry (0 )R ()

=2V Fp(V) — AF VIV Ely (V) + 3¢ 0 B Ry ) Ryl
+2R+ab(Q)7”D#(w7 W—)Rib(Q) - Rvpab(w—)R+ab<Q>7“7ypwu
~SEL ) (FnS(Q) + Gt B, ) - 5 RYQ - FB)Run(Q)

5 [Pt TR ) — 2B (B) )] ] (o1

Eu (W) F* (W)

where we have defined the complex vector fields and field strengths

Zﬂ = V/il + iV/llf ) ZZ = V//J,ll - iv’,ulZ = _V/il + iv/;lf ) (92)
F.(V) =20V, — 42,7} , Fo(Z) =202, — 21V, 2, . (93)
and
- 1 ) , b
Dy(w,w )R(Q) = (9 + Jwu™e) RY(Q) — 2w, R (Q) + Vi RYV(Q)

R+uui(Q> = 2D[M(w+)¢zl/] - 21}[/#“1/}1/]]’ ) (94)

The torsionful modification of the Christoffel symbol I'},, is defined as

1

M, =1T0+ 5 w' (B). (95)

This completes the construction of the supersymmetric R*-invariant.
We constructed the full off-shell action of minimal Poincaré supergravity in six dimensions.
We obtained this action by using the methods of superconformal tensor calculus. We constructed
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a superconformal action by coupling a linear compensator multiplet (which is an off-shell multi-
plet) to the Weyl 1 multiplet in a density formula. By fixing the redundant symmetries (D, K
and S) we obtained the Poincaré action. Our main goal has been the study of the R-symmetry
gauging in the presence of higher derivative corrections to Poincaré supergravity. To this end,
we first studied the gauging of the U(1) R-symmetry of A" = (1,0), D = 6 supergravity in
the off-shell formulation. The off-shell Poincaré supergravity theory already has a local T(1)g
symmetry but it is gauged by an auxiliary vector field which is not dynamical. Expressing the
action in terms of fields of the Weyl 2 multiplet led to an action that contains kinetic terms for
the matter fields and has consistent field equations.

5 N =2, D =06 Supergravity

The D = 6, N = 2 supergravity coupled to matter was first constructed by Nishino and Sezgin
and further generalized to include new couplings and more than one tensor multiplet. In the
general case, the standard construction method is to start with a general ansatz for the super-
symmetry variations and equations of motion involving a set of undetermined coefficients and
then fix all coefficients through the requirement of closure of the supersymmetry algebra on the
fields. This approach, although rather technical, has the merit that it is valid for arbitrary np
where a Lagrangian formulation of the theory is not possible due to the self-duality conditions;
in the ny = 1 case, the invariant Lagrangian can be derived by integrating the equations of
motion. On the other hand, since we are mostly interested in the case ny = 1, it is more natural
to follow the somewhat simpler Noether procedure to derive the full supergravity Lagrangian,
up to (Fermi)? terms.

Our starting point is the the locally supersymmetric Lagrangian describing the gravity and
tensor multiplets, the set of fields (g, B, ¥y, ¢, x). This can be derived quite easily by stan-
dard methods and we do not find it necessary to repeat the discussion here. The result is the
Lagrangian

~ 1 1 1 1 1
e 'Lor = ZR - EewGuquu F— 1 L POH P — §¢/LFM "Dy, — §XFMDMX
1 _ _
- ﬂe‘f’ (VA TP = 2XTAT#P1hy — XTHPX) Gy
1, ,
— §Xr [¥4),0,¢ + (Fermi)*, (96)

which is invariant under the set of supersymmetry transformations

ge, = ey,
0B, = e ? <—€F[M¢V] + %gfuyx)
0p = &x,
6, = Dye+ iaﬁrwrucme,
x = %F“@Hqﬁe - %6¢F“VPGHVPE. (97)

The next step in our construction is to couple the theory to vector multiplets in a way
consistent with local supersymmetry. For definiteness, we take the gauge group G to be the full
holonomy group of the scalar manifold, G = H x USp(2), and we let I be the adjoint index
for G which is decomposed into the adjoint indices I and ¢ of H and USp(2) respectively. The
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restriction to a subgroup of H x USp(2) as well as the addition of abelian factors is a trivial
matter. Our starting point is the well-known globally supersymmetric Lagrangian for vector
multiplets,

1 1
e 1ol = —7¢ Sux (FL ™)y — 5UX(AIP D, ) x, (98)

prs g

where the summation index X labels the simple factors of the gauge group and vx are some
numerical constants that will be determined by anomaly considerations. The Lagrangian (77) is
invariant under the rigid supersymmetry transformations

R 1 5 > 1 i
SAL = —_e/2¢T )\17 Y ————e) VP 99
1 \/5 H 2\/5 puv ( )

Our first step towards obtaining a locally supersymmetric theory is to introduce the usual Noether
coupling of the gravitino to the supercurrent of the multiplet. The required term is

1
Ly = ———ee” TN Fy
\4 2\/5 (77/} Tvp/X

Next, we must cancel the \I' FO¢e variation of £§9). This variation is found to be

)x- (100)

1 1 — VAR
A = 5 2y (NT™TPe,Fy,,0,0) x (101)

and can be cancelled by the dy ~ I'O¢e variation of the additional term

@_ 1 6/2.  (Nipuv. o
Ly = —Fee o 2yx (NTH X)) x (102)
The introduction of these new interactions results in additional uncancelled terms of the form

A FGe coming from the §7) and dy variations of ES) and Eg) respectively. The first one vanishes
by the 6D identity I'*I'"*?I", = 0, while the second one is given by

1
(2 _ Iruvppor
AY = 75 vx (AT TP eG 0 Fy ) x (103)

This can be cancelled by introducing the additional interaction

1 1%
Eg’) = 546¢ Sux (M e 1Guvp) x- (104)

What remains is to cancel the y)I'F2e and YI'F%e terms coming from the §\ variations of ES)

and Eg). These terms are given by

1 — 7 vVpoT [
AP = qee Pux (0L FLF; )y, (105)
and .
Al = gee—%x(erﬂ“eF;VFfM)X. (106)

To cancel these terms, we use standard spinor identities plus the gamma-matrix duality relation
to write their sum in the form

1 1
AS’) + A%/ZL) = —ée’“’p(m} {€_¢ (_EFW/JV] + EEFMVX):| (FI Fip)x (107)
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Noting that the term inside brackets is exactly the supersymmetry variation of B, in (97),
we see that one can cancel this variation by introducing the interaction

1 o
£ = geﬂymeWuX(FgoFm)X. (108)

This interaction, immediately recognized as a Green-Schwarz term, plays an important role in
the context of anomaly cancellation. Here, we note that, in contrast to the 10D case, the 6D
Green-Schwarz term is not a higher-derivative correction to the action of the theory but it is
present in the low-energy action in the first place. Our final step in constructing the D = 6,
N = 2 supergravity action is to couple the theory to hypermultiplets. In what follows, we shall
derive the action describing the hypermultiplets and their couplings to the other multiplets of
the theory.
Let us first examine the parameterization of the scalar manifold. According to the guidelines of
S, we consider a coset representative given by a matrix L whose Maurer-Cartan form decomposes
as
L7 0,L = A Tr + AT, + V. Toa, (109)

Ty, T; and T,4 are the generators of H, USp(2) and the coset, A" and A" are the USp(2ny)
and USp(2) connections and V,_* is the coset vielbein. The pullback of this Maurer-Cartan form
is given by '
L7'0,L =0, T+ Q) Ti + P, T, (110)
with ‘ '
QMI — augpa AaI7 Q#z — aﬂgoa Aaz7 PMQA — ausoa VaaA ) (111)
The covariant derivatives of fields carrying H and USp(2) indices must be modified by couplings
to the composite connections Q,,. Explicitly, for the supersymmetry spinor € (one USp(2) index),
the hyperino ¢ (one H index) and the gauginos ! (one H x USp(2) adjoint index and one USp(2)

fundamental index) we have
D,e = D,e+ 9,0" A, T,
Dyt = Dy +9,0% A Tro,
D, A = DA 4 0,0% AT (112)
The reason for the absence of the composite H—connection in the covariant derivative of the

gauginos M is a technical one and originates from the requirement of supersymmetry of the
action. Given these covariant derivatives, we can define the H and USp(2) curvatures, F BI and

F aﬁi through the commutators

1 .
[D,,D.]e = ZRWPUFP‘TG—Fﬁﬂgoo‘@l,goﬂfaﬁlﬂe,

1
Dy D = S RpwpoT"70 + 0 0up” F o5’ Tr. (113)
Another useful geometrical quantity is the triplet of complex structures
7 a aA i
Jaﬁ = (VaaA VB b VaaB Vﬂ )(T )AB> (114)

which satisfy the USp(2) algebra. This will be shown to be proportional to the curvature F Bi,
as a result of supersymmetry.

The supersymmetric theory of the hypermultiplets is described by the sigma-model La-
grangian

_ . 1,
e 1LY = =2 gup(0) 0,07 — 5w "D, 1, (115)
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which is invariant under the transformations
5 =V %t ot =T* ?M“A €4. (116)

Let us now construct the supersymmetric theory. In the standard way, we introduce the
appropriate interaction of the gravitino with the hypermultiplet supercurrent,

Eg) = 61;;?FVFM¢G PVaA . (117)

whose variation cancels the 1),I'V 0¢ D € variation of ,C(HO) in the usual manner. The variation of
E(hl,) under 61, ~ I'Ge yields the uncancelled term

1
A%) = ——1266¢€AI P79 P aa Gupo, (118)
which cancels if we introduce the interaction
1 Ja v
E(f,) = ——24ee¢1/1 L), G p- (119)

Another uncancelled term arises from the d1), variation of ES). It is given by
(2 _ 7 muvp a B i
Ay = —ep "0, 00" ], 5 Tie. (120)
To cancel this term, we note that the modified commutator (113) implies that the gravitino
kinetic term in Lo acquires the extra term

1 - .
A = 5ed I 0,0 0, F o' Tie, (121)

This is exactly equal and opposite to Ag), provided that the USp(2) curvature faﬁi is related
to the complex structure J Bi according to

Fos =2J,4" (122)

This tells us that now the holonomy of M—; must be contained in USp(2ny) x USp(2) with
nonzero USp(2) curvature, that is, local supersymmetry requires My—; to be a quaternionic

manifold. The complete locally supersymmetric Lagrangian for neutral hypermultiplets is given
by

- 1 [ 1 .a R v a 1 a v
e Ly = —§ga5(gp)6ug0 oM’ — ¥ T# Dy thg + P T TH Praa 0 — ﬁe% 1, G . (123)

To gauge the theory, we consider an USp(2ng) x USp(2) isometry transformation on the
scalar manifold. Under this transformation, the hyperscalars transform as

5p = Meg, (124)
where £ are USp(2ny) x USp(2) Killing vectors. A convenient basis for these vectors is
& = (Tip)™. (125)

To promote this isometry to a local symmetry, we introduce the USp(2ny) x USp(2) gauge fields
I _ (AT gpi :
A, = (A,, A,), transforming as ) )
§A], = D, (126)
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whose field strengths, defined in the usual way, are denoted by F},, [ —(F ", F,). We then replace

the ordinary derivative acting on the hyperscalars by the covariant derivative
D, " = 0,9 — A£ N}", (127)

where f?‘ = (g€¢,9'¢) with g and ¢’ being the USp(2ngy) and USp(2) gauge couplings. Appro-
priately, the Maurer-Cartan form (110) is replaced by the gauged version

LD, L=0Q,/T/+ QT+ P, " Ty, (128)

with _ A
QMI — ’D# (Pa Aal, Qul — D,u (pa Aal, 7) aA ,u (,Da V aA (129)
and the covariant derivatives (112) are appropriately modified by using the composite connections
of the gauged theory and adding gauge couplings. Explicitly, we have
Dye = Due+D,o" A, Tie+ g Al Tie,

Dyt = Dy + D™ A T + g A Try,

DX = DN+ D" A TN + g A TN + gfjc AINE,

DN = DN +Duo* AJ TN + g AN + g'é  ALNE (130)
where f7,, are the USp(2ny) structure constants. Another important building block of the
gauge theory is the “prepotential” C', given by

Ci[ — gAai gal’ C«ij — g/(Aai é-aj _ 52‘]’)7 (131)
and satisfying the identity
D, 1 =D, ¢* D, C1 = 2(D, p*)J,5 €. (132)

This quantity appears in the generalization of the second commutator in (113) for the gauged
theory, namely

1 .
Dy, Do) = ~ Rypo I ¢ + D, 0 D, o F J Tie — F;, O The. (133)

4 Tuv

Having introduced the necessary formalism, we are ready to derive the Lagrangian for the
gauged theory. Our first step is to replace all derivatives in the Lagrangians (96), (154) and (115)
and transformation rules (97) and (116) by gauge-covariant ones. Regarding the hypermultiplets,
we obtain the Lagrangian

1
e Ly = —§gaﬁ(g0)'D O DH P —warﬂpuwﬁwf‘wrwmwa

—ﬂed’@@“F“”p@baGwp, (134)
and the supersymmetry transformations
5 = V& et ot =T+ P#“A €A- (135)

The combination L1 + Ly + L5 obtained this way is not locally supersymmetric. The reason
is that D, e and D, p* now include extra contributions involving the USp(2) gauge fields; these
do not affect the supersymmetry variations of the various interaction terms, but they do modify
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the variations of the gravitino and hyperino kinetic terms. For the gravitino kinetic term, the
modified commutator (133) implies that its supersymmetry variation acquires the extra terms

L - v «a 7
AL = €Ul Dy " D, 0’ F o5 Tie, (136)
and .
2 il 7 v
A — 5¢C 0Py, Tie. (137)

By exactly the same considerations, it is easy to see that the hyperino kinetic term also gives
rise to the extra variation

1 _ R -
A — _iewaw'/ﬂ{u VA e, (138)

We immediately see that Ag) exactly cancels the covariant version of the variation A(ﬁ,). On
the other hand, the variations Ag) and Ag’) require additional terms for their cancellation.

Starting from A(GQ), the possible sources for its cancellation may be the modification of the
gaugino supersymmetry transformation law by the extra term

SAl = ae”b/Qv;(l(C’if)XTie, (139)
or an additional interaction of the form
LY = bee??, TN CH. (140)

Here, a and b are two coefficients, which can be determined by considering the ¢ I'Fe terms. The
variations of this type arising from the ¢’ variation of Ly is

Agl) _ 2\/_ <quWPT€FIVpCU — Q@NI‘”TeFIWC“f> , (141)

while the 0\ variation of Lg) gives

AD = —Fe <qu“"”T eFy,, O + 20TV T, EFWC”) (142)

We observe that the requirement for cancellation of the terms proportional to 1, "¢ and *I"”e
fixes the coefficients. Next, let us consider the §’\ variation of the gaugino kinetic term in Ly .
Doing an integration by parts and using (132), we obtain

1 _ I - ) _ .
AY = meed)/z (2AT T Dy eCF 4 2N F ) Dy 7€) Tie + M TieuoC™) . (143)

On the other hand, using I'*I'"*°T", = 0, we find that the dv, variation of L’g) is given by

1 < -
A(G?) = —Eeeqﬁ/?)\fl—‘“Ti D, eC™ (144)

and it cancels the first term of A(C?). The second term can cancel by the §9® variation of the new
term

—\/2ee?? )] Lap, v o4 7 (145)

whose d\ variation cancels Ag). Two other uncancelled terms are the §’\ variations of the A\I'y F
and A\I'AG terms of Ly, given by

1
A® = LeXIT; eF;,,C1, (146)
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and 1
AY _ ee3¢/25\jF“VpT¢6GWpCU, (147)

¢ 124/2

respectively. Ag) is cancelled by the d\ variation of yet another new term

1 7
£ = Eee‘bﬂfﬂ})\fcﬂ, (148)
whose 0y variation is given by
1 < - 1 _ .
A(Gm) = ——ee‘b/Z)\fI’“ﬂe@uqSC’” + —ee3¢/2AfF“”pﬂeGWpC”, (149)

2v/2 12v/2

so that its first part cancels the third term of A(GG) and its second part cancels Ag). What remains
to be cancelled are the ¢’ variations of [,(Gl) and E(G?’), given by

Agl) = éee‘bv}liﬁuf“e(cﬁCﬁ)X, ASQ) = éeed’v;lxe(oﬁcﬁ)x, (150)
respectively. To cancel them, we introduce the term
E(G4) = —%ee%;{l(C’ﬁC‘ﬁ)X, (151)
whose de and d¢ variation is given by
A(Glg) = —éee%)}lwuf“e(ciiCﬁ)X — éee¢v§l)26(0ij0if)x, (152)
and indeed yields the desired cancellation.

To summarize, the terms that should be added to Lo + Ly + Lgs + Ly in order to restore
local supersymmetry in case USp(2) is gauged are the following

1 - P P —s ~ 1 -
e Lo = Ee¢/2 (%r“mfcﬂ + ;szc”) — V2e? 2N, V, 1 AEY — ge%;g(c“qf)x. (153)

The important fact emerging from the above rather technical discussion is that the theory includes
a scalar potential given by the last term of (153). The appearance of this potential has interesting
consequences for the allowed compactifications of the theory.

Combining the above terms, we finally find that the locally supersymmetric Lagrangian de-
scribing the vector multiplets and their couplings to the gravity and tensor multiplet is

ee 2y (@#FVPF“)\IAFM)X

1 S 1
6_1LV == _Z€_¢UX(F;VF; )X—va(AIP“DuAI”)X—

1
2V2
1 —; 1 .
——ee’d’/%x()\ll““l’foW)X + ﬁeeqst(AIF“”p)\fGWp)X

2v2

1 ~
+§EWWBWUX(F;UFfTU)X. (154)

We are now in a position to summarize the results. By combining (96), (154), (134) and
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(153), we obtain the full Lagrangian
1- 1
e 1L = 4R — —62¢GWpG“”p augbaﬂqb = 0l Dy, — SXT" Dy x
1

1 y 1 : "
—1¢ Sy (Fl,F)x —§UX()\IF“DM)\f)X—§9aﬁ(%0)D DI’ —¢ "Dy tba

1, r- _ B
—5i¢ [MP[APWPFJW — 2Ty, — TPy — ux (NTHPX )y + 0 TH P4, | Gy

1 1 s
——ee %y TvrTeN — ——ee 2y (N T F:
ee” ee v
972 (w Il,p)X /2 x( X I,W)X

1 - 1
_éiryruwvauqs + %ffrl’ru 73uaA W + ge_leul/pgﬂ)B/wUX(F FITU)

1 ;o1

+ﬁe¢/2¢ur#mfcﬂ+Eew%szcﬂ V2e?2 N, v, “Age
1y i .

—ge%Xl(C 1C.)x + (Fermi)®. (155)

which is invariant under the local supersymmetry transformations

oe, = €Iy,
- 1
0B, = e (—ef[lﬂb,,]—l— efuyx)
09 = Ex,
1
0, = Dye+ ﬁed’F”p”FHGyme,

1 1
oy = §FM6M¢E—E6¢FMVPG,WP6,

N 1 N
AL = _e?2e0 N
V2 o

u
oA = — L cmorpuepl _ oy (oil) e
“2v2" V2
0pt = VUt
st = THP, ey (156)

The Lagrangian (155) correspond to one of the two possible formulations of D = 6, N = 2
supergravity. The Lagrangian derived in the original papers is the dual to the one considered here.
The main differences are (i) the reversed dilaton signs in the kinetic terms of the vector fields,
(ii) the absence of the Green-Schwarz term and (iii) a modification of the B, supersymmetry
transformation law and to its field strength.

6 Bulk Branes in Supergravity

We present a new anomaly-free gauged N = 1 supergravity model in six dimensions. We construct
a consistent supersymmetric action for brane chiral and vector multiplets in a six-dimensional
chiral gauged supergravity. When the brane chiral multiplet is charged under the bulk U(1)g,
we obtain a nontrivial coupling to the extra component of the U(1)r gauge field strength and
a singular scalar self-interaction term. The six-dimensional Salam-Sezgin supergravity consists
of gravity coupled to a dilaton field ¢, a Kalb-Ramond(KR) field B),y, along with the SUSY
fermionic partners, the gravitino t,,, the dilatino y. Moreover, it also contains a bulk U(1)g
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vector multiplet (As, A) that gauges the R-symmetry of six-dimensional supergravity. All the
bulk fermions are 6D Weyl. In order to do this analysis, we need the spinor part of the action
and in particular the part that is quadratic in fermionic terms. This is given by

e 'Ly = by T NPDywp + XTM Darx + ALY Dy A + ATM Dy A
1 _ L
+Z(8M¢)(wNFMFNX +h.c.) + V2ge 1 (ihy TM X — ixA + h.c.) (157)

1
42

The complete bulk Langrangian up to four fermion terms is

ei¢>{ Fun (0D NTON 4+ xTMNN) + Fin (oD VTN + xTYVAT) + h.c.}.

1 1 1 1 1
eg Loux = R — Z<8M¢)2 - E6¢GMNPGMNP - Z€§¢FMNFMN — 8g°e 2?

_ _ 1 _
+ o TYNEDypp + XTY Doy + ALY Dy A + Z(aMCb) (PNTMTNx 4+ XTVT Y y)

1 _ _
_’__e%(ﬁGMNP(l/}RF[RFMNPFS“/JS 4 1/JRFMNPFRX . XFRFMNPIPR o XPMNPX

24
- 1 . _ - _

FADMNP N 7 ﬂewFMN(erMNrQA + ATOTMNoh + XTMN N — ATMN )

+iv2ge” 1 (P TN + AT by — YA+ Ax). (158)

The field strengths of the gauge and Kalb-Ramond(KR) fields are defined as

3
Fyn = 0uAn — OnAn, Gunp = 30mBnp) + §F[MNAP], (159)
and satisfy the Bianchi identities

3
6[QFMN} = 0, a[QGMNp] = ZﬂMNFQP]. (160)

For §y Ay = Oy A under the U(1)g, the field strength for the KR field is made gauge invariant
by allowing for B,y to transform as

1
5ABMN = —§AFMN. (161)

All the spinors have the same R charge 41, so the covariant derivative of the gravitino, for
instance, is given by

1 .
DM’QDN = (8]\/[ —+ ZWMABFAB — ZgAM)wN (162)

The local N' = 2 SUSY transformations are (up to trilinear fermion terms):

1 1
Sey = —ZE_FAwM—l—h.C., S = §§X+h.c.,
1
5BMN - A[M(SAN]*FZB_%(ZS((E?FM@Z)N—§FN¢M+§FMNX+1’IC),
1 1 .
ox = —=(0nd)IMe + —e2°GynpIlMNPe,
4 24
1 .
Sty = DM€+E€§¢GPQRFPQRFM€, (163)
]_ 1 1 1 1
§Ay = ——=e 2°(EIyA+he), o\ = e FynIMNe — iv/2g e 7%,
M 2\@ ( M ) 4\/5 MN g
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The above spinors are chiral with handednesses
Gou =+vy, Gx=-x, G(=+( Ge=+c (164)
Taking into account that G7 = 0% ® 1, the 6D (8-component) spinors can be decomposed to 6D

Weyl (4-component) spinors as

b= W, 00, x=(0,%)7, A= ((0)", e=(0)". (165)

For later use, we decompose the 6D Weyl spinor ¢ to ¢ = (¢, )7, satisfying 7% (¢, 0)" =
+(¢1,,0)T and 45(0,95)" = —(0,1z)T. Henceforth we drop the tildes for simplicity.

We can show that the action for the Lagrangian (158) is invariant under the above SUSY
transformations up to the trilinear fermion terms and the Bianchi identities as follows,

1 3 _
5£bulk = €p |: — ﬂeﬁd)(ﬁsGMNp - ZFMNFSP> <1/JRPRMNPS€ — )_(FSMNP&T + hC)

+

4;563@ (@QFMN/\FQMNa + h.c.ﬂ : (166)
The SUSY variation of the brane action can be cancelled with the bulk variation (166) by
modifying the Bianchi identities.

We consider a nonzero brane tension as well as brane matter multiplets: a brane chiral
multiplet (@), vq), the superfield of which has an R charge —r, and a brane vector multiplet
(W,,A). The 4D chirality of the fermion in the brane chiral multiplet is taken to be right-
handed in contrast to the Zs-even gravitino and the Zs-even gaugino and the brane gaugino.
So, the conventional chiral superfield containing a left-handed fermion, (Q*, (1g)¢), should have
an opposite R charge, namely, r for Q* and r — 1 for (¢g)°. Then, by employing the Noether
method for the local SUSY, we find that the supersymmetric action for the bulk-brane system
up to four fermion terms is composed of the original bulk action (158) with the field strength
tensors Gyyp and Fy;n being replaced by the modified ones G mnp and 3 'WiN, respectively, and
the brane action as follows,

»C = Ebulk(G — G, F— F) + 52<y)£brane (167)

with the special type brane lagrangian
1 ]_ — 1 —
Lirane = €4 [e?d’( — (D“Q)TDMQ + Eway“DuwQ + h.c.) + \/ﬁirgel‘ﬁwQ)urQ + h.c.

1 1- » 1 -
—4r@*|Q* = T + e2? <§¢M+7 ’y“wQ(D,,Q)T + 5¢Q’Y“X+DMQ + h.c.>
1 1+ - 1
— W W™ 4 SRy DA+ he. — iev/2e3°Qugh + hue. — 2e*Q)"e”
1 1
4V2 2v/2

—£€|Q|26§¢X+A + h.c} . (168)

The SUSY transformations of the brane chiral multiplet are

_ 1, -
A,y,u,yl/pw“_i_wyp - 6|Q|2€2¢A7H¢H+ + h.c.

1 1
0Q = §5+wQ, g = —57“5+DMQ
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On the other hand, the SUSY transformations of the brane vector multiplet are

1
g4\ +hee., SA = ——="e W, + ——e| Q227 (170)

1
2V2 12 2f

Here the brane gauge field strength is W, = 9,W, — 0,W, and the covariant derivatives of the
brane multiplets are

SW, =

DQ = (9 +irgA, —ieW,)Q, (171)
. , 1 .
Do = (0, +i(r—1)gA, —ieW, + Zwuagv 5)¢Q, (172)
1
D,AN = (0,—1igA,+ Zwuagvaﬁ)/\. (173)

We note that the R charges of the component fields in the brane chiral multiplet are different by
+1 as known to be the case in 4D local SUSY. The gaugino of a brane vector multiplet also has
the same R charge +1 as the bulk gravitino.

The modified field strength tensors are

. 52
Gumn = Gumn‘i_(Ju_fAu)emnﬁa (174)
€2
2
GTpO’ - GTpU—’_JTpU@? (175)
2
N 52
Fan = P (19l + e (176
2

where £ = —g is the localized FI term, €,,, is the 2D volume form and
L Tot to4 1 1 143
Jo = 1|QIDUQ — (DUQ)'Q+ Juguta — 3¢ RyAl, (177)

1- 1 1,
Jrpo = —L—le%pgsz—ge 2% Ay, po . (178)

Here in order to cancel the variation of the brane tension action, we needed to modify the
gauge field strength with the localized FI term proportional to the brane tension. Moreover, the
modified field strength for the KR field contains a gauge non-invariant piece proportional to the
localized FI term so the gauge transformation of the KR field needs to be modified to

2
5oB,, = A( _ %an i femnM) (179)

€2

The SUSY transformations of the bulk fields are the same as (163) and (164) with Gy yp and
Fyv being replaced by Gunp and F wn, and the gauge field Ay, being kept the same as in the
no-brane case, with an exception that the SUSY transformation of the extra components of the
KR field has an additional term as

0*(y)

€2

0B = M/}Q&rQemn +h.c (180)

Furthermore, for the modified field strength tensors, we obtain the Bianchi identities as follows,

. 3. . i 1 6% (y)

6[#Gymn] = ZF[“Uan] + Q(D[“Q)T(DV]C» + Ze’Q‘ZWNV Emnﬁ, (181)
A 1 5?(y
a[,uF;nn] = _§Tgau’Q‘2€mn 6(2 ) . (182)
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Then, by using (166) with the modified Bianchi identities (181) and (182), we are able to cancel
all the remaining variations of the brane action given in (168). We can extend the result to
the more general case with multiple branes. When all the branes preserve the same 4D N =1
SUSY, we only have to replace the delta terms appearing in the action and the SUSY/gauge

transformations: T0%(y) with Y. T;0%(y — y;), and f(Q)d*(y) with >, F(Q:)0*(y — vi)-

7 IIA Supergravity

The type ITA supergravity in ten dimensions describes the low energy limit of type ITA super-
strings. This theory is non-chiral and therefore it has no anomalies. We start by reviewing bosonic
part of the standard ITA supergravity action. The 10D NSNS fields are the dilaton ¢, 2-form
potential By and string frame metric gy, 5, where M,N =0,...9. The 10D RR fieldstrenghts are
the 4-form G4, 2-form G5 and 0-form Gj.

We measure all dimensionful fields in units of 11D Planck length [, and set ky; = , so

1 X .
Stor’ = 5 / e (\qu(g) +4d¢ A ¥do + 3 Hy A *Hg)
T J X10

e <64A§<é4 + iBAé4Aé4 + éz/\;éz + \/gmG%) (183)
X10

where % stands for the 10D Hodge duality operator. The fields in the previous action are defined

as
ég - GQ + BQGO, é4 == G4 + BQGQ -+ %EQBQGO, Hgg - d.ég (184)

The next step is the part of the 10D IIA supergravity action quadratic in fermions. We work
in the string frame.

Shoom = / V=gme %[ DAPVED s + LATV DA — <wN¢>AFAFNwA]

\/_
3 T~z

F[EFACFF]FH’Q/J + \/_AFEFACFH’QDE + AI\ACFHA

1% aasr . 5 zazs 21z,
8¢AF w3+8\/§AF (5 32AA

/ 1 -
_9106 G.ABCD [¢ F[EF'ABCDF ¢ + TAFEFABCDwE + AFABCDA]

SE . . iasa Al oA T oA A P AAAL A
,/_9106—2¢HABC ['@Z) F[EFABCFF]Flle + \/§AFEFABCF111/JE

vV —9g10€ G.AC

+ / Vg G

192

(185)

where A and 1&“‘1 are the Majorana dilatino and gravitino and covariant derivatives act on them

1 A6~ A A ~ 1 ok
—WNBOFBCLDA , DNA = 7TNA + ZWNBC’FBCA (186)

DN@D'A = 7TN'¢A +WNAB¢B + 4
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There are also terms quartic in fermions in the action. It turns out that it is important to
take them into account to check the T-duality invariance of partition sum. We collect 4-fermionic
terms in D=10 ITA supergravity action which are obtained from reduction of the D=11 action

5410}67“7% o /\/%6 {_6_4 |:X FABCDEFX + 12X[AFBCXD}] X[AfBCXD}

1 A A 1 A R
+3—2 <7EFABCEFXF> ()ZAFBXC) + 1 ()ZAFAXC> (XBFBXC>
1 R
<XAF Xc> ( FAXC> - E (XAFBXC) ()ZAPBXC)} (187)

2\fA .
X1 =———T"A (188)

where
R 1 ~
i L],
xa= [har gt

Recall that the graviton E&; and the gravitino wf,}” of 11D supergravity are related to 10D
fields as

i —¢ A 29
Ef =c¢3Fy, Ejj=c¢:, E|

(11) I
A \/%6 5XA
We are in the position to read off the values of the sources and constants introduced in the
dualization procedure and sum the different contributions to obtain the full action of the bulk
and brane system in the Einstein frame,

1 1 a
— —2—1‘{2 |:R*1—|—§d¢/\*d¢+2GKquK/\*qu—|—2(Gab+%ICb
4

Ydv® A xdo®

+2e" 0 Gapdb® A xdb” + Ze SHIT (AD) A #dD s + MFMEAD,, A +dd
COMEAD, A day + dag A xday) + SeS Ay Ve 4275 Ak [Vek + 2]
+§£Ga5dva A xdVP + %aﬂab’“dva AdVE

+§e%Ga5Mfﬂq>,dva A*F + % (aﬁa/\hﬂfcblsa — Egaf) dVEAF
+%e_iVH+F A xF + ﬁe%GaﬁMmMJ%J@IF A *F

+% (aga/\?lﬁf@lsa — fjga,) MO, FAF —ézg%kgk FAF

1 3 ?
+_(§) 3( MPD, BB — ElaIBa—naB“Jr)\) %y 1

A2
1 /6
i (—) €5 G (LLar —aed MIBD; — g v B + 1)
X (Eéal —bef MJerCDJ —bef Ver + nb) %41
6 .
+l—26%¢Gab (M@ + 1) (M7PD; + 1) } : (189)
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The abbreviations used in the above are

1 ~ 1
-1 / (Cw)ANAl, Pl = / (Fwa) A AT (190)
3 Ju, 13 Jn_
The source current JX arising from the dualization of the two-form p is given by
N 1 N
JE = _ggﬂK [@rd(a; — My®L) — (ay — MyPr)dd] . (191)

A, 1, and v* are constants arising, by the spelled-out procedure, from elimination of the original
three-forms A\ <+ ¢(3), 7, < 6‘(13), v ds), -

In the action (189) the kinetic terms of the axionic scalars ¢K contain the gauge covariant
derivatives 1
VER = def + iw{f A. (192)
S
The appearance of this covariant derivative is a manifestation of the Green-Schwarz mechanism
for anomaly cancellation. It arises after dualization from the Green-Schwarz term in the Chern-
Simons action which describes a linear coupling of the U(1) field strength to the spacetime
two-form p. The bulk action has a set of shift symmetries

eK gk 4 oK (193)

which are gauged upon inclusion of a D6-brane, resulting in the covariant derivatives given
above. The non-gauge-invariant part of the Lagrangian obtained by gauging a shift symmetry
of a Ramond-Ramond scalar fields appearing in the gauge kinetic functions as is the case for the
¢K exhibits exactly the right gauge transformation behavior to cancel the chiral anomalies.
In the sequel we will assume that this is the case so that the part of the Lagrangian including
the kinetic terms of the scalar fields encoded in (189) may be written as

Lo = 26 *Goupdt® Axdf® + 4e2P Ay A1 A xdi”

+4e®P Ay {vgff + éQ”R [arduy — ufdaj}}

R ) . 3
N * |:V£L + %QIJL [T_L]dUJ — uIdﬂJ]l + ZeiﬁHIJduI A *dﬂJ. (194)

To proceed with the evaluation of the Kahler potential requires more information about the
integrals in (??) and (??). It turns out that to find a Kéhler potential reproducing the kinetic
terms in the action we need to assume that

PO
QIE — _35KL 7T0L2££MJa_ (195)
o mol

It is now straightforward but tedious to use the chain rule and the various equalities presented
above to check that the kinetic terms of (194) may be written as
L. = 205;0nKdN A *dM
= 2Kppdt® A xdf 4 2K gi s VNE AV NE
+ARe(K i, dup AxVNE) 4 20, dup A diyg (196)
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Let us now take a closer look at the scalar potential evaluated for the F-flat configuration in
which we performed our dimensional reduction. From what we said above it reduces to

]- 6 Q a C e
Vi = (1RG0 —aea VB =iy VB 11
1 P
+4—l2<§)363’(A B g1+ lgeg¢Gabu“yb . (197)

and depends on the Kahler structure moduli ¢* as well as the dualization constants A, v%, 7,. First
we stress again that the Kahler moduli should be viewed as fixed at the F-flat value consistent
with the calibration condition and are thus not to be treated dynamically in this potential.

7.1 Massive ITA Supergravity

Our starting point is the supersymmetric bosonic action of massive type IIA supergravity. In the
language of differential forms, it is given by

3 N ~ 17 .~ ~
3 3 _ leddy
e2? *Flg) N\ Fla e2?xF i,y N\ Fy,

5F ) A Fo) — 5

N)I»—A

5

S, = /{R*]l——*dgb/\d(b

6

where the field strengths are given in terms of potentials by

Foy = dAy+mA,, Fiyy = dA,,

For the form fields and dilaton, together with the Einstein equation

5

RAB = laAﬁgaB¢E + %Gm e2? NAB + (F(4>AB 32F<24) 77AB> (200)
+% <F<3)AB ; Fé) ”AB> + %e (F<2>AB I Fé) ”AB> :

It is useful also to present the expressions for the ten-dimensional Hodge duals of the form
fields given above, and for d¢. We find that they are given by

205k, = —L2gUeq +4vV2g7 se X xdX N dt
—2g AT X Fgy Neoy + 559 5 ATX T Fy A dE Aegy
—# 22 X2 *F(g)/\hj/\hkez'jk_‘_%g_QSCX «F, NR'AdE
e 0%Ey = LTS E AT Xk AdE Ay — LgTP P A AT X T wFy Aeg
6%$;ﬁ’(2> = ﬁg sTVBA X 2%F ) NdEN gy, (201)
idp = _lg—4 B3 (XA+2X A TX ! *dX N dE N €

+169 25 (AT OeA — 13_0 cot )X € A€,

where €, is the volume form of the metric ds?.
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The action for massive type ITA supergravity in the Einstein frame reads
S, = / <%R* 1- }ldé A xd — ieéﬁ’g AxFy — ie%‘ﬁﬂ A *Fy
— m2€%‘2’§2 A *Bg —m2e3® %1
¥ idmd@,mﬁémdégAEQAg2A32+2_10m2g2mgmzmzmg)

+ / V—gd"°X { - @MPMNPDN\ifP — UMDy = Hdd) p (TMTN D,

1 N 1= ~ 3z

o _e4<]5 PRS FPRSTFN]\IJN + —<FMFPRST\I]M + _<FPRST<
96 2 8
1 2 .

+ ﬁe*ﬂ <\1; D DPRST Dy O + (DM TPRST )y, )

/\ >

1 = -y 35 .52
+ Zm61¢BpR (\I/ PP U + Z(erPRrH\I/M +3(0 Rm()

. .5 a2 21 s
— %me%¢\I/MFMN\PN - Z—Lmegd’(FM\IJM + 1—6mei‘z’(<} : (202)

This action is a generalisation of the type IIA supergravity that is obtained from the low-energy
limit of type ITA string theory, although some care must be taken and he massless limit is m — 0.
We now turn to notation and field content. The indices M, N ... run from 0 to 9, and the ten
dimensional space-time coordinates are X*. In the Neveau-Schwarz-Neveau-Schwarz (NS-NS)
sector the action contains the bosonic fields (b, Bg, g, which are the ten-dimensional dilaton, a
massive two-form and the metric, together with the fermionic fields 0, ( which are the gravitino
and dilatino. The Ramond-Ramond (RR) sector contains the three-form (5 and a one-form A°
which is eliminated by a gauge transformation of Bs. The field strengths in the action are given

by
Fy:=dCs +mBy A BoFy := dB, . (203)

The terms in the ten-dimensional action (202) will contribute to the gravitino masses by

1
S = / V=i dloX{ 0, D, W, — %QM(H)W@ I R WA

1 ” =H ode T v 1 15 2 = 7S T v
—%64¢(F )pm;exp [}, D700, b + 71 22(F3)prs U D IP7°T, 0 W
1 N A
o met?B, ¥ T T DY — dmed¥E, 00, | (204)

8 IIB Supergravity

One of the most striking features of perturbative superstring theory in ten dimensions is the
absence of anomalies. In the type-I1IB theory this is realized by miraculous cancellations between
various contributions, while in the type-I and heterotic theories the Green-Schwarz mechanism
generates anomalous couplings that exactly cancel the contributions of fermion loops, once one
restricts the gauge group to be SO(32) for the type I theory and SO(32) or Eg x Eg for the
heterotic theory. All these N = 1 theories are very interesting, since they can be naturally
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compactified to rich spectra of N = 1 theories in four dimensions. In this context, an interesting
intermediate step is the study of (1,0) vacua in six dimensions, since in these compactifications
the absence of anomalies is a strong restriction on the low-energy physics. The equations of
motion of type IIB supergravity theory can not be obtained from a covariant action because of
the presence of a four-form gauge field with the self-dual field strength in the spectrum. This
gauge field couples to a self-dual three-brane which can give rise to string solution in D < 8. But,
we are not going to consider this type of string solution and set the corresponding field-strength
F5 to zero. There are also magnetically charged string solution for type II theory in D < 6, but
since we are not restricting ourselves to any particular dimensionality we will not consider those
kinds of solutions also. Now as we set F5 = 0, the type IIB equations of motion can be derived
from the following covariant action

SHB — _—_ / dzv/—G [ ~29 (R +40,00"¢ — HD “”A) (205)

1 1 ) ) )
_5 #Xﬁlux_ 12 (HMVA+XHMVA> (H( )1 A—i—xH(l)N )\):| )
Here p,v,... = 0,1,...,D — 1 are the space-time indices and m,n,... = D .9 are the

internal 1nd1ces The metrlc G v, the dilaton ¢ and the antisymmetric tensor BW (Wlth HW
dBW) represent the massless modes in the NS-NS sector of type IIB theory. Also the scalar

x and B2 (with H® = dB®) represent the massless modes in the R-R sector. The reduced
action takes the form

1 1 1
Sp=153 / d"zv-G {e_% (R +40,00"6 — S Gn F) " FOH 4 20, G0 G

- GmpG"q<9 BM B — Gmp HY HOw _ 112 ), H(l);w)\)

1
—EA@X@“X - —AGmPGw (0,B2), + x0,BY) (9" BR) + xoB))

AGmp (H2), +xHY,) (HE 4+ xHO) ™)

urm
1

— A (HEL + xHU) ) (HO + XH(”“”A)} (206)

The corresponding field-strengths are given below
HYD  =nH, = 0,B{), HY  =F9, — B " (207)
where F\m = 0,40, — 8,A0, and 9™ = 9,AP™ — 9,A)™ and finally
HL(ZB/\ = (‘3NB( F(3)mA( ) o Feye. in pvA (208)

The reduced action (205) have an SL(2, R) invariance which can be better understood by
rewriting the action in the Einstein frame. The metric in the Einstein frame is related with the
string metric as given in the second section. The action (205) in the Einstein frame takes the
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following form

1 1o~ ~ 1, 1
SD = 2—52/ dDJT\/ —g |:R — 58,@0’% - §€2¢8MXOHX + gap IOg /BAaM log ﬁA

1 mn 1 3)m (3) pv,n 1 1/2 _mp n —q~$ 1 1
—I—Zﬁugmn@“g — ngnFlgy) F®pn _ Z(BA) 2gmpgnie 8MB£1%8”B§,q)

1 ~
L (pay gy (0,5 + x0,50) ("B + 10" BY) (200)

1 ~ ~
_Z(BA)UQQW {€—¢H<1> HO™ 4 e? (H2) 4+ xHY )(H(i>uu+XH<guu)}

uvm purm urm

1 ~ ~
AP (SO (2 4 ) (1 ) )]
- (10-D)
where we have defined ¢ = ¢ + %log A. Also, Gy = eﬁd)gmn and A = ¢’ = ¢6A with
(BA)? = (det gnp). If we define the following SL(2, R) matrix then the action (90) can be
expressed in the manifestly SL(2, R) invariant form as

1 1 1 1
Sp = 53 dPx\/—g {R + Ztr D, MpO* My + g@u log A" log BA + L—lﬁﬂgmnﬁ“gmn
1 1
= I F) M E O — (BN g g 0, B Mpd" B, (210)
1 m v 1 v
_Z(BA)UQQ pHZI/mMDH“p _ E(BA)UQHZW\MDH# )\1
(1) (1) 1)
Here we have defined B,,, = B%L s Hywm = H‘g)m , Hur = H’&”)/\ . The
an H;u/m Hp,uk

action (91) is invariant under the following global SL(2, R) transformation
Mp — AMpAT, Bon — (AH"Bn

A B qu)
(B 2 an woran (3

B
where A = ( CCZ Z ) is the SL(2, R) transformation matrix and a, b, ¢, d are constants satisfying

(1)
pwm
(2)
nm

) = B, — (AYHY'B, (211)

ad —bc = 1. If we set Gy = O, A =1, Aff)m = Al% = B, = 0, then the action (91) reduces

Sp = 2%#/ dPz\/—g [R+ itr 8MMD8“M,_31

1 1 1
g0 log FAD log A + 10,9, d"g"™ — 15 (BA)/*H, MpH™

(213)

This action is SL(2, R) invariant under the transformation (211). Note that both g, and SA
are SL(2, R) invariant. Also, Mp in (92) is as given in (90) with ¢ replaced by ¢, the D-
dimensional dilaton as A = 1 in this case. Note also that although we have set G,., = nn
and A = 1, but as they are not SL(2, R) invariant, non-trivial values of G,,, and A will be
generated through SL(2, R) transformation. It can be easily checked that the SL(2, R) invariant
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action (212) gets precisely converted to the effective action considered by Dabholkar by setting
the R-R fields to zero. Thus, we note that the action in the Einstein frame is a special case
of the more general type II action (212) and so the solution is a particular case of a general
solution that we are going to construct. The 10-dimensional effective action is invariant under
general coordinate transformations as well as the gauge transformations associated with the
two antisymmetric tensor fields. When we examine the local symmetries of the theory in D-
dimensions after dimensional reduction, we find that there is general coordinate transformation
invariance in D-dimensions. The Abelian gauge transformation, associated with A7, has its
origin in 10-dimensional general coordinate transformations. The field strength H ,(fy)a is invariant
under a suitable gauge transformation once we define the gauge transformation for F,Sly)a since
JF, is gauge invariant under the gauge transformation of A-gauge fields. Finally, the tensor field

strength H }fy),,, defined above, can be shown to be gauge invariant by defining appropriate gauge
(1)

transformations for B,,:
6B = 0,& — 0,£. (214)

The D-dimensional effective action takes the following form
1 o 17 14 (63
Sp = / dPx/=gVG {R + 1104Gas0"G ? + ¢ 0,log GO, log G — g 9" Gas F i, i)

1
gaﬁgwa BOM0"BE] — 1G*g" g Hi) M HY),

puro
1

Y 1
— S H, M HO™ 4 2T (D), ME(?“MZ)} (215)

The above action is expressed in the Einstein frame, G being determinant of G,z. If we
demand SL(2, R) invariance of the above action, then the backgrounds are required to satisfy
following transformation properties:

T (4) T I0) TN=1  A() T (J)
M = AMAT, HY (A7) HY) A — (AY) Z}jAJ — (AT)7? (216)

Hrp MVP e} pao aﬁ

It is evident from the D-dimensional action that dilaton and axion interact with antlsymmetric
tensor fields, gauge fields and the scalars due to the presence of M matrix in various terms and
these interaction terms respect the SL(2, R) symmetry. It is important know what type of
dilatonic potential is admissible in the above action which respects the S-duality symmetry. The
only permissible interaction terms preserving the symmetry are of the form Tr[MX]". Tt is easy
to check using the properties of ¥ and M matrices, such as Tr(M¥) = 0 and Tr(MEMY) = 2,
that

TriMX]" =0, TrMX]" =2 (217)

For odd n € Z and even n € Z respectively. Therefore, we reach a surprizing conclusion that
the presence of interaction terms of the form only adds constant term which amounts to adding
cosmological constant term to the reduced action. Note that the Einstein metric is SL(2, R)
invariant and one can add terms involving higher powers of curvature (higher derivatives of
metric) to the action and maintain the symmetry. However, we are considering the case when
the gravitational part of the action has the Einstein-Hilbert term only.

9 D =11 Supergravity

The dimension D = 11 is the maximal dimension for which one can realize supersymmetry in
terms of an ordinary supergravity theory. The conjectured 11-dimensional M-theory is required
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to have 11-dimensional supergravity as a low energy limit. The low-energy approximation of
M-theory is given by the eleven-dimensional supergravity which describes the dynamics of the
N =1 supermultiplet in eleven dimensions. This contains the metric gy and an antisymmetric
tensor field Ay;yp as bosonic components and the gravitino ¥,;, which is a Majorana spinor in
eleven dimensions, as their fermionic superpartner. We use D for the spinor covariant derivative.

The indices M, N ... =0,1,...,10 denote curved eleven-dimensional indices. The supergravity
action can be written as
1 ~ = . ~ 1~ N
S = = Vv —gd'lz {R — Uy MNP DTy — ZFy A *F4]
2 S, 2
1 = - A . 1 N N
_ /__g dllxq,MrMNPQRS\I,N(F4)PQRS _ _/ Ey A xCy (218)
192 Jy, 2 Jmy,
1

S EyAFy A As
12 S,

where we have set the eleven-dimensional Newton’s constant to unity and denoted
(Coanrg = 30 lnpPq . (219)

The spinor conjugation is defined to be Uy = \HMFO. We have ignored the four-fermionic terms,

which play no role in our analysis, and kept only bilinear terms in the gravitino field Ty, The
action (218) is invariant under the usual supersymmetry transformations. For the gravitino this
takes the form

1. ) )
T (FMNPQR - 85;5PNPQ> (FY)vpor €, (220)

where € is the Majorana spinor parameterlslng the supersymmetry transformation.
Inserting the decomposition W), = (¢M + wM) ® n in the gravitino kinetic term from (218)
and keeping only the terms which are relevant for the gravitino mass term one finds

v MfMN P DN‘if p = \ifﬂf“"”Dn\ifl, + terms not contributing to gravitino mass

— (D, + " DAYy + DY D+ (221)

We denote the internal fluxes by Fy and do not discuss their origin here. The relevant term
can be written

By DMNPRRSG (B pors = W, TP, (F) pars + -
= (d} +—¢ﬁ VA (W + VN AP (E)pgrs + . (222)

The total action is

2 1 1- 1
Sr== / d"w\/g | —sR(Q) — oD Q) — =G GTEF
2 )y 2 2 18
2 2
_ﬁ\/_g (wIFIJKLMPw i 12wJFKLwM) . 1£0'611 (O AGAG);,. m)
2 11 1 - 4B 1 4 2e 11 I . aAB
+— d z\/g| KF —wAF Y+ Al YN ) — — d-x\/g | —FaplF
K OM 2 K OM 4
1 N 1
+§>_CGFADA(Q)X + 1/1 PETAR L oy +@XFABCX¢DPABCDE¢E) (223)
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The version of equation which describes the supersymmetric variation of the action and
includes the four fermi terms is

2 . 1 1 .
08 = = d"z\/g (nDA(Q)eA + 5(KAB — Kg"P)al gbp — =D A () JA
oM

K2 9
_%nFABCDE@Z}AGBCDE + ?nFAB@DCGABCN + EUFAB(DA(Q)F)@/)B

—en|l, FAB]P—DA(QWB +0gaB pAB + 5T’ABC]AB + 5CABCPABC

1 . R 1 o
+§77DA(Q)JA — X AT B Fpeha + Zeﬁer DA (&) (e APy

1 - 1 .
—ZeﬁPABC x Da(Q)(sleox) + §eﬁr AX DB(IC)FAB) . (224)

where D(K) = D(Q) — D(w).
The coefficients appearing here are the field equations and boundary conditions, given explic-
itly by

B = _% (KAB B KngB> I %H2TAB (225)
pABC — GABCN 4 gq/_}DFDEABCPerE o gx_\/i!EABCDl...D7 (C A G)Dl...D7 (226)
Z o= e (—FADA(Q)X — %rArBCFBCz/;A) (227)
YA = ¢ (—DB(M)FAB + %DB(w)(@Z_)CFBAcx) + é@EDrABCD%EFBC) (228)

The variation of the metric is the most complicated. This has been simplified by assuming that
T4B is in supercovariant form,

1, 1. - 1 ~ - 1 A 1 A
—H2TAB = ¢ (§FaACFaBC _ ggABFaCDFaCD + —)_(CLFADB(Q)XG _ _gABXaFCDC(Q)Xa

4 4 4
1 ~ 1 .
+ E)_(aFAFCDl/)BFaCD . 1_6>—(aFCFDE¢CFaDEgAB) (229)
We will require explicit expressions for two of the boundary terms,
r = TP yp (230)
1 - _
Pt = =5 (K = Kg") + 20T PP e — g GeT P Py (231)

In the new theory, the boundary conditions

N Aa Aa —a A a \/§ —a Aa
Gapop = —3V2eF g Fop) + V2ex Tiapo Do (Q)x* + T X Lol Y Fopr  (232)

lead to a similar effect.

Now we are ready to examine the variation of the three terms in c4pc under supersymmetry
transformations. Firstly, using the transformation (??), equations (?7?), (??) and gamma-matrix
identities

V2 - V2 ) 3v2 . V2
0Capc = —%EUFABCDEXFDE + 1—6677F[ABDXFC]D — 1—6677F[AXFBC] + ?EU{F, LCiaptP-ve
(233)
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9.1 Horava-Witten Theory

Hotava-Witten theory can be formulated as an expansion in the 11-dimensional gravitational
coupling . To lowest order in this expansion, Horava-Witten theory is 11-dimensional super-
gravity which is of order =2, with the fields restricted under the Z, action. In the upstairs
picture, the action is

1 11— 1
K2 Ml 2 2 48
v (- ,
s (BTN 125 TN ) G
ﬁ .
+3456611.”111CI1IzI3GI4...I7GIS...IH + (Ferm1)4 . (234)

The terms which are quartic in the gravitino can be absorbed into the definition of supercovariant
objects. The condition (??) means that the gravitino is chiral from a 10-dimensional perspective,
and so the theory has a gravitational anomaly localized on the fixed planes. Ssq is invariant under
the local supersymmetry transformations

1
bef' = Sl (235)
V2 _
0Crix = —?ﬁr[uwk] (236)
\/5 JKLM \2
51/1[ = D[(Q)?] + _(FIJKLM — 8g[JFKLM)G n + (Ferml) (237)

288
whose infinitesimal spacetime dependent Grassmann parameter 7 satisfies the orbifold condition
n(z') = Tin(—a™). (238)

This condition means that the theory has 32 supersymmetries in the bulk, but only 16 chiral
supersymmetries on the orbifold fixed planes. At this order in k, the 4-form field strength Gk,
satisfies the boundary conditions

GrigLlati=o =0 (239)
GrigLleti=rp =0, (240)
the equation of motion
D;(Q)GMEL =, (241)
and the Bianchi identity
(dG)[JKLM =0. (242)

Cancellation of the gravitational anomaly requires the introduction of one Eg Yang-Mills
supermultiplet (Alf)a, x“%) on each orbifold fixed plane M(lg (1 =1,2). The minimal Yang-Mills
action is

2
1 1 . 77 1_ . 5 .
Syu = _EE ) /M d0r/g (ZF;j;FW + §X“>FIDJ(Q)><“’) (243)
=1 (i)
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where A is the 10-dimensional gauge coupling. This action is invariant under the global super-
symmetry transformations

. 1 .

SAV" = S x®e (244)
. 1 77 .

5X(z)a — _ZLPIJF]E?]ZGU' (245)

The challenge is then to add interactions and modify the supersymmetry transformation laws
so that S = Ssg + Sym + - - - is locally supersymmetric. This involves coupling the gravitino to
the Yang-Mills supercurrent. However, since the gravitino lives in the 11-dimensional bulk, while
the Yang-Mills supermultiplets live on the 10-dimensional fixed planes, a locally supersymmetric
theory cannot be achieved simply by adding interactions on the fixed planes. To achieve local
supersymmetry, the Bianchi identity must be modified to read

2
(dG)177rE = 87°V/2 %{J(O)(;(xn) NS )

N
1 n
g 2 0t = )+ 0t 4 )] } - (246)
n=1 IJKL
where
Jo—__1 [, (FM A FM) — Lo (R A R)_ (247)
1671'2 L 2 1110
1T 1 ]
JNED) tr (F® AF®) - —tr (RAR 248
1672 L r( ) 2 r( )_ zll=np ( )

are the sources on the fixed planes at z'* = 2y = 0 and 2 = xy,1 = 7p, respectively, and J™
(n=1,...,N) are the M5-brane sources located at z'' = z1,...,2y (0< 2, < ... < zy < 7p).
Each Mb5-brane at x = z,, is paired with a mirror M5-brane at x = —x,, with the same source
since the Bianchi identity must be even under the Z, action.

With the modified Bianchi identity (246), S = Ssg + Sym + ... can be made locally su-
persymmetric. However, having gained supersymmetry, Yang Mills gauge invariance has been
lost. The modified Bianchi identity implies that G775 is invariant under the infinitesimal gauge
transformations

5A(If)“ = Dj(2)e® (249)

if C},77 transforms as

2

K
0Cy15 = _—6\/§A2

(6™ tr (D FD) + 6(x1 — mp) tr (€D F2)] . (250)

The quantum theory is anomaly free. Gauge, gravitational and mixed anomalies are cancelled
with a refinement of the standard Green-Schwarz mechanism.
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To order k= 272/3) the Hofava-Witten action is

1
S=—— d"x\/g

H2 M1l
V2 - —J .
+ 5 <¢1F”KLMN¢N + 129 FKL¢M> (Gyxrm + Grrrm)

384
\/§ 6[1...[11
3456

1 [ Kr\23C
o v le
271':%2 <4’/T> ;/N[%?) SL'\/E

1 1— 1JK 1 A
SR+ 505D, (S@+9)) v

1
"‘EGIJKLGIJKL + 0111213G14...17GIS..Ju]

1 a (iyalJ 171'(1 I A ia
T EI T EO 4 X T D ()X

L FRT ia O ia \/§—ia [JK _ ()a A
+§¢IFJKFI <F}}( + F}%) X — 4_8X() TN Grygn | - (251)
where the quartic Fermi terms are absorbed into the supercovariant objects
~ 1 -
Qrx = Qi + ngFLIJKMwM (252)
. 3vV2 -
Grxkr = Grkr + Tw[IFJKl/JL} (253)
FU% = FO% — DO (254)
This action is invariant under the local supersymmetry transformations
m 1 =T m
oey = 5™y (255)
507 = Dy + Y2 (T sar — SarsTrear) GPEEM 1 64 256
Yr=Di()n+ 288( tkiv — 891 kL) n+0Yr (256)
_ A ﬁ _ AJKLM /
o111 = D1 (Q2)n + 988 (Trigxoam — 8911l k)G n+ 01 (257)
(i)a 1 — (i)a
0AT" = in}x (258)
Sy(e — 1FI'JF<i)a & 259
X == TR 4 0 (259)
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where the supersymmetry transformation law corrections are

2
0'Chig = % % <%>2/3Ztr (Af})éA(I? — A(}()(SAE]D)
! 1 2/3 —(WamnJKL. (1)a
F1 = ~gagr (37) BRI

+6(2't — mp) Y@/ KL x“”“} (Tsrz — 697 T kL) 0

1 2/3
5 _ (_) (') yWapJKL, (a
P11 = +—576 = [ () x X
—{-5(3311 o 7Tp) (2)aFJKL (2)aj| T JKLT
1. (i)a 1 - @apIJ
ax"Mt = waFJX .

At this order in k, the 4-form field strength G, satisfies the boundary conditions
3 1 K\ 2/3 (Ha =()a
GrikLlen=o = o (E) (F[U Frr— 3 Lir RiijRi1)

3 1 s k\2/3 @ (2
GrirLleti=mp = +—2= 5= (—) (F[f} FKQ)L] tr R[IJRKL]) ;
the equation of motion
Dy(Q)GMKE =,
and the Bianchi identity

K\ 2/3
(dG) ks = 4V2r (E) {J(O)(S(x“) + TN )

N

+%ZJ(") [6(z™ = z,) + 6(z" +xn)]}

n=1

IJKL

(260)

(261)

(262)

(263)

(264)

(265)

(266)

(267)

Note that the tr (R A R) terms appearing in the above boundary conditions and Bianchi identity
are not required by the low energy theory, but (since they are needed for anomaly cancellation,
given the structure of the one-loop chiral anomalies) must be present in the full quantum M-

theory.

9.2 Duality—symmetric D=11 Supergravity

The duality—symmetric action for D = 11 supergravity is

S — RM2 A3, o+ l\I} A D[—(dj + (Z))]\Ifgamzas A Yayasas
M 3' 2

COI'—‘

A ~ A ~ 1~ ~
_/ [2(0 FROW) A (B 4 (P9 — OW)) — ZFO 7 4F)
Mll
+ / Li FD A 20, O
Mll 2
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or in a more symmetric form

N ~ )~ 1 . A ~
5= M1 {Ral@ " 2&1&2 * %\Ij A D[§(@ + @)]\I}gaIQQGS A 2&1&2&3
Loam o apoany ap@ _ Lawy _ Liaw o camy A pm o LAam
Lo asp@w _ Lam opm
+ " ZF N *FW — ZLF A *F (269)

+iz‘vﬁ(4> A ki, FO — }livﬁ”) A %i, FO 4 éﬁ(” A F<4)] .
where % is the Hodge operator in D = 11.

Modulo the last term the action (268) is the conventional D = 11 supergravity action written
in the same notation as in the original paper except for the coefficient in front of the Einstein-
Hilbert term, the first term in (268) and (269), and the coefficient in the definition of the spin
connection. To write the Einstein—Hilbert term and the gravitino kinetic term of the action in
the differential form notation it is convenient to introduce a form dual to the wedge product of
the vielbeine .

Edl...dn = m6d1&2...d11Edn+l VANRIEWAN EA’&H. (270)
—nj:

Other building blocks of the action are the covariant derivative of the gravitino field

T = dX™P8 (271)
T & 2a A =B ~& 1. abya
DY = dv® — B/\\IJ, wézzwai)(g )B’ (272)
the bilinear fermionic terms
~ 12 o A ~ ) A ~ A
oW = —7A GOANTY, O = i\l} NGO AT, (273)
the supercovariant connection & determined by dE® — E° A d}i)& = g‘\f/gd A,
2 ~ 7 =5 g
Winah = Winap T g‘y (Gonabip) V" (274)
and the field strength R )
FW = gA®) (275)

of the three—form gauge field A®.

The last term of (268) and the corresponding terms in (269) encode the information on duality
relations between A®) and a sixform gauge field fl(@, which can be derived directly from the
action (268), and contains the following (anti-)dual combinations of the field strengths

FO = (FO W) (M L oMy (276)
FO = FO 460 _y(FW - W) = 3 FW (277)

where
PO — gA®) & A®) A p&), (278)
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This part of the actions is constructed with the use of the space-like unit vector 0,5 composed
of derivatives of the PST scalar a(x) and i, F™ is the inner product of ¢ with 7™ (n = 4,7)

A 1 . 1 .
: 1(n) _ Mn_1 m1 ~ Anm — An—1 a1 Aa
oF ) = X A X Foo. o= A AEM GIFD

(279)

We should also point out that the duality-—symmetric version of D = 11 supergravity has the
following structure
S = Sgg + Sy + 54, (280)

where Sgg is the Einstein-Hilbert term, Sy, is the fermion kinetic term and S; is a specific term
of the form which contains the information on the duality relations. In fact, looking ahead, we can
claim that modulo quartic fermion terms which can not be included by the supercovariantization
of the gauge field strengths any duality-symmetric supergravity can be presented in the form
of the action containing the Einstein—Hilbert term, kinetic terms of the fermionic fields and a
specific construction.

To conclude this section let us recall that in the conventional Cremmer—Julia—Scherk formu-
lation of D = 11 supergravity

N n 1 . 1. .
SC’JS = / |:Ra1a2 A z:fufzz + %‘IJ A ID[§<(IJ + («D)] ga1a2a3 A Emazas + 2F( ) VAN *F(4):|
_/ [%@(7) LACWY A (BW 4 (PO _ Gy 4 %A(a) AE® A p(ﬂ (281)
M1l

the duality conditions arise as a solution of the second order equation of motion of A®

~

d (HED = CO) — AW p O - CO) =0 (282)

The previous equation implies that the differential form under the external differential is closed,
hence in space-time with trivial topology its solution is an exact form dA®)

A N ~ N

§(FW - 0W)y — A® A pO _ 00 = gA©) (283)

The solution of the total action is

An s A 7 2 1 AN A A A s A
S = " [Ram A Bayay + 5\1/ A D[g@ + @) WG 2% A X anas

_/ B(@m FRCWY A (BD 4 (B — GWY) — %ﬁ(@ ASE® 4 é,@( ) A @ A )

Mll
+/ Lo AEW = 6@y p i, 70— Lo p (PO 4 60y 64, 70 4 Lo A p)

i |2 2 6

14 A

——O<4> ANFT §C FW (284)

The general variation of the last term in the previous equation is

—_

cSSA:/ {56/\@/\@',3]3“(4)/\%]3(7)) (0N FNYNG(FED —COY 4 Z(FO 4 COYAS(FW —CW)
Mll

[\
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45



Lsiew A poy _ Lsiem A p
25(6’ A F) 25(0 ANEF) .

The 11-dimensional theory generated considerable excitement as the first potential candidate
for the theory of everything. The action and boundary conditions provide a supersymmetric
theory which is a natural candidate for the a low energy limit of M-theory. Our understanding
of M-theory is still very limited, mainly due to the lack of powerful methods to probe it at the
quantum level. One approach to encoding information about M-theory is through its low energy
effective field theory.

10 Conclusion

The main purpose of this publication was to investigate the consistent supergravity theories. We
have shown how general gauge theories with axionic shift symmetries, generalized Chern-Simons
terms and quantum anomalies can be formulated in a way that is covariant with respect to
electric-magnetic duality transformations. We performed our analysis first in rigid supersymme-
try. Using superconformal techniques, we could then show that only one cancellation had to be
checked to extend the results to supergravity. It turns out that the Chern-Simons term does not
need any gravitino corrections and can thus be added as such to the matter-coupled supergravity
actions. Our paper provides thus an extension to the general framework of coupled chiral and vec-
tor multiplets in N = 1 supergravity. We have completed the coupling of (1, 0) six-dimensional
supergravity to tensor and vector multiplets. The coupling to tensor multiplets is of a more con-
ventional nature, and parallels similar constructions in other supergravity models. Our work is
here confined to the field equations, but a lagrangian formulation of the (anti)self-dual two-forms
is now possible, following the proposal of Pasti, Sorokin and Tonin and indeed, results to this ef-
fect have been presented in a superspace formulation. The Yang-Mills currents are not conserved,
and the consistent residual gauge anomaly is accompanied by a corresponding anomaly in the
supersymmetry current. In completing these results to all orders in the fermi fields, we have come
to terms with another peculiar feature of anomalies, neatly displayed by these field equations:
anomalous divergences of gauge currents are typically accompanied by corresponding anomalies
in current commutators. We have shown that cancellation of gravitational, gauge, and mixed
anomalies gives a sufficient constraint on six-dimensional supersymmetric theories of gravity with
gauge and matter fields that in some cases all models consistent with anomaly cancellation admit
a realization through string theory. We have ruled out a number of infinite families of models
which satisfy anomaly factorization, so that the gap is rather small between the set of known
6D models satisfying anomaly cancellation and the set of models realized through string com-
pactification. We have conjectured that all consistent 6D supergravity theories with Lagrangian
descriptions can be realized in string theory, and that this set of models can be identified from
low-energy considerations. All N = (1,0) supersymmetric theories in 6D with one gravity and
one tensor multiplet which are free of anomalies or other quantum inconsistencies admit a string
construction. It would also be interesting to formulate the matter coupled anomaly-free super-
gravity theories in six dimensions such that the classically gauge invariant and supersymmetric
part of the action is identified and the anomaly corrections are determined by means of the
anomaly equations. We conduct a systematic search for anomaly-free six-dimensional N = 1
chiral supergravity theories. Under a certain set of restrictions on the allowed gauge groups and
the representations of the hypermultiplets, we present possible Poincaré and gauged supergravi-
ties with one tensor multiplet satisfying the 6D anomaly cancellation criteria. In six dimensions,
cancellation of gauge, gravitational, and mixed anomalies strongly constrains the set of quantum
field theories which can be coupled consistently to gravity. Anomaly cancellation has turned
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out to be a crucial guiding principle for the identification of consistent D = 6 theories for the
same reason as in the D = 10 case. The D = 6 anomaly cancellation conditions are weaker
than those in D = 10, they are still very stringent, especially in the case of gauged supergravity
theories. The corrections to the equations of motion determined here by anomaly considerations
are only those which originate from the Green-Schwarz anomaly cancelling local counterterms.
To obtain the fully consistent equations of motion at the quantum level one must also take into
account the non-local corrections to the one loop effective action. This raises the question of
which equations of motion are to be solved in search of special solutions of the theory. Con-
structing a consistent quantum theory of gravity has proven to be substantially more difficult
than identifying a quantum theory describing the other forces in nature. Even if it is known that
consistent superstring theories can be formulated in six dimensions and that six-dimensional su-
pergravity can arise as their low-energy limit, this is not the only reason for investigating D =
6 supergravity. In fact, while supergravities in D = 10 and D = 11 spacetime dimensions are
of direct interest as backgrounds for strings, membranes and M-theory, one frequently performs
compactifications down to D = 6 to clarify relations among these theories, which are hidden in
their ten or eleven-dimensional formulations. Supergravity theories in diverse dimensions play
nowadays an important role as low-energy effective field theories of superstring and membrane
theories. Supergravity theories have been extensively studied in four dimensions, of course be-
cause of their direct physical relevance, and in ten and eleven dimensions of their fundamental
features. FExplicit knowledge of this set of theories gives us a powerful tool for exploring the
connection between string theory and low-energy physics. The anomalies are the key to a deeper
research and understanding of gauged supergravity. We hope to have conveyed the idea that
anomalies play an important role in supergravity and their cancellation has been and still is
a valuable guide for constructing consistent quantum supergravity theories. The treatment of
anomalies makes fascinating contacts with several branches of modern theoretical physics.
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