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An ion trap quantum computer is simulated with an exponential speed-up using the Stroboscopic
Exponentiation Algorithm (SEA).

I. PREFACE

Richard Feynman postulated the principle of quantum
supremacy : quantum computers possess an innate com-
puting advantage over classical computers [1].

A. Ion Trap Quantum Computing

Ion trap quantum computers (Figure 1) were proposed
by Ignacio Cirac and Peter Zoller in May 1995 [2].

Ion trap quantum computers were experimentally
demonstrated by Christopher Monroe et al. in Decem-
ber 1995 [3].

Ion trap quantum computers are the primary market
competitors for transmon quantum computers [4–89].

1. Ion Trapping

An ion trap confines charged atoms to a spatial region
using time-dependent electromagnetic fields [90–114].

2. Quantum Operations

Atomic qubits are pairs of electronic states associated
with each ion (Figure 2) [115].

Lasers can induce transitions between the electronic
states [116–143].

II. ION TRAP QUANTUM COMPUTERS

The Hamiltonian [144, 145] for an ion trap quantum
computer is derived from quantum theory.

A. Ion Trap Hamiltonian

1. Ionic Hamiltonian

The ion trap parameters are the following:
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FIG. 1: An ion trap quantum computer is composed of ions
(black) confined using electromagnetic fields (rainbow). The

electronic states are manipulated using lasers (purple).

FIG. 2: An atomic qubit is composed of a spin-down (left)
and spin-up (right) electronic state.

Atomic Number : Z (II.1)

Ion Charge: Qe (II.2)

Ion Mass: M (II.3)

Number of Ions: N (II.4)

a. Kinetic Interactions

The ionic kinetic energy operator is the following [146]:

K̂ion = − 1

2M

N∑
i=1

~̂∇2
i (II.5)
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b. Ionic Interactions

The ionic electrostatic operator is the following [147]:

V̂
(ion)
elec =

(Qe)2

8π

N∑
i,j=1
i6=j

1∣∣ ~̂xi − ~̂xj ∣∣ (II.6)

c. Trapping Potential

The trap electric field is the following [91]:

~Etrap(~x, t) = ~Estatic(~x) + ~Edynamic(~x) cos (Ωr t) (II.7)

The trap scalar potential is the following [148]:

φtrap(~x, t) ≈ −
∫ ~x

~xr

~Etrap(~x
′
, t) · d~l′ (II.8)

The trapping operator is the following:

V̂trap(t) = Qe

N∑
i=1

φ̂trap(~xi, t) (II.9)

Over a timescale ttrap � 1/Ωr , the trapping operator
can be approximated by a confining operator [149–151]:

V̂trap(t) ∼ V̂confine (II.10)

d. Ion-Laser Interaction

The laser electric field is the following:

~E laser(~x, t) = ~E0(~x) e
i
(
~k · ~x− ωt

)
(II.11)

The laser magnetic vector potential is given by the fol-
lowing [152]:1

~∇2 ~A laser(~x, t) = −∂
~E laser(~x, t)

∂t
(II.12)

The laser magnetic field is the following:

~B laser(~x, t) = ~∇ × ~A laser(~x, t) (II.13)

1 This relation holds in the Coulomb gauge: ~∇ · ~A = 0.

The laser scalar potential is the following:

φ laser(~x, t) = −
∫ ~x

~xr

[
~Elaser(~x

′
, t) +

∂ ~A laser(~x
′
, t)

∂t

]
· d~l ′

(II.14)

The ionic laser operator is the following:

V̂
(ion)
laser (t) =

N∑
i=1

iQe

2M

(
~̂Alaser(~xi, t) + h.c.

)
· ~̂∇i

+
(Qe)2

8M

(
~̂Alaser(~xi, t) + h.c.

)2

(II.15)

+
Qe

2

(
φ̂ laser(~xi, t) + h.c.

)
e. Ionic Hamiltonian

The ionic Hamiltonian is the following:

Ĥion(t) = K̂ion + V̂
(ion)
elec + V̂confine + V̂

(ion)
laser (t) (II.16)

2. Electronic Hamiltonian

a. Electron Number

The number of electrons in the trap is the following:

Ne = N (Z −Q) (II.17)

b. Kinetic Term

The electronic kinetic energy operator is the following:

K̂e = − 1

2me

Ne∑
r=1

~̂∇2
r (II.18)

c. Atomic Well

The atomic well operator is the following:

V̂atom = −Ze
2

4π

N∑
i=1

Ne∑
r=1

1∣∣∣ ~̂xi − ~̂yr ∣∣∣ (II.19)
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d. Electronic Interactions

The electronic electrostatic operator is the following:

V̂
(e)
elec =

e2

8π

Ne∑
r,s=1
r 6=s

1∣∣ ~̂yr − ~̂ys ∣∣ (II.20)

e. Electron-Laser Interactions

The electronic laser operator is the following [153]:

V̂
(e)
laser(t) =

Ne∑
r=1

e

2ime

(
~̂Alaser(~yr, t) + h.c.

)
· ~̂∇r

+
e2

8me

(
~̂Alaser(~yr, t) + h.c.

)2

+
e

4me
~̂σ

(s)
r ·

(
~̂Blaser(~yr, t) + h.c.

)
− e

2

(
φ̂ laser(~yr, t) + h.c.

)
f. Electronic Hamiltonian

The electronic Hamiltonian is the following:

Ĥelectron(t) = K̂e + V̂atom + V̂
(e)
elec + V̂

(e)
laser(t) (II.21)

3. Qubit Hamiltonian

a. Qubit States

The atomic orbital Hamiltonian for a single ion at ~x is
the following [154]:

Ĥ
(~x)
orbital =

Ne/N∑
r=1

~̂p
2
r

2me
− Ze

2

4π
∣∣∣ ~x− ~̂yr ∣∣∣ (II.22)

The atomic orbital Hamiltonian’s eigenstates form a
complete basis centered at ~x:

Ĥ
(~x)
orbital |αorbital(~x)

′〉 = λ
(~x)
α |αorbital(~x)

′〉 (II.23)

The qubit states are the following (Figure 2):

∣∣∣ψ(↑)
q (~x)

〉
=
∑
α

c
(↑)
α |αorbital(~x)

′〉 (II.24)∣∣∣ψ(↓)
q (~x)

〉
=
∑
α

c
(↓)
α |αorbital(~x)

′〉 (II.25)

FIG. 3: The spin-down (left panel) and spin-up (right panel)
qubit states vary with the ion position.

b. Passenger-Qubit Hilbert Space

The passenger-qubit Hilbert space at ~x is spanned by
two states:

Hq(~x) = span

{
|~x〉 ⊗

∣∣∣ψ(↑)
q (~x)

〉
, |~x〉 ⊗

∣∣∣ψ(↓)
q (~x)

〉 }
(II.26)

In the passenger-qubit construction, the qubit states
co-move with the ion (Figure 3).

c. Passenger-Qubit Basis States

In the multi-ion case, the passenger-qubit basis states
are the following:

∣∣∣{~x′i}, ~α〉 = |~x1〉 |~x2〉 · · · |~xN 〉

⊗
∣∣∣ψ(α1)
q (~x1)

〉 ∣∣∣ψ(α2)
q (~x2)

〉
· · ·
∣∣∣ψ(αN )
q (~xN )

〉
(II.27)

d. Qubit Operators

Qubit operators are projections [155] of the electronic
Hamiltonian into the passenger-qubit Hilbert space:2

P̂
(
{~xi}, t

)
=
∑
~α,~β

〈
{~xi}, ~α

∣∣∣ Ĥelectron(t)
∣∣∣{~xi}, ~β 〉

∣∣∣{~x′i}, ~α〉〈{~xi}, ~β ∣∣∣ (II.28)

e. Pauli Decomposition

The generalized Pauli operators are the following [158,
159]:

Σ̂(~p ) = σ̂p1 ⊗ σ̂p2 ⊗ · · · σ̂pN (II.29)

pi ∈ { 0, 1, 2, 3 } (II.30)

2 To avoid an effective Hamiltonian description [156], a passenger-
qudit Hilbert space is required for hyperfine qubits [157].
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The qubit operators are decomposed in the generalized
Pauli basis [160]:

P̂
(
{~xi}, t

)
=
∑
~p

K(~p, t) Σ̂(~p ) (II.31)

f. Qubit Hamiltonian

The qubit Hamiltonian is the following:

Ĥqubit(t) =

(
N∏
i=1

∫
d3xi

)
P̂
(
{~xi}, t

)
(II.32)

4. Ion Trap Hamiltonian

The ion trap Hamiltonian is the following:

Ĥion trap(t) = Ĥion(t) + Ĥqubit(t) (II.33)

B. Vibrational Expansion

The vibrational expansion [161, 162] approximates the
near-equilibrium ion trap dynamics by collective oscilla-
tory motion (Figure 4).

1. V ibrational Expansion

a. Total Ionic Potential Energy

In the absence of the laser, the ionic Hamiltonian is
expressed using the total ionic potential energy operator :

Ĥion = K̂ion + V̂
(ion)
elec + V̂confine (II.34)

= K̂ion + V̂total (II.35)

b. Ionic Component Vector

The ionic position components are the following:

~xi = {x(1)
i , x

(2)
i , x

(3)
i } (II.36)

They are used to form the ionic component vector :

~c =
{
x

(1)
1 , x

(2)
1 , x

(3)
1 ; x

(1)
2 , x

(2)
2 , x

(3)
2 ; · · · ; x

(1)
N , x

(2)
N , x

(3)
N

}
(II.37)

c. Component Gradient

The component gradient is the gradient with respect
to the ionic component vector:

~∇comp =

3N∑
k=1

ĉk
∂

∂ck
(II.38)

d. Critical Point

A critical point of the total ionic potential energy oc-
curs at ~c0:

~∇compVtotal(~c )

∣∣∣∣∣
~c = ~c0

= ~0 (II.39)

The vibrational expansion is made by expanding the
total ionic potential energy around ~c0:

Vtotal(~c )

=

∞∑
n=0

1

n!

(
~∇comp

)n
⊗outer

Vtotal(~c )

∣∣∣∣∣
~c = ~c0

·
(
~c− ~c0

)n
⊗outer

(II.40)

=

∞∑
n=0

1

n!

(
~∇comp

)n
⊗outer

Vtotal(~c )

∣∣∣∣∣
~c = ~c0

·
(
~∆c
)n
⊗outer

(II.41)

=

∞∑
n=0

Vn(~c ) (II.42)

e. Potential Hessian Matrix

The second-order contribution to the vibrational ex-
pansion is expressed as a matrix equation:

V2(~c ) = (~∆c)
T
Â (~∆c) (II.43)

=

3N∑
m,n=1

(∆c)m Âm,n (∆c)n (II.44)

The potential Hessian matrix is the following [92]:

Âa,b =
1

2

∂

∂ca

∂

∂cb
Vtotal(~c )

∣∣∣∣∣
~c = ~c0

(II.45)
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f. Trap Frequencies

The potential Hessian matrix is diagonalized as follows:

Â = Ô
T
D̂ Ô (II.46)

The eigenvalues of the potential Hessian matrix pro-
vide access to the trap frequencies:

D̂a,a = ω2
a (II.47)

2. Ladder Hamiltonian

a. Vibrational Mode Vector

The vibrational mode vector is the following (Figure 4):

~m =Ô ~∆c (II.48)

ma =

3N∑
b=1

Øa,b

(
cb − c0,b

)
(II.49)

b. Harmonic Interactions

The second-order contribution to the vibrational ex-
pansion is written in harmonic form:

V2(~c ) = (~∆c)
T
ÔT D̂ Ô (~∆c) (II.50)

= (~m)T D̂ (~m) (II.51)

=

3N∑
a=1

ω2
a m

2
a (II.52)

c. Component Laplacian

The component Laplacian is the following:

~∇2
comp =

3N∑
k=1

∂2

∂c2k
(II.53)

The first partial derivative is expressed in terms of the
vibrational mode vector components (Equation II.49):

∂

∂ck
=

3N∑
a=1

∂ma

∂ck

∂

∂ma
(II.54)

=

3N∑
a=1

Øa,k
∂

∂ma
(II.55)

FIG. 4: The ions oscillate collectively (red ←→ green) in the
ion trap (blue). The center-of-mass mode (left) and the

zig-zag mode (right) are shown [156].

The component Laplacian is the following:

~∇2
comp =

3N∑
k=1

3N∑
a,b=1

(
Øa,k

) (
Øb,k

) ( ∂2

∂ma ∂mb

)
(II.56)

=

3N∑
a,b=1

δa,b
∂

2

∂ma ∂mb
=

3N∑
a=1

∂
2

∂m2
a

(II.57)

d. Kinetic Interactions

The ionic kinetic energy operator is the following:

K̂ion = − 1

2M

3N∑
k=1

∂2

∂m̂2
k

(II.58)

=
1

2M

3N∑
k=1

p̂2
k (II.59)

e. Ionic Hamiltonian

The ionic Hamiltonian is the following:

Ĥion =

3N∑
k=1

p̂
2
k

2M
+ ω2

k m̂
2
k + O

(∣∣~∆c∣∣3) (II.60)

f. Mode Ladder Operators

The mode ladder operators are the following [163]:

â†k =

(
Mω2

k

2

)1/4

m̂k − i

(
1

8Mω2
k

)1/4

p̂k (II.61)

âk =

(
Mω2

k

2

)1/4

m̂k + i

(
1

8Mω2
k

)1/4

p̂k (II.62)

5
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g. Ladder Hamiltonian

The ionic Hamiltonian becomes the following, up to an
overall constant:

Ĥion =

√
2

M

3N∑
k=1

ωk

{
â†k âk

}
+ O

(∣∣~∆c∣∣3) (II.63)

The ionic Hamiltonian can be expressed in terms of
the physical trap frequencies [164]:

Ĥion =

3N∑
k=1

ω̃k

{
â†k âk

}
+ O

(∣∣~∆c∣∣3) (II.64)

C. Effective Ion Trap Hamiltonian

Effective approximations are used to tailor the ion trap
Hamiltonian for quantum computing applications [165].

1. Strong−Confinement Approximation

The strong-confinement approximation (SCA) is the
following (Figure 5):

∞∑
n=3

∣∣∣ 〈V̂(n)
〉 ∣∣∣� ∣∣∣ 〈V̂(2)

〉 ∣∣∣ (II.65)

The effective ionic Hamiltonian is as follows:

Ĥ
(eff)
ion =

3N∑
k=1

ω̃k

{
â†k âk

}
(II.66)

2. Weak−Laser Approximation

The weak-laser approximation (WLA) is as follows
(Figure 6):

∣∣∣ 〈V̂laser(t)
〉 ∣∣∣� ∣∣∣ 〈Ĥion

〉 ∣∣∣ (II.67)

The effective ion trap Hamiltonian is the following:

Ĥ
(eff)
ion trap(t) =

3N∑
k=1

ω̃k

{
â†k âk

}
+ Ĥqubit(t) (II.68)

= Ĥphonon + Ĥqubit(t) (II.69)

FIG. 5: If the ion (gray) is strongly confined, the total
potential energy (blue) can be approximated (red).

FIG. 6: If the laser (blue) is sufficiently weak, its effect on
the ionic wavefunction (left) can be neglected (right).

D. Interaction Picture Hamiltonian

1. Interaction P icture

The interaction picture leverages the effective ionic
Hamiltonian’s analytic evolution operator for faster com-
putation [166].

a. Interaction Picture Hamiltonian

The effective interaction picture Hamiltonian is the fol-
lowing:

Ĥ
(eff,I)
ion trap(t) = e

it Ĥphonon
Ĥqubit(t) e

− it Ĥphonon

(II.70)

2. Spin−Phonon Interactions

a. Phonon Passenger-Qubit Basis

The phonon passenger-qubit basis states are as follows:

|~n, ~α〉 = |n1〉 |n2〉 · · · |n3N 〉

⊗
∣∣∣ψ(α1)
q (~n)

〉 ∣∣∣ψ(α2)
q (~n)

〉
· · ·
∣∣∣ψ(αN )
q (~n)

〉
(II.71)

6
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b. Spin-Phonon Operators

The spin-phonon operators are projections of the
electronic Hamiltonian into the phonon passenger-qubit
Hilbert space:

Ŝ (t)
~n,~m,~α,~β

= |~n, ~α〉 〈~n, ~α| Ĥelectron(t) |~m, ~β〉 〈~m, ~β| (II.72)

The effective interaction picture Hamiltonian is written
explicitly:

Ĥ
(eff,I)
ion trap(t) =

∑
~n,~m,~α,~β

e
it

3N∑
k=1

ω̃k
(
nk −mk

)
Ŝ (t)
~n,~m,~α,~β

(II.73)

III. CLASSICAL QUANTUM-SIMULATION
ALGORITHMS

An algorithm is proposed to efficiently simulate ion
trap quantum computers.

A. Product-Formula Algorithms

Product-formula algorithms (PFAs) [167] are a family
of quantum-simulation algorithms [168].3

PFAs can be represented schematically in three stages:

I. Discretization: Subdivide the simulation time into
sub-regions.

II. Piece-wise Simulation: Approximate the sub-
region evolution operators.

III. Matrix Multiplication: Take the ordered product
of the sub-region evolution operators.

1. Evolution Operator

a. Hamiltonian Operator

The Hamiltonian is the following:

Ĥsim(t) =

d∑
α=1

Eα(t) |α(t)〉 〈α(t)| (III.1)

3 The PFA is an extremely versatile algorithmic framework, with
mathematical [169–193], low-energy [194–216], and high-energy
[217–231] physics applications.

b. Time-Ordered Exponential

The evolution operator is the following:

Ûsim(t)= T

{
e
−i
∫ t

0
dt
′
Ĥsim(t

′
)
}

(III.2)

2. Discretization

a. Sub-Regions

The simulation time τ is subdivided into Lsim sub-
regions:

δt =
τ
Lsim

(III.3)

b. Sub-Region Evolution Operators

The sub-region evolution operators are the following:

Û
(r)
sub = T

{
e
−i
∫ rδt

(r − 1)δt
dt
′
Ĥsim(t

′
)
}

(III.4)

The evolution operator can be written as an ordered-
product of the sub-region evolution operators:

Ûsim(t) =

Lsim∏
r=1
←

Û
(r)
sub (III.5)

= Û
(Lsim)
sub · · · Û (2)

sub Û
(1)
sub (III.6)

3. Piece−Wise Simulation

An intermediate simulation algorithm is used to gen-
erate the approximate sub-region evolution operators:

Û
(r)
a,sub = Û

(r)
sub + Ê

(r)
sub (III.7)

4. Matrix Multiplication

An ordered-product is used to generate the approxi-
mate evolution operator :

Ûa,sim(t) =

Lsim∏
r=1
←

Û
(r)
a,sub (III.8)

7
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B. Time-Integrated Product-Formula Algorithm

The time-integrated product-formula algorithm (TI-

PFA) coarse-grains the Hamiltonian to minimize the
number of required sub-regions [232–234].

1. T ime−Integrated Product−Formula Algorithm

TI-PFA can be represented schematically in three
stages:

I. Time-Averaging: Time-average the Hamiltonian
over the sub-regions.

II. Matrix Exponentiation: Generate the approximate
sub-region evolution operators.

III. Matrix Multiplication: Take the ordered product
of the approximate sub-region evolution operators.

a. Time-Averaging

The sub-region Hamiltonians are as follows (Figure 7):

Ĥ
(r)
sub =

1

δt

∫ rδt
(r − 1)δt

dt
′
Ĥsim(t

′
) (III.9)

b. Matrix Exponentiation

The approximate sub-region evolution operators are
the following:

Û
(r)
a,sub = e

−i δt Ĥ(r)
sub (III.10)

c. Sub-Region Evolution Operator Error

The eigenvalue spread is as follows (Equation III.1):4

H =

∣∣∣∣∣ max
{
Eα(t)

}
−min

{
Eα(t)

} ∣∣∣∣∣
max τ

(III.11)

The sub-region error coefficient is the following:

Esub = H δt (III.12)

The error in the sub-region evolution operator is given
by the Baker-Campbell-Hausdorff formula [235]:

Ê
(r)
sub = 0 +O

(
E

2
sub

)
(III.13)

4 The notation max τ indicates a maximum taken over time τ .

FIG. 7: The simulation time is discretized (top) and for each
sub-region (blue) the Hamiltonian is time-averaged.

C. Quantum-Simulation Computational Cost

The computational cost of TI-PFA is determined by
counting the number of elementary operations [236].

1. Matrix Exponentiation

The approximate sub-region evolution operators are
computed using a Λ-truncated Taylor series [237]:

Û
(r,Λ)
a,sub =

Λ∑
n=0

(
−i Ĥ(r)

sub δt
)n

n!
(III.14)

The number of matrix multiplications required for the
computation is the following:

NMult =
(

Λ− 1
)

(III.15)

2. Matrix Multiplication

Classical computers perform matrix multiplication by
manipulating matrix elements:

(
A×B

)
i,j

=

d∑
k=1

Ai,kBk,j (III.16)

The number of elementary operations required in the
textbook matrix multiplication algorithm is as follows
[236]:

Nop. = d3 (III.17)

The time-complexity is the length of time required for
a computing algorithm to run to completion [236]:

Tc = topNop (III.18)

8
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3. Computational Cost

a. Matrix Exponentiation Cost

The computational cost of approximating all of the
sub-region evolution operators is the following:

Tc
{
Û

(r,Λ)
a,sub

}
=
(

Λ− 1
)
Lsim top d

3
(III.19)

b. Matrix Multiplication Cost

The computational cost of generating the ordered
product is the following:

Tc
{

Multiplication
}

=
(
Lsim − 1

)
top d

3
(III.20)

c. Algorithm Cost

The computational cost of TI-PFA is the following:

Tc
{

TI-PFA
}

=
{

Λ Lsim − 1
}
top d

3
(III.21)

4. Quantum−Simulation Error

a. Algorithm Error

The error in TI-PFA is the following (Equation III.13):

εTI-PFA ∼ Lsim Ê
(r)
sub (III.22)

εTI-PFA ∼ H τ O
(
Esub

)
(III.23)

If the disretization condition holds, TI-PFA will achieve
the target simulation error reliably:

Lsim � H2 τ 2

2 εtarget

+
H τ

2
(III.24)

b. Minimum Algorithm Cost

The perturbative noise condition must hold for TI-PFA

to converge (Equation III.13):

Esub < 1 (III.25)

The perturbative noise condition sets the minimum
step-number :

Lsim > H τ (III.26)

The minimum step-number is used to lower-bound the
computational cost of TI-PFA (Equation III.21):

Tc
{

TI-PFA
}
≥

{
Λ Max

(
H τ , 1

)
− 1

}
top d

3

(III.27)

≥

{
Max

(
H τ , 1

)
− 1

}
top d

3

(III.28)

IV. STROBOSCOPIC EXPONENTIATION
ALGORITHM

The stroboscopic exponentiation algorithm (SEA)
leverages Hamiltonian periodicity for time-efficient
quantum-simulation.

A. Stroboscopic Simulation

1. Periodic Hamiltonians

A periodic Hamiltonian has discrete time-translational
symmetry with period T :

Ĥp,sim(t+ T ) = Ĥp,sim(t) (IV.1)

2. Stroboscopic Evolution Operator

The simulation time can be expressed as follows:5

τ = k λ T + ∆t, k ∈ N , λ ∈ N1 (IV.2)

The periodic evolution operator obeys the following
[238]:

Ûp,sim
(
τ
)

=
{
Ûp,sim(∆t)

}{
Ûp,sim

(
λT
)}k

(IV.3)

3. Stroboscopic Simulation Algorithm

The stroboscopic simulation algorithm (SSA) [239] can
be represented schematically in two stages (Figure 8):

I. Aliasing: Obtain the base time-symmetry evolution
operator and the remainder evolution operator.

II. Matrix Multiplication: Generate the periodic evo-
lution operator using ordered products.

5
N : {0, 1, 2, · · · ,∞} N1 : {1, 2, · · · ,∞}

9
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a. Aliasing

The base time-symmetry evolution operator is the fol-
lowing:

Û
(0)
sym =

[
T

{
e
−i

∫ T
0
dt
′
Ĥp,sim(t

′
)
} ]λ

(IV.4)

The remainder evolution operator is the following:

Ûrem = T

{
e
−i

∫ ∆t

0
dt
′
Ĥp,sim(t

′
)
}

(IV.5)

b. Matrix Multiplication

The time-symmetry evolution operator is the following:

Ûsym =
{
Û

(0)
sym

}k
(IV.6)

The periodic evolution operator is the following:

Ûp,sim(τ) =
{
Ûrem

} {
Ûsym

}
(IV.7)

4. Computational Cost

a. Aliasing Cost

The base time-symmetry evolution operator and the
remainder evolution operator are both approximated
with TI-PFA (Equation III.28):

Tc
{
Û

(0)
a,sym

}
≥

{
Max

(
H T, 1

)
+ λ− 2

}
top d

3

(IV.8)

Tc
{
Ûa,rem

}
≥

{
Max

(
H∆t, 1

)
− 1

}
top d

3 (IV.9)

b. Matrix Multiplication Cost

The computational cost of generating the ordered
product is the following:

Tc
{

Multiplication
}

= k top d
3

(IV.10)

FIG. 8: The periodic evolution operator is generated for one
period (red). The base time-symmetry evolution operator
(blue) and the time-symmetry evolution operator (purple)

are generated using matrix multiplication.

c. Minimum Algorithm Cost

The computational cost of SSA is lower-bounded by
the following:

Tc
{

SSA
}
≥

{
Max

(
H
(
T + ∆t

)
, 2
)

+
(
λ− 3

)
+ k

}
top d

3 (IV.11)

d. Parametrized Minimum Algorithm Cost

The computational cost of SSA can be parametrized as
follows (Equation IV.2):

Tc
{

SSA
}
≥

{
Max

(
H
(
T + ∆t

)
, 2
)

+
(
λ− 3

)
+
τ − ∆t

λ T

}
top d

3 (IV.12)

5. Quantum−Simulation Error

The error in SSA is the following (Equation III.23):

εSSA ∼
(
k λ
)
εTI-PFA (IV.13)

εSSA ∼
(
k λ
)
H T O

(
Esub

)
(IV.14)

εSSA ∼ H τ O
(
Esub

)
(IV.15)

10
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B. Stroboscopic Exponentiation Algorithm

1. Stroboscopic Evolution Operator

The simulation time can be expressed as follows:

τ = k λ T + ∆t, k ∈ N , λ ∈ N1 (IV.16)

The integer k is expressed using binary notation [240]:

k =
K∑
n=0

kn 2
n
, kn ∈ {0, 1} (IV.17)

The periodic evolution operator obeys the following:

Ûp,sim
(
τ
)

=
{
Ûp,sim(∆t)

} [ K∏
n=0
←

{
Ûp,sim

(
2
n
λT
)}kn ]
(IV.18)

2. Stroboscopic Exponentiation Algorithm

SEA can be represented schematically in three stages
(Figure 9):

I. Aliasing: Obtain the base time-symmetry evolution
operator and the remainder evolution operator.

II. Exponentiation: Perform recursive multiplication
on the base time-symmetry evolution operator.

III. Matrix Multiplication: Generate the periodic evo-
lution operator using ordered products.

a. Aliasing

The base time-symmetry evolution operator and re-
mainder evolution operator are defined in Section IV A
3 a.

b. Exponentiation

The exponentiated time-symmetry evolution operators
are the following:

Û
(n)
sym =

(
Û

(0)
sym

)2
n

(IV.19)

The exponentiated time-symmetry evolution operators
are generated recursively:

Û
(n)
sym =

(
Û

(n−1)
sym

)2

(IV.20)

FIG. 9: The exponentiated time-symmetry evolution
operators are generated recursively (left). The binary

decomposition (right) is used to generate the time-symmetry
evolution operator (bottom).

c. Matrix Multiplication

The time-symmetry evolution operator is as follows:

Ûsym =

K∏
n=0
←

{
Û

(n)
sym

}kn
(IV.21)

The periodic evolution operator is the following:

Ûp,sim(τ) =
{
Ûrem

} {
Ûsym

}
(IV.22)

3. Computational Cost

a. Aliasing Cost

The base time-symmetry evolution operator and the
remainder evolution operator are generated as in ??Section
IV A 4 a.

b. Exponentiation Cost

The computational cost of generating the exponenti-
ated time-symmetry operators is the following:

Tc
{
Û

(n)
sym

}
= K top d

3 (IV.23)

11
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c. Matrix Multiplication Cost

The computational cost of generating the ordered
product is the following:

Tc
{

Multiplication
}

=
( K∑
n=0

kn

)
top d

3 (IV.24)

d. Minimum Algorithm Cost

The computational cost of SEA is lower-bounded by
the following:

Tc
{

SEA
}
≥

{
Max

(
H
(
T + ∆t

)
, 2
)

+
(
λ+ K− 3

)
+

K∑
n=0

kn

}
top d

3

(IV.25)

e. Binary Constraint

The binary decomposition constrains the number of
exponentiated time-symmetry operators:

λ T 2(K + 1) > τ −∆t (IV.26)

K > log2

(
τ −∆t

2λT

)
(IV.27)

f. Parametrized Minimum Algorithm Cost

The computational cost of SEA can be parametrized
as follows:

Tc
{

SEA
}
≥

{
Max

(
H
(
T + ∆t

)
, 2
)

+
(
λ− 3

)

+ Max

(
log2

(
τ −∆t

2λT

)
, 0

) }
top d

3
(IV.28)

4. Quantum−Simulation Error

The error in SEA is the following (Equation IV.13):

εSEA = H τ O
(
Esub

)
(IV.29)

FIG. 10: The computational cost required to apply TI-PFA

(blue), SSA (green), and SEA (red) to a 10-qubit
periodic Hamiltonian is empirically determined.

C. Algorithm Comparison

1. Asymptotic Cost Analysis

The asymptotic computational costs of the quantum-
simulation algorithms are the following:

lim
τ→∞

Tc
{

TI-PFA
}

& H τ top d
3

(IV.30)

lim
τ→∞

Tc
{

SSA
}
&

τ
λT

top d
3

(IV.31)

lim
τ→∞

Tc
{

SEA
}
& log2

( τ
λT

)
top d

3
(IV.32)

a. Relative Algorithm Performance

SEA achieves an exponential speed-up over TI-PFA and
SSA in simulating periodic Hamiltonians (Figure 10).

V. TRAP SIM II

Trap Sim II is a proprietary MATLAB code that
performs time-efficient quantum-simulation of ion trap
quantum computers.

A. Hamiltonian Periodicity

1. Schr̈odinger P icture Hamiltonian

The laser period is the following:

T laser =
2π

ω
(V.1)

12
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The Schrödinger picture Hamiltonian is periodic:

Ĥion trap

(
t+ T laser

)
= Ĥion trap(t) (V.2)

2. Interaction P icture Hamiltonian

The interaction picture Hamiltonian is not periodic in
general (Equation II.73).

B. Regularization Effects

1. Hamiltonian Regularization

A bosonic truncation is placed on the ladder operators
[241–248]:

â†ζ |n〉 = 0, ∀n ≥ ζ (V.3)

The regularized effective ion trap Hamiltonian is the
following (Equation II.68):

Ĥ
(ζ )
eff, ion trap(t) =

3N∑
k=1

ω̃k

{
â†k,ζ âk,ζ

}
+ Ĥqubit(t)

(V.4)

2. Computer Memory

The dimension of the Hilbert space is the following:

dim
{
Hion trap

}
= 2N

(
ζ + 1

)3N
(V.5)

The memory required to perform quantum-simulation
on a 64-bit processor is the following (Figure 11):

Memory
{
Hiontrap

}
= 16 bytes × 4N

(
ζ + 1

)6N
(V.6)

3. Bosonic Saturation

The vibrational occupation operators are as follows
[249]:

N̂k = â†k âk (V.7)

The vibrational occupation uncertainties are as follows:

σNk
=

√〈
N̂

2
k

〉
−
〈
N̂k

〉2
(V.8)

FIG. 11: The threshold simulation memory (black) is
compared with the random access memory of several

classical computing platforms (colored) [250–252].

If the bosonic truncation is saturated, an accumulation
of regularization effects ensure that the simulation can no
longer be compared to nature:

Bosonic Saturation:
〈
N̂k

〉
± σNk

∼ ζ (V.9)

C. Anisotropic Randomized Truncation

Anisotropic Randomized Truncation (ART) is used to
estimate the size of regularization effects. It can be rep-
resented schematically in three stages:

I. Truncation: Regularize the Hamiltonian randomly.

II. Quantum-Simulation: Generate an evolution oper-
ator for the regularized Hamiltonians.

III. Error-Estimation: Estimate the regularization ef-
fects using quantum channel technology.

1. Truncation

The vibrational modes are regularized anisotropically
(Figure 12):

Ĥ
(~ζ )
eff, ion trap(t) =

3N∑
k=1

ω̃k

{
â†k,ζk

âk,ζk

}
+ Ĥqubit(t)

(V.10)

Regularized Hamiltonians are selected pseudo-
randomly to generate the ART Hamiltonian set :

AH =

{
Ĥ

(~ζ1 )
eff, ion trap(t) , · · · , Ĥ (~ζNa )

eff, ion trap(t)

}
(V.11)

13
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2. Quantum−Simulation

a. Regularized Evolution Operators

The regularized evolution operators are the following:

Ûreg

(
~ζ
)

= T

{
e
−i
∫ τ

0
dt
′
Ĥ

(~ζ )
eff, ion trap(t

′
)
}

(V.12)

b. Haar Measure

The regularized Haar measure is a subset of the Haar
measure [253–256] composed of the regularized evolution
operators (Figure 13):

Ureg =
{
Ûreg(~ζ ) , ∀ ~ζ

}
(V.13)

Ureg ⊆ UHaar (V.14)

The ART unitary set is the following:

AU =

{
Ûreg(~ζ1 ) , · · · , Ûreg(~ζNa )

}
(V.15)

AU ⊆ Ureg (V.16)

3. Error−Estimation

Simulated Expectation-Value Approximate Reconstruc-
tion (SEAR) is used to approximate the regularization
effects [257].

a. Quantum Channel Technology

A superoperator on a Hilbert space H has the following
form [258]:

Ẽ =

R∑
µ=1

K̂µ ⊗ K̂†µ (V.17)

K̂µ ∈ H ⊗ H
∗ (V.18)

A quantum channel is a type of superoperator. Its
Kraus operators [259] satisfy the following condition
[260]:

R∑
µ=1

K̂µ K̂
†
µ = 1̂ (V.19)

FIG. 12: The maximum number of vibrational excitations
(colored) is set independently for each mode.

FIG. 13: ART generates unitary operators (red) from the
regularized Haar measure (gray), which contains the

ideal evolution operator (blue).

The action of a quantum channel on a state |ψ〉 gener-
ates a density matrix [260–262]:

Ẽ
(
|ψ〉
)

=

R∑
µ=1

K̂µ

(
|ψ〉〈ψ|

)
K̂†µ (V.20)

b. Quantum Channel Averaging

Applying a similarity transformation to a quantum
channel yields the following [263]:

Ẽu = Ũ
†
Ẽ Ũ (V.21)

=

R∑
µ=1

Û† K̂µ Û ⊗ Û† K̂†µ Û (V.22)

Averaging a quantum channel over the Haar measure
yields a depolarizing channel (Figure 14) [263, 264]:

D̃ε =

∫
dUHaar Ũ

†
Ẽ Ũ (V.23)

D̃ε
(
ρ
)

=
(

1− ε
)
ρ+ ε

1

dim
(
H
) (V.24)
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The depolarizing channel has a characteristic noise
strength [265–292]:

ε = 1 −
Tr
(
Ẽ
)
− 1[

dim
(
H
) ]2
− 1

(V.25)

0 ≤ ε ≤ 1 (V.26)

c. Approximate Quantum Simulation

The ideal evolution operator has an arbitrarily large
bosonic truncation (Figure 13):

Ûideal = Ûreg(∞) (V.27)

The ideal output state is the following:

ρ ideal = Ûideal

(
|ψ〉〈ψ|

)
Û†ideal (V.28)

The regularized output states are the following:

ρ
(~ζ )
reg = Ûreg(~ζ )

(
|ψ〉〈ψ|

)
Û†reg(~ζ ) (V.29)

Averaging the regularized output states generated by
the ART unitary set yields the ART output state:

ρART =
1

Na

Na∑
µ=1

ρ
(~ζµ )
reg (V.30)

d. SEAR Error Channel

The SEAR error channel maps the ideal output state
to the ART output state:

S̃
(
ρ ideal

)
= ρART (V.31)

The SEAR error channel is written explicitly:

S̃ =
1

Na

Na∑
µ=1

ÛSEAR(~ζµ) ⊗ Û†SEAR(~ζµ) (V.32)

ÛSEAR

(
~ζµ
)

= Û reg(~ζµ ) Û
†
ideal (V.33)

The SEAR noise strength is the following:

εSEAR = 1 −
Tr
(
S̃
)
− 1[

dim
(
H
) ]2
− 1

(V.34)

FIG. 14: The SEAR error channel (left) is defined using
its kraus operators (blue). Averaging the SEAR error

channel generates a depolarizing channel (right).

e. Regularization Effects

The SEAR error channel forces observables to stray
from their ideal values, causing truncation fluctuations:

∆Otrunc =

∣∣∣∣∣ 〈ψ ∣∣∣ Û†ideal Ô Ûideal

∣∣∣ψ〉− Tr

{
S̃
(
ρ ideal

)
Ô

} ∣∣∣∣∣
(V.35)

The average truncation fluctuation can be bounded us-
ing the SEAR noise strength [257]:

∆Otrunc ≤ εSEAR

∣∣∣Omax
eigenvalue −O

min
eigenvalue

∣∣∣ (V.36)

f. Noise Spectroscopy

The complementary SEAR error channels are gener-
ated by substituting the ideal evolution operator with
the regularized evolution operators (Equation V.33):6

S̃η =
1

Na

Na∑
µ=1

Û
(η)
SEAR(~ζµ) ⊗ Û

(η)†
SEAR(~ζµ) (V.37)

Û
(η)

SEAR

(
~ζµ
)

= Û reg(~ζµ ) Û
†
reg(~ζη ) (V.38)

The complementary SEAR noise strength can be esti-
mated using measurement protocols [257, 264].

D. Numerical Results

Trap Sim II is used to simulate an ion trap quantum
computer.

6 The SEAR error channel cannot be studied directly due to the
inaccessibility of the ideal evolution operator.15
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1. Simulation Goals

The simulation is performed to examine the following:

I. Bosonic Saturation

II. Regularization Effects

III. Entanglement Growth

IV. Weak-Laser Approximation (WLA)

2. Simulation Parameters

The simulation parameters are the following [156, 157]:

Number of Ions : N = 1 (V.39)

Ion Charge : Q = +e (V.40)

Ion Mass : M ∼ 200 GeV (V.41)

Physical Trap Frequency : ω̃a ∼ 1 MHz (V.42)

Laser Wavelength : λ ∼ 400 nm (V.43)

Laser Power : P laser ∼ 1 W (V.44)

Bosonic Truncation : ζ ∼ 6 (V.45)

Trap Potential : XY-Symmetric & Harmonic (V.46)

3. Numerical Results

a. Bosonic Saturation

The vibrational occupation is computed throughout
the simulation (Figure 15, Figure 16).

Computational Details:

• The ion trap is initialized in the motional ground-
state [293–321].

b. Regularization Effects

The SEAR noise strength is approximated using ART

(Figure 17, Figure 18).

Computational Details:

• Eight anisotropic bosonic truncations are chosen.

• The SEAR noise strength is estimated repeatedly.

• A bootstrap algorithm [322, 323] is used to generate
an uncertainty in the average SEAR noise strength
estimate.

c. Entanglement Growth

The von Neumann entanglement entropy [324] of the
qubit is computed throughout the simulation (Figure 19,
Figure 20):7

S
(
ρ
)

= −Tr
(
ρ log

(
ρ
) )

(V.47)

Computational Details:

• The qubit is initialized in 102 pseudo-randomly gen-
erated pure states [390].

• A bootstrap algorithm is used to generate an un-
certainty in the average entanglement entropy.

d. Effective Hamiltonian Validity

The WLA error is computed (Figure 21, Figure 22).

Computational Details:

• The qubit is initialized in 102 pseudo-randomly gen-
erated pure states.

• The Pauli operator σ̂z is measured.

• A bootstrap algorithm is used to generate an un-
certainty in the average WLA error.

4. Empirical Observations

a. Bosonic Saturation

After the onset of bosonic saturation, the vibrational
occupation exhibits unphysical behavior (Figure 16).

Commentary:

• Bosonic saturation places a temporal limit on the
amount of ion trap dynamics that can be probed
numerically.

• This suggests that ion trap quantum-simulation
be used as a performance heuristic for quantum-
simulation protocols [391].

• The
(
N, ζ, ε

)
ion-trap performance heuristic is the

following:

XXXXXA quantum-simulation protocol
passes the

(
N, ζ, ε

)
ion-trap performance

heuristic by performing quantum-simulation of
the N-ion, ζ-cutoff ion trap Hamiltonian until
bosonic saturation is observed, with total error

bounded by ε.

7 The entanglement entropy is a wildly important quantity, with
applications to many areas of physics [325–389].
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b. Regularization Effects

The noise strength increases with simulation time, and
experiences a sharp growth during the onset of bosonic
saturation (Figure 18).

Commentary:

• Each ART Hamiltonian generates a different set of
regularization effects due to the anisotropic bosonic
truncation.

• The SEAR noise strength provides a measure of
the disparity between the ART unitary operators
(Equation V.33).

• The ART unitary operators diverge during bosonic
saturation, and the average error grows to & 60%.

c. Entanglement Growth

The entanglement entropy of the qubit increases with
simulation time until the onset of bosonic saturation.
The entanglement entropy then fluctuates non-trivially
(Figure 20).

Commentary:

• The entanglement entropy is expected to increase
as the purity of the qubit is lost to the environment
[392–398].

• Bosonic saturation restricts the decoherence times
[399] that can be probed numerically:

– Decoherence cannot be observed numerically
gr unless the qubits are sufficiently noisy.dfdf

d. Effective Hamiltonian Validity

WLA accumulates∼ 1% error after the onset of bosonic
saturation (Figure 22).

Commentary:

• The stability of approximations such as the
rotating-wave approximation [400–410], the Lamb-
Dicke limit [411–416], and the Magnus Expan-
sion [417–433] may be uncertain in the parameter
regimes required for the most ambitious ion trap
quantum computing proposals [434–443].8

• To conserve the limited and transient resources
available to the scientific community at large, it
is necessary to verify that perturbative protocols
will succeed when implemented on real ion trap
quantum computers, which are inherently non-
perturbative.9

8 Much of the pressing uncertainty is rooted in the intractability
of the Magnus Expansion [444].

9 For a successful instance of this paradigm, see [445, 446].

• Trap Sim II is a rigorous algorithm test-bed for up
to six ions (Figure 11). The sole approximation
made by Trap Sim II is that of finite bosonic trun-
cation.

VI. APPENDIX

A. TI-PFA vs. Sampling PFA

The sampling product-formula algorithm (S-PFA) [166,
447] can be expressed schematically in two stages:

I. Sampling: Sample the Hamiltonian at set times and
approximate the sub-region evolution operators.

II. Matrix Multiplication: Take the ordered product
of the approximate sub-region evolution operators.

a. Sampling

The sub-region Hamiltonians are as follows (Equa-
tion III.9):

Ĥ
(r)
sub = Ĥsim

(
(r−1) δt

)
(VI.1)

The approximate sub-region evolution operators are
the following:

Û
(r)
a,sub = e

−i δt Ĥ(r)
sub (VI.2)

b. Sub-Region Evolution Operator Error

The maximum eigenvalue derivative of the Hamilto-
nian is the following:

Dmax =

{ ∣∣∣ ∂

∂t
Eα(t)

∣∣∣
max

}
max τ

(VI.3)

The error in the sub-region evolution operator is the
following:

Ê
(r)
sub ∼ Dmax δt+O

(
E

2
sub

)
(VI.4)

c. Relative Algorithm Performance

S-PFA struggles to resolve the true dynamics of the
Hamiltonian due to sampling errors, which are not
present in TI-PFA.

B. Regularization Effects

If the length-scale of the laser is sufficiently long, the
severity of the regularization effects can be determined
rigorously via an efficient classical computation [448].
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FIG. 15: On the laser timescale, the vibrational occupation of the X-mode (magenta), the Y-mode (yellow), and the Z-mode
(cyan), fluctuates non-trivially around zero.a

a The uncertainty is amplified by a factor of 104. The observable is sampled 7.5 times faster than displayed.

FIG. 16: The vibrational occupation of the modes grows until the bosonic truncation (red) is approached. The onset of
bosonic saturation (yellow backdrop) results in unphysical oscillations of the vibrational occupation.a

a The uncertainty is suppressed by a factor of 3. The observable is sampled 7.5 times faster than displayed.
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FIG. 17: On the laser timescale, the SEAR noise strength (green) is perturbatively small, indicating the initial accuracy of
the quantum-simulation protocol.a

a The uncertainty is amplified by a factor of 8× 104. The observable is sampled 3 times faster than displayed.

FIG. 18: The SEAR noise strength (green) approaches unity after the onset of bosonic saturation (yellow backdrop),
indicating the ultimate failure of the quantum-simulation protocol.a

a The uncertainty is amplified by a factor of 5× 102. The observable is sampled 3 times faster than displayed.

FIG. 19: On the laser timescale, the entanglement entropy (blue) fluctuates non-trivially as the qubit interacts with the
vibrational modes.a

a The uncertainty is amplified by a factor of 2. The observable is sampled 6 times faster than displayed.
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FIG. 20: The entanglement entropy (blue) ceases to grow after the onset of bosonic saturation (yellow backdrop), and the
decoherence of the qubit is halted.a

a The observable is sampled 6 times faster than displayed.

FIG. 21: Over the laser timescale, the WLA error (golden) increases by several orders of magnitude.a

a The observable is sampled 6 times faster than displayed.

FIG. 22: The WLA error (golden) fluctuates non-trivially after the onset of bosonic saturation (yellow backdrop).a

a The observable is sampled 6 times faster than displayed.
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B. Donovan, D. Ristè, and T. A. Ohki, High-Fidelity Control
of Superconducting Qubits Using Direct Microwave Synthesis in
Higher Nyquist Zones, arXiv e-prints , arXiv:2008.02873 (2020),
arXiv:2008.02873 [quant-ph].

[73] J. T. Monroe, N. Yunger Halpern, T. Lee, and K. W. Murch,
Weak Measurement of Superconducting Qubit Reconciles In-
compatible Operators, arXiv e-prints , arXiv:2008.09131 (2020),
arXiv:2008.09131 [quant-ph].

[74] D. Willsch, Supercomputer simulations of transmon quan-
tum computers, arXiv e-prints , arXiv:2008.13490 (2020),
arXiv:2008.13490 [quant-ph].

[75] R. Zhao, S. Park, T. Zhao, M. Bal, C. R. H. McRae, J. Long,
and D. P. Pappas, A merged-element transmon, arXiv e-prints ,
arXiv:2008.07652 (2020), arXiv:2008.07652 [quant-ph].

[76] P. Magnard, S. Storz, P. Kurpiers, J. Schär, F. Marxer, J. Lütolf,
J.-C. Besse, M. Gabureac, K. Reuer, A. Akin, B. Royer, A. Blais,
and A. Wallraff, Microwave Quantum Link between Supercon-
ducting Circuits Housed in Spatially Separated Cryogenic Sys-
tems, arXiv e-prints , arXiv:2008.01642 (2020), arXiv:2008.01642
[quant-ph].

[77] A. Kringhøj, G. W. Winkler, T. W. Larsen, D. Sabonis, O. Er-
landsson, P. Krogstrup, B. van Heck, K. D. Petersson, and C. M.
Marcus, Andreev Modes from Phase Winding in a Full-shell
Nanowire-based Transmon, arXiv e-prints , arXiv:2008.10013
(2020), arXiv:2008.10013 [cond-mat.mes-hall].

[78] E. I. Rosenthal, C. M. F. Schneider, M. Malnou, Z. Zhao, F. Led-
itzky, B. J. Chapman, W. Wustmann, X. Ma, D. A. Palken, M. F.
Zanner, L. R. Vale, G. C. Hilton, J. Gao, G. Smith, G. Kirch-
mair, and K. W. Lehnert, Efficient and low-backaction quan-
tum measurement using a chip-scale detector, arXiv e-prints ,
arXiv:2008.03805 (2020), arXiv:2008.03805 [quant-ph].

[79] P. Y. Wen, O. V. Ivakhnenko, M. A. Nakonechnyi, B. Suri, J.-
J. Lin, W.-J. Lin, J. C. Chen, S. N. Shevchenko, F. Nori, and
I.-C. Hoi, Landau-zener-stückelberg-majorana interferometry of
a superconducting qubit in front of a mirror, Phys. Rev. B 102,
075448 (2020).

[80] W. C. Smith, A. Kou, X. Xiao, U. Vool, and M. H. Devoret,
Superconducting circuit protected by two-cooper-pair tunneling,

22

https://arxiv.org/abs/2003.05952
https://arxiv.org/abs/2003.00024
https://doi.org/10.1103/PhysRevA.102.032610
https://arxiv.org/abs/2003.02858
https://arxiv.org/abs/2003.02775
https://arxiv.org/abs/2003.02852
https://arxiv.org/abs/2003.07300
https://doi.org/10.1103/PhysRevA.102.042605
https://doi.org/10.1103/PhysRevA.102.042605
https://arxiv.org/abs/2004.04838
https://arxiv.org/abs/2004.04838
https://arxiv.org/abs/2004.02908
https://arxiv.org/abs/2004.09153
https://doi.org/10.1007/s11467-020-0976-2
https://doi.org/10.1103/PhysRevA.102.013710
https://arxiv.org/abs/2004.05114
https://arxiv.org/abs/2005.02630
https://arxiv.org/abs/2005.02630
https://arxiv.org/abs/2005.06229
https://arxiv.org/abs/2005.09849
https://doi.org/10.1103/PhysRevLett.125.156804
https://arxiv.org/abs/2006.03070
https://arxiv.org/abs/2006.05446
https://arxiv.org/abs/2006.10639
https://arxiv.org/abs/2006.03330
https://arxiv.org/abs/2008.01168
https://arxiv.org/abs/2008.01168
https://arxiv.org/abs/2007.02682
https://arxiv.org/abs/2007.10932
https://arxiv.org/abs/2007.15460
https://arxiv.org/abs/2007.06395
https://arxiv.org/abs/2007.06395
https://arxiv.org/abs/2002.10320
https://arxiv.org/abs/2008.07411
https://arxiv.org/abs/2008.09980
https://arxiv.org/abs/2008.02873
https://arxiv.org/abs/2008.09131
https://arxiv.org/abs/2008.13490
https://arxiv.org/abs/2008.07652
https://arxiv.org/abs/2008.01642
https://arxiv.org/abs/2008.01642
https://arxiv.org/abs/2008.10013
https://arxiv.org/abs/2008.03805
https://doi.org/10.1103/PhysRevB.102.075448
https://doi.org/10.1103/PhysRevB.102.075448


Simulating Ion Trap Quantum Computers REFERENCES

npj Quantum Information 6, 8 (2020).
[81] T. Hurant and D. D. Stancil, Asymmetry of CNOT gate operation

in superconducting transmon quantum processors using cross-
resonance entangling, arXiv e-prints , arXiv:2009.01333 (2020),
arXiv:2009.01333 [quant-ph].

[82] A. Dinerstein, C. S. Gorham, and E. F. Dumitrescu, The Hy-
brid Topological Longitudinal Transmon Qubit, arXiv e-prints ,
arXiv:2009.12278 (2020), arXiv:2009.12278 [quant-ph].

[83] J. B. Hertzberg, E. J. Zhang, S. Rosenblatt, E. Magesan, J. A.
Smolin, J.-B. Yau, V. P. Adiga, M. Sandberg, M. Brink, J. M.
Chow, and J. S. Orcutt, Laser-annealing Josephson junctions for
yielding scaled-up superconducting quantum processors, arXiv e-
prints , arXiv:2009.00781 (2020), arXiv:2009.00781 [quant-ph].

[84] C. Duckering, J. M. Baker, D. I. Schuster, and F. T. Chong, Vir-
tualized Logical Qubits: A 2.5D Architecture for Error-Corrected
Quantum Computing, arXiv e-prints , arXiv:2009.01982 (2020),
arXiv:2009.01982 [quant-ph].

[85] A. Cervera-Lierta, J. S. Kottmann, and A. Aspuru-Guzik,
The Meta-Variational Quantum Eigensolver (Meta-VQE): Learn-
ing energy profiles of parameterized Hamiltonians for quan-
tum simulation, arXiv e-prints , arXiv:2009.13545 (2020),
arXiv:2009.13545 [quant-ph].

[86] A. Stehli, J. D. Brehm, T. Wolz, P. Baity, S. Danilin, V. Seferai,
H. Rotzinger, A. V. Ustinov, and M. Weides, Coherent supercon-
ducting qubits from a subtractive junction fabrication process,
Applied Physics Letters 117, 124005 (2020), arXiv:2006.16862
[quant-ph].

[87] Y. Ye, K. Peng, M. Naghiloo, G. Cunningham, and K. P. O’Brien,
Engineering Purely Nonlinear Coupling with the Quarton, arXiv
e-prints , arXiv:2010.09959 (2020), arXiv:2010.09959 [quant-ph].

[88] A. A. Sokolova, G. P. Fedorov, E. V. Il’ichev, and O. V. Astafiev,
Single-atom maser with engineered circuit for population inver-
sion, arXiv e-prints , arXiv:2010.04975 (2020), arXiv:2010.04975
[quant-ph].

[89] K. Kaur, T. Sépulcre, N. Roch, I. Snyman, S. Florens, and
S. Bera, Absence of spin-boson quantum phase transition for
transmon qubits, arXiv e-prints , arXiv:2010.01016 (2020),
arXiv:2010.01016 [cond-mat.mes-hall].

[90] H. Dehmelt, Radiofrequency spectroscopy of stored ions i: Stor-
age**part ii: Spectroscopy is now scheduled to appear in volume
v of this series., Advances in Atomic and Molecular Physics, 3,
53 (1968).

[91] W. Paul, Electromagnetic traps for charged and neutral particles,
Rev. Mod. Phys. 62, 531 (1990).

[92] T. P. Meyrath and D. F. James, Theoretical and nu-
merical studies of the positions of cold trapped ions
10.48550/arxiv.physics/9711023 (1997).

[93] J. Cirac and P. Zoller, A scalable quantum computer with ions
in an array of microtraps, Nature 404, 579 (2000).

[94] D. Kielpinski, C. Monroe, and D. Wineland, Architecture for a
large-scale ion-trap quantum computer, Nature 417, 709 (2002).

[95] U. Tanaka, K. Masuda, Y. Akimoto, K. Koda, Y. Ibaraki, and
S. Urabe, Micromotion compensation in a surface electrode trap
by parametric excitation of trapped ions, Applied Physics B 107
(2011).

[96] F. Hakelberg, P. Kiefer, M. Wittemer, U. Warring, and
T. Schaetz, Interference in a prototype of a two-dimensional ion
trap array quantum simulator, Phys. Rev. Lett. 123, 100504
(2019).

[97] P. Kiefer, F. Hakelberg, M. Wittemer, A. Bermúdez, D. Porras,
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two-qubit gate infidelities due to motional errors in trapped ions
and electrons, Phys. Rev. A 105, 022437 (2022).
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and F. Schmidt-Kaler, Robust polarization gradient cooling
of trapped ions, New Journal of Physics 24, 043028 (2022),
arXiv:2109.00575 [physics.atom-ph].

[315] J. Berrocal, E. Altozano, F. Domı́nguez, M. J. Gutiérrez, J. Cer-
rillo, F. J. Fernández, M. Block, C. Ospelkaus, and D. Rodŕıguez,
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