On the Riemann Hypothesis
Abdelkrim ben Mohamed
Abstract

In this working paper | try to prove the Riemann hypothesis

k+1
let { the zeta function and 7 the diriklet function Vs € C with Re(s) > 0 n(s) = Yk= {m%

We know that Vs € C with Re(s) >0 (1—2379)¢(s) =n(s)
Lets = a + ib a complex number witha,b E R;0<a <1,b # 0 suchthat{(s) =0

We have also {((1—5s) =0

2kmi

So n(s) =0 (becauses # 1 i ,k€z)andalso n(1—s)=0,n(5) =0andn(1—-35)=0

400 x(5~1) +00 x( +00 x( )
Since n(s) = r(s) —-7 = Owehave [j =0 andalso [ —=
¢ +00 e(i s)t
an integration by substitution(x = e*) gives f =0and alsof rawe 0
Let the complex function f Vz € C f(z) = f is meromorphic and poles of f are :

Zi g = In(|12k + 1|m) + sgn(2k + 1)i§ + i2k'm k,k' € z where sgn(2k + 1) is the sign of (2k + 1)
Zego = In(k + D) iz +i2k't kENK €z

See that Re(zy x, ) is strictly positive

Letn,m € N*and ¢ € Rwith0 < ¢ <% and A€ R,A= A4, =In((2n + &)m)

Let K(nm) the compact set in C (the rectangle)

Kpm ={x+iy,x,y€ER —m<x<A,and 0 <y < 2x}

Poles of fin Ky, m) are

zy = In((2k + D) + ig and z'y = In((2k + D) + i%n 0<k<(n-1)

(see the graph below)

The residu formula gives

Boscmy @)z = 215 Res(f,z) + £ Res(£,2'1)
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§, f@)dz+§, [(2)dz+§, f(2)dz+§, f(2)dz = 2mi(T%," Res(f,zi) + Bl Res(f, 2'1))

A 21 eS(Lt+A) A es(t+2ni) L 2T es(it—m)
f meet dt +1i f Y dt — f_mee(t+zm)+1 dt — lfo et dt

= 2mi(E"D Res(f, zi) + L0V Res(f, 2'4))

s(it+A) sit

527” 2T e . —sm 21 e
(1- )fmeer dt +1i f; —ee(lHA)_l_ldt—le Jy —ee(if—m)+1dt (2)

= 2mi(X Y Res(f, zi) + 0V Res(f, 2'1))

eSlE

—sm J'ZT[ i
eett=m 4 q

Let’s calculate lim e dt

m-—+oo

V z € Cwith|z| <1 |e* + 1| # 0 so the functionz — |e# + 1| has aminima p > 0 On the cmopact
{z € Cwith |z]| < 1}

SoVzeCwithl|z|<1l|e?+1|=2p

vmeN* vVt e [02n] |e®™|=et™ <1 so ec™™ 11| > p
N eSit e~ bt
Sovm € N* vt € [0,2m] m| ==
. 2T _p , - 2 eSit
Sincef;" e ™"*du < o So lim e S mdt =0

When m tends to+oo the equation (1) becomes

es(it+A)

i\ A et . (2 . - -
(1—es?™) f_we;ﬁdt +1i nmdt = Zm(Z,(cnzol) Res(f,z;) + Z,(cnzol) Res(f,z'y))

St

esSt +o0 e
=0 we have dt = —
f ® et yq Ja et +1

dt

. +o0o e
Since [__ i

© s(it+A)
~(1- szm)f+ e —dt+i fzne:(lTA)dt = 2mi(T0Y Res(f, zi) + Lo Res(f, 2'1))

Let’s calculate Z(kz_ol) Res(f, z)

Szk ek (s-Dzx — _ (-1 ln((2k+1)n’)+i£ _ . (s-1) (s—DiZ 1
e’k (—1xe’k —€ ‘ € ( 2) = € ’ (2k+1)(1~9)

Res(f,zy) =

(n 1)Res(f 7)) = S N C 1)iZ Z}({n—ol) (2k+11)(1_s)

By the same we have

(n—1) — ( 1)— (n-1) 1
Sio” Res(f,2) = —mt VeV Y o

So

+o0 €S 2m eS(t+A) . (s—1)iZ (s-1)i2Z «(n-1) 1
_(1 sZm)f dt +i f —ee(l“'A) dt = —ZLT[S(e STV e TV )Zk=o m

2 +00 e 2mr eS(t+A) _ , . sift . siSE (n-1) 1
—(1-e® ’”)f dt+ Js mdt——Zlﬂ's(—le 2 +ie” 2) Yo, FeTEReEn)



27 eS(lt+A)

1

2 +oo e _ siZ sioZ (n—-1)
_(1 e’ m)f dt +i f G dt = —2m(e"2 —e" 2) Yy (2k+1) -9

(2)

2T es(it+A) T eS(lt+A) 2T es(it+A) T eS(lt+A) T es(i(t+n)+A)
f Gt+A) = f Selt+A) dt f (it+A4) = f SeGt+A) dt f GE+m+A) dt
0 ee +1 T ee +1 0 ge +1
1 eS(t+A) - es(it+in+A) 1 eS(t+A) 1 eS(it+im+A) pelit+4)
= f SeW+ A dt + fo e_e(it+A)+ = f QoG+ A dt + fo e+ A) dt
T es(it+A) T s(it+im+A) T es(it+i7t+A)
= fo Lol A dt + fo e dt — fo oGt dt
s(it+A) es(it+irz+A) s(it+A)

— (T _ (e T 1 s(it+in+A) 1T _ _sim) (T_€
= fo Y dt fo e+ A dt + e [e ]0 = (1 e )fg ee(it+A)+1d

sit. T s(it+A)
_sim, 5 z e 1 sa(,si2m _ sim
—(1 e )2 _"—ze(it+A)+1dt+sie (e e )
2

So equality (2) becomes

s(lt+A)

_(1 szm) f+°° e’ dt+l(1 sm)e 2 fn o dt+§€SA(eSi2T[—

s, sif sitE o(n-1) 1
=-2m°(e’2 —e”2) X)L, D

es(it+4)

+°° e’ 2 1 sA
dt+lf Wdt—;e 62

(1 + es’”)e 2

(n-1) 1
_27TS Zk:() (2k+1)(1—5)

t+ i'(es(i21r+A) _ es(i1'[+A))
si

esin)

eSlt

g esit esit i eSit
- = (- 2
fT ie(it+4) | dt ane(eA(—sin t+icost)) 41 dt + fO eleA(=sint+icos) 41 dt
i (-sit) T _sit (eA(sin t—icos t))
e e e
= [2——0— dt + [2—= dt
0 (eA(sint+icost)) eled(sint=icost)) 11
T (-sit) T sit T .
e e
= |2 — |2 2 pSIit
fo e(eA(Sinf+iCOSf))+1 dt fO e(eA(sint—icost))+1 dt + fO e’"dt
(—sit) eSit sim
e 1 2=
= |2 — |2 — 2 —
f e(eA(sm t+icost)) dt f A(smt icos t)) 1 dt + si (e 1)
So equality (3) becomes
sTi +°° e sA — SA (3
— 2 — i 2
(1+e )e 2 dt +ie™ | (eA(sint+icost))+1 dt — ie fo

_ (n-1) 1
= —27'[S Zk:o (2k+1)(1‘5)

+oo e’ e(=sit)

A+ ies4 fz

e

eA(sin t—icost)
el )

sit

+1

(3)

: SA
dt+£( 2 —1)
Sl

—(1+ es’”)e 2 dt —ies4 f(?

eet 4+ eled(sint+icost)) 11

- _ (n—1) 1
= 27Ts Zk=0 (2k+1)(1—s)

(eA (sint—icos t))

+1

1
dt —-es4
S

__esAe >
s



We multiply by e 3=94 we get

T —sit T sit

_ STi (3-s5)A [t®_e° 5 e (3 e 1 .34

(1 +e )e 2 e fA eet 4+ dt+ le f (eA(smt+Lcost))+1 dt fo e(eA(sint—icost))+1dt Se

— _95,(3-5)Ayn-1) 1

me Zie=0 (2k+1)(1-9)
+o0o0 St
Let’s calculate lim eG4 [ —
n-+o e +1

|f+oo est |< +oo est t_f+oo et dt < +ooeafdt< 1 f+oo et dt 11 % 1

A eelyq eet 41 A eetyq T T JA et —e(%eA) A e(%et) eet e(%et) e(%et)

st B-a)A at
3-5)A (t>® e e +o00 e
So |e< 4 [ eet+1dt| S I oy dt
e\z e\2
+o00 St
Clearly lim eG4 [ dt =0
n-+oo +1

SO
_9.5,(3-5)Ay(n-1) 1

2me Zie=o (2k+1)A-9)

34 z esit L3 eSit "y

= 1 | 2 — 7 (2 _ =

€ (l 0 e(eA(sint+icost))+1dt lfO (eA(sint—icost))+1dt) s +o(1) (4)

—i T .
e~sit it it

T sit T
34 2 _ i (37 e — 34(: (2 e _ (3 e
€ ( f 0 o(eA(sint+icost)) g dt — 1 fO e(eA(sin t—icos t))+1 dt) € (l J-0 e(eA(sint+icost) 11 dt — i J-0 e(eA(sin t—icost))+1 de

T —2it_ it r 2it _ it 2 m Ll 2436 9)¢2
. = (s—1)(e ?H-e . (s—1)(e?t-e = (( s?+3s-2))t , o F(—8°+3s-2)t
afyzloDe e ) gy gz (oDl —e) g, f " dt —i[z7—2 " dt
0 o(eA(sint+icost)) 0 e(e (smt—tcost))_l_l ef(sint+icost)) 41 0 e(e (gmt_lcogt))_l_l
72re‘S“—e‘it—(s—1)(e'2it—e‘“)—%(—sz+3s—2)t2 2eS“—e‘t—(s 1)(e2‘t—e‘t) —( s243s5— 2)t2d
f e(eA(sint+icos )41 f e( eA(sint—icos t))+1 t
lemma :
34 t3 _ t3 _
nl_l)I_POO e f e(eA(sm t+icost)) +1| dt =0and nl_l}_POO e eA(smt icos t))+1| dt =0
proof
3Af t3 |d t3 d 34 f% t3 d
t=e | t+e — | t
e(eA(sm t+icost)) 4 q eA(sm t+icost)) 4 q % e(eA(sm t+icost)) 11

T £3 T T

t 2 > t 2 t
eeA(sin t+icost)+1| dt < fg |e(eA(sin t+icost))+1| dt < f% |e(eA(sint+icost))|_1 dt < fg e(eAsint)_l dt

T

2
b4
4

T
JZt3de

1
=TE
2 4
e -1
3A fﬂ

4 3.3
<ﬁ_e,4> JZt3dt
e\ 2 /-1t

|dt—0

|dtS

(eA(sm t+icost)) 4 q

t3
eleA(sint+icost)) 4 1

So lim e34 f,,
n—-+oo




T b4

= t3 = t3 (arcsm w)3 1
4 4 —_— 2
fO e(eA(sint+icost))+1| dt < 0 |e(eA(sint+icost))|_1 dt < f eeAsmt 1 f e(edu)_4 X 1—u? du

By substitution (t = arcsin(u))

WS\E SO

We have Vu € [O, \/2—7]

T

fZ

|dt < \/_fz (arcsm w))? du

eledu)_4

(eA (sint+icost)) 41

The taylor formula with gives

V2 . _ . 1
Vu € [0, 7] arcsin(u) = arcsin(0) + u X NE=ehE where &, € 10, u]

So Yu € [0, \/2—7] arcsin(u) < uv/2 <+2)

(because \/%&)2

So Vu € [ ](arcsm w)3 < 2v2ud

s \/E 3
s t —44 —44 [T
So f04 e(eA(Sint+imt))+1| dt < 4f NE Au) du = 4e” f 2 Sdv<4e fo o av
(By substitution e4u = v)
S 34 (5 t3 dt < 4e-4 +°°V3d
ce fO e(eA(sint+icost))+1| t<4de fo ev—1 v
Si f+ li a dt=20
Ince 0 n—1>moo € A(sin t+icost)) 4 q -

t3
e(eA (sint+icost)) 41

So lim e3Af
n—-+oo

|dt—0

t3
e(eA(sint-icost)) 4 4

We deduce that _lim e34 [

n—+oo

|dt—0

T e‘Slt—e‘it—(s—1)(e‘Zit—e‘it)—%(—52+3s—2)lf2

34 (3 _
Let's prove that lim e JZ AT D) dt = 0and
T eSit_git_(g—1)(e2it—glt ——( 52+4+35-2)t?
lim e34 f2 A( ) dt=0
n—-+oo e( (sint— lcost))+1

The taylor formula with integral gives
IMeER*VtE [0%] |e‘5it —e it —(s—1)(e7?t —7lt) —%(—52 +3s — 2)t2| < Mt3

T

<M|J:

T e—Slt_e—it_(s_1)(e—2it_e—it)_%(_52+3s_2)t2

t3
2
f e(ed(sint+icost) 11

eledGsint+icost) 11

So dt

|w

T ,=Sit_ ,—it_(c_ —2it_ —it\_1,_ .2 _ 2 b4
3A f;e e (s 1?4(6. .e )—5(=s?+3s-2)t dtl < Me34 f; _ t3' |dt
0 eled@sint+icost)) 41 0 |g(eA(sint+icost)) 41
TSt _g=it_(s—1)(e~2it—e~it) 1 (—s24+35-2)t2
Using the lemma we get llm e’ [z e(eA(SinHiwst))+21 dt| =0

I gt it (s1)(e =t~ it)L(~s?435-2)¢?
34 2
So lim e f 2 (eA(sint+icost)) dt

n-+oo € 1

I
o




nestt_eit_(s_l) e2it_oit —1(—SZ+3S—2)t2
By the same we get _lim e’ [z ( )=

I
o

e(eA(sin t—icos t)) 1

We deduce that

elt

e—Sit . L eSit 34 (- T e-it . T
2 j— 2 — 2 — 2
e ( f e(eA(sm t+icos t))+1 dt l fO e(eA(sin t—icos t))+1 dt) e l fO e(eA(sin t+icos t))_+_1 dt l fO e(eA(sin t—icos t))+1 dt

T i i T ; 2 o 1 2 2
Al > (s—1)(e %—eit) 5 (sm1)(ePit-elh - (( s2+3s5-2))t (g g(TsTH3s=2t
(l foz e(eA(Sint"'iCOS t))+1 dt L fOZ A(smt icos t)) 1 dt f e(eA(sm t+icos t))_+_1 dt l fOZ e(eA(sin t—icos t))+1 dt
+o(1) (5)
We deduce from equality (4)
T t T it
o5 (3-s)4 y(n-1) 1 34 5 et a5 e
2me Zk 0 (2k+1)(1—5) =e lfO (eA(smt+1cost))+1 dt lfoz e(eA(sint—icost))+1 dt

T —2it_ ,—it 2it _ it +3s-2))t2 Tl s2435-2)¢t2
A(if2 o )dt—lfz e e dt)+e3A< fz Gstiss2) de — i fp-2 2 dt>
e

0 o(eA(sint+icos t)) A(smt icos t)) e(eA(sint+icost)) 4 ¢ (eA(sin t—icos t))_'_1

+0(1)

qz
Let the complex function h  Vz € C h(z) = e§z+1

q € N*
The residu formula on K, ) gives

(it+A) 2 qit
q2mi 2 ef i —sm [2m__e
(1-e )f meef dt +i @A dt —ie™" [ @ dt

= Zm(z,((n Ol)Res(h Zx) + Z(" 1)Res(h z'1))

When m tends to+4oco we get

. 2m ed90t+4) i 2T —(n—-1) 1
£ — _ qrp49% _ ,at n - -
lfo eelt+Ad g dt 2ni(e™2 —e™ 2 )Zk=0 (2k+1)A-9)

By the same as above we have

— it+A
T ealit+A)

1 ain n-1 1
__nmdt —Eque 2 = —2m1 Z( )
S e

k=0 (2k+1)1-®

eq(it+A) (n-1) 1 qm
= — q - - A
lf n A dt =-2m1%,", DD + e

e—qit

34 fz edit
eA(sint+icost
0 e( ( ))+1

s
. z 1
dt —ie34 [2 dt—ae“
e

(eA(sin t—icos t)) 1

- - (n-1) 1
= —279eB-DA anzo TTED

r e—qit L edit

3A(; (2 I )
€ (l fO e(eA(sin t+icos t))+1 dt L fO e(eA(sin t—icos t))+1 dt)

= —ane(3_q)A Z(n 1) 1

k=0 (2k+1)(1 q)+ e (6)



. .
e —it ett

’ 2 —i(z
Let’s calculate e ( f e(eA(smt+lcost))+1 dt l fO e(eA(sin t—icost))+1 dt)

Using equality (6) for g = 1 we get

et 24 34 24 34
2 2 - _ —- _ _
e3 ( f e(eA(smmwst))H lf A(smt lcost)) dt) 2me*in +e me?d(2n+e—¢)+e
= —me?A(2n+ &) + mee? + 34 = —e34 + ee?4 + 234 = mee?4

e~it T elt
So e3 ( 2 dt—i[? —— dt) = ree?4
f e(eA(sint+icost)) 41 fO e( _ )+1

eA(sint—icost)

—2it_ ,—it
(e )

e(eA(sint+icost)) 4 ¢

di — lﬁ (ezit_eir)

™
) 34(;: (3
Let’s calculate e (l J; ¢ (wmeicoso), dt)

Using equality (6) for ¢ = 2 we get

3a(: (> e~2it o et
5 —_i(2
e (l fo e(eA(Sint+iCOSt))+1 dt l fO e(eA(sin t—icos t))+1 dt)
_ 1
= —2n2et RV (2k + 1) + €34
34

1
= —2m%e4n? + Se

So

Al (5 (e72it—eTit d (e?it-elt d 2m2eAn? 4 1,34 24
i (2 —i(z - _ 2 —
(l fO e(eA(sintHcost)) t lf A(smt lcost)) " t) mfe nt + 2€ nee

= %e“(—4n2n2 + e?4 —2meed ) = —%e“‘ (—4n2n2 +(@2n+ e)n)z —2me(2n + e)n)

= %e“nz(—émz +(@2n+¢e)?-2e(2n+¢)) = %e“nz(—élnz +4n? + den + €% — 4en — 2%) = —%nzsze“‘

s t?2 ,
By the same we can calculate e34 (l J2 e —i fz dt) we find
e

t+icos t))+1 eA(smt icos t))

i 2 s 2
e34 (l : dt —i [z : ) dt) = C + o(1) where C is constante depending only on &

0 (eA(sm t+icost)) 4 q e(eA(sin t—icost) 1
(By using the equation (5) wich is also true for g € N* we can take for example g = 3 there is a lot of calculus )
So equality (5) becomes

T .
Sit eSlf

34 e i (z _ 24 _ Y, 2.2,A, 1, 2 _
e (fze(eA(smeost))Hdt lfoze(EA(sint_icost))Hdt)—nse (s —Dre®e’ + 2 (=s* +3s - 2)C + o(1)

Thus equality (4) gives

_9.5,(3-5)4y(n-1) 1
2me Zie=o (2k+1)-)

= mee?4 —%(s — 1m2e2e4 +%(—s2 +3s—2)C — le:"’A +0(1)

2rSse(B3—9A Z(n 1) 1

— —  _—e34A_ 24 L Yoo 2.2,A 1 o2 _
k=0 Grrnas — € mese +Zs(s 1)m“e“e +Zs(s 354+ 2)C +o(1)



Let C'(s) = %s(s2 —3s+2)C so

2rSse(3—9)A Z(n_l) 1

— 34 _ 24 4 1 _ 2.2,A '
k=0 Grinas = € mese +Zs(s Dr“ece® + C'(s) + o(1)

(3—5) (n—]_) 1
27‘[55((27’1 + E)TI.’) Zk:() m

=(C2n+ s)n)3 —mes((2n + s)n)z + %s(s —Dr2e?22n+e)m+ C'(s) + o(1)

2s(2n + &)= Z,(g;_ol)m =02n+e)3 —es(2n+e)?+ %s(s —1De?2@2n+e)+C'(s) +o(1) (7)

We have also

(n-1) 1
25 Xre=o (2k+1)1-9)

=(Q2n+e) —es@n+e) D+ %s(s —1De22n+ ) D + C'(s)2n+ )63 +o((2n + )67I)  (8)



