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Abstract

The theoretical scenario introduced in Ref [1] implies a new approach to flavour mixing, and neutrino os-
cillations. It not only predicts non-vanishing neutrino masses, but also uniquely determines their values as
functions of the age of the universe. We compare here the predicted neutrino mixing with the experimental
data from atmospheric (Super-Kamiokande) and accelerator neutrinos (MiniBooNE, MicroBooNE), finding
a substantial agreement with the experiments. In particular, a mismatch between MiniBooNE and Micro-
BooNE data is predicted that fits the measured data. Within this scenario, we can also make a prediction
for the forthcoming SBDN and ICARUS neutrino experiments.
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1 Introduction

Neutrino physics is one of the frontiers of research, where the current approach based on the standard
model (SM) may fail. The SM has room for plenty of free parameters, among which possible neutrino
mass terms, off-diagonal with respect to the interaction currents. Non-vanishing neutrino masses allow
to implement neutrino oscillations, a phenomenon by now confirmed by several experimental observations.
However, once the mass terms and the mixing angles are fixed by fitting some experiments, they are no
more free parameters, and the predictions of the model can be tested on other, independent experiments.
The SM fails on an important test, the MiniBooNE experiment on accelerator neutrinos [2], proving that
either so-called new physics (new kind of particles and interaction terms) or, perhaps, a new theoretical
approach, are needed. In order to justify the mismatch with the experimental results, that in the case
of MiniBooNE show a higher degree of neutrino mixing/oscillation than expected, several corrections to
the SM have been proposed, mainly retaining the basic approach, and introducing heavy, sterile neutrinos.
Among the problems of this approach is the naturalness of mass terms, namely, justifying highly unbalanced
strengths of Higgs coupling. To complicate things, MicroBooNE, a more recent experimental set aimed at
refining the measurements made by MiniBooNE, does not find any excess of electron’s events, finding instead
data compatible with the range of values allowed by the SM, apparently in contradiction with MiniBooNE
(see Refs. [3, 4, 5, 6]).

In this note we consider the problem from the point of view of the theoretical framework described in [1],
a non-field theoretical framework with no free parameters, in which neutrinos are massive Dirac spinors, with
masses determined outside of gauge theory (which is there only an approximation) and therefore without
Higgs-mechanism. In this scenario, the differences between the masses of the three neutrinos are huge: the
muon’s neutrino mass is around two orders of magnitude larger than the electron’s neutrino mass (this last
of the order of the electronvolt), and the tau neutrino is in turn around more than one order of magnitude
heavier than the muon’s neutrino. As a consequence, for any particle family pair the oscillation period of the
heavier neutrino is much shorter than the oscillation of the lighter one. From the point of view of the lighter
family, the wavefunction of the heavier neutrino appears as averaged overall several periods to a constant
value. The oscillation expressions must therefore be modified accordingly, leading to remarkable differences
as compared to the usual oscillation pattern.

In order to investigate, and test, this approach, we consider the detection of atmospheric neutrinos
at Super-Kamiokande and the accelerator neutrinos of MiniBooNE and MicroBooNE. These experiments
provide solid data, not much dependent on specific models concerning the initial amount of neutrinos, to
which the detected amount has to be compared: in the case of Super-Kamiokande, this dependence is virtually
absent, because the experiment consists in comparing two detections made at two different distances from
the source. In the case of MiniBooNE and MicroBooNE, producing neutrinos in laboratory gives anyway
more control on the source than relying on solar or supernova models, that should be entirely reconsidered
within our theoretical framework. Therefore, for these reasons we will not consider here solar or supernova
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neutrino experiments.

In the following, we start by shortly introducing the theoretical scenario in which the neutrino masses and
their mixing coefficients (the entries of the PMNS matrix) are calculated. The reader who is not interested
in these aspects can just accept the results and jump to section 3 at page 4.

The effective theory of the theoretical scenario

The scenario we are going to consider is a non-field theoretical framework in which the space of the expanding
universe is of finite extension, and there is a minimal distance, the Planck length. The appendix at page 10 is
a brief introduction to the setup, in particular to concepts we will refer to, such as “entropy of geometries” and
“entropy of string constructions” (for a more detailed description we refer the reader to Ref. [1]). Although
the framework is non-field theoretical, the dynamics of local experiments, such as those relevant for this
discussion, can nevertheless be approximately described by a superstring-derived field theoretical effective
action, in which masses and couplings are treated as external inputs, and are not introduced by a Higgs
mechanism 1. They depend on the age of the universe. In the limit in which the space becomes infinitely
extended, the spectrum becomes massless. Therefore, although the introduction of masses as external
parameters without a Higgs mechanism explicitly breaks gauge symmetry, it makes sense to approximate
the dynamics by an effective gauge field theory with massless fields, because the approximation gets better
and better as the universe evolves. At any finite time, we need not care about cancellation of infinities
because we know that the theory is finite, being just an approximate description of a theory defined on
a space of finite extension and with a minimal distance. It can therefore be treated as if it were a gauge
theory, with the following important modification: the results of Feynman diagram computations performed
on gauge field theory with the same massless spectrum can be used, except for the dynamics of the Higgs
field, which in our context does not exist. In practical computations, it is like working with a very heavy
Higgs field. The latter can be considered decoupled to all effects, and the only term that matters is its
coupling to the matter states. This just results in mass terms, because all what pertains the dynamics of
the Higgs field is suppressed: the Higgs propagation is neglected here.

A key point of this scenario is that quantization is introduced as an implementation of the fact that
the world at any instant is a collective effect in which any observable receives contribution from all possible
geometries of space-time. As a consequence, differently from the field theory approach, the expansion in
Feynman diagrams is here a representation of paths that contribute to the statistics, and therefore to the
entropy of the physical process, with vertices weighted by coupling amplitudes, which in our framework
measure the relative weights of interactions.

As long as one just considers a purely perturbative phase of the theory, the usual field theory compu-
tations through Feynman diagrams are valid for the determination of the amplitude also in our framework.
As discussed in [7], when non-perturbative aspects play a relevant role, this scenario presents significant
departures from the field theory approach.

Only one free parameter

As discussed in Ref. [8], in the most entropic string geometries, those that shape the physical world, S-duality
is broken at the Planck energy scale. Below this scale, the spectrum admits an approximate description in
terms of fields and couplings of an effective quantum field theory with gauge interactions. In this theory there
is only one free parameter, the age of the universe. Couplings and masses of the elementary particles scale
like powers of the inverse of the age of the universe. Leaving a detailed discussion of this rather non-trivial
result to another place (see Ref. [1]), let us just give here a flavour of how this may be possible. In this theory
the universe has basically the geometry of a 3-sphere, whose radius expands at the speed of light, hence the
identification, up to appropriate conversion of units, of radius and age of the universe. Masses arise as ground
momenta in a quantum space of finite extension. The existence of a more complex structure attached to

1The scattering resonances usually referred to as evidence of the production of a Higgs boson receive in this scenario a
different interpretation (for a detailed discussion, see Ref. [1], chapter 4, section 5.2).
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space-time, namely a superposition of higher dimensional string structures, plays a determinant role in giving
rise to a spectrum with an entire hierarchy of masses, not simply just the inverse of the radius of the sphere,
or age of the universe. Moreover, what makes possible to relate different masses to different powers of such
a dimensional parameter like the age of the universe is the fact that the 3-sphere is just a representation in
the continuum of a theory that fundamentally deals with combinatorics of abstract, dimensionless discrete
“cells” of unit length that may be occupied or not, by a unit of an occupation number that rather in abstract
we call “energy”. In this way we can identify geometries through Einstein’s equations, but fundamentally
the radius of the universe, or its total energy, or its age, are just dimensionless numbers, of which we can
take any power before giving them a physical meaning by introducing the units c, � and the Planck mass.
Dimension is an attribute we give to numbers, fundamental are numbers and their combinatorics.

2 Flavour mixing from a different perspective

In our scenario physics is the result of a weighted sum over all geometries. There is no pure state, and flavour
mixing is a “built-in” aspect of the theory. The amount of overlapping, or better the amount of projection
of one family into the other, is basically determined by their relative weight in the phase space. From this
perspective, the description in terms of propagating mass states rotated with respect to the interaction’s
current states is not the fundamental picture, but just an effective description, which doesn’t always correctly
account for the physical phenomenon. As discussed in [1], the spectrum of elementary particles is analyzed
in a representation of the scenario in which the kinetic contribution to the phase space is separated from the
treatment of couplings and masses, dealt with like external parameters. In this picture, once decoupled from
the kinetic contribution the relative weights of particles families are given by mass ratios, and are related to
the coupling strength of the symmetry group that rotates one family into the other. For the leptons, this
turns out to be in first approximation an SU(2) group (not to be confused with the chiral SU(2)w group of
weak interactions). In the case of quarks the relation is a bit more complicated [1].

Let us first briefly consider the case of quarks. In order to make contact with the usual parametrization
of the experimental data, we will convert our scenario in terms of the CKM mixing matrix. When translating
the entropy-sum driven scenario into the parameters of an effective field theory, one has to consider how
quantities are measured, namely what kind of experiment we want to effectively describe. Quark mixing is
measured via meson decays into other mesons, and can be parametrized through corrections to the coupling
strength of their interaction:

g → g × (mi/mj) , (2.1)

where i and j indicate the mesons π, K and B. The CKM matrix elements are of type Vup,down and can
be viewed as corrections to the effective coupling of the vertices. This implies that the amplitudes are
proportional to:

|Vupi,downj |2 ≈ (mi/mj)
2 (2.2)

where (mi/mj) is the ratio of the up (or down) mass of family i to the the up (or down) mass of family j
(see figure 1) 2. The CKM matrix entries are generated by unitarity from Vus, Vub and Vcb. The relation
of amplitudes to the elementary degrees of freedom is here complicated by the fact that quarks enter into
the amplitude expressions through multiplications and resummations. Strong coupling corrections and the
presence of several intermediate decay channels that contribute through a non-direct flavour changing to
the overall decay amplitudes correct the ratios we would infer by simply considering bare mass values. The
volumes of the events are therefore not so simply related to ratios of bare masses. A better approximation
is obtained by using meson masses instead of quark masses. From the meson mass ratios we obtain (see
appendix B):

CKM =

⎛
⎝ 0.97549796 0.219999569 0.00198

−0.219855965 0.974447209 0.04599991
0.008190555 −0.045308133 0.998939482

⎞
⎠ , (2.3)

which parametrizes the quark mixing at the present age of the universe.

2Notice that, while the matrix elements relate the “up” of one family to the “bottom” of the other one, the SU(2) symmetry
relates bottom to bottom or up to up states.
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Figure 1: Quark mixing corrects interaction vertices: g → gV .

3 Neutrino oscillations

In this theoretical framework neutrinos are massive Dirac fermions. This means that they have both a left
and a right handed part. As we anticipated, the mass does not arise from a Higgs mechanism, but is kind
of a Casimir effect in a universe whose dominant space geometry has finite extension. Since space expands,
masses depend on the age of the universe. The relation between masses and age of the universe can only be
investigated outside of field theory. Neutrino masses are therefore not related to Yukawa couplings. Despite
the existence of the right-handed part, there is no need of thinking of a see-saw mechanism to balance heavy
and light part: neutrino masses turn out to be small in a natural way. On the other hand, being neutrinos
Dirac spinors, in this scenario we do not expect a neutrinoless double beta-decay to occur. The neutrino
masses at the present age of the universe were computed in Ref. [1] 3:

mνe = 1.40 eV , (3.1)

mνμ = 205.25 eV (3.2)

mντ = 5.72KeV . (3.3)

Let us now consider the mixing, that should produce the phenomenon known as neutrino oscillations. In
this case, the detection of the mixing does not occur like in the case of quarks: the rotation among neutrino
families does not reflect in corrections to the vertices of a one-loop interaction, the phenomenon we consider
involves free propagating neutrinos. Therefore, the probabilities are related in simple way to mass ratios of
bare neutrinos. In our scenario, what we can determine is the overall amplitude for the mixing of the muon’s
to the electron’s neutrino (or to the tau neutrino), given by the ratio of volume of the first to the volume
of the second neutrino family, namely the mass ratio of the respective neutrinos (or the ratio of the second
to the third family respectively). Let us concentrate on the first two families. In the SM approach neutrino
oscillation probabilities go typically as:

P ∼
∣∣∣∑UU�e−im

2L
2E

∣∣∣2 , (3.4)

3These values must be considered as a first approximation of a computation that cannot compete with the degree of precision
we are used to see in fine tests of the Standard Model. It is however sufficient for the purpose of our discussion.
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where U are the entries of the Pontecorvo-Maki-Nakagawa-Sakata matrix (PMNS matrix), m the neutrino
mass, L the travelled distance and E the average neutrino energy. This expression can be re-written as:

P ∼ |UU�|2 sin2
(
Δm2c3L

4�E

)
. (3.5)

The argument of the sin2 function can be rewritten as:

1, 27× Δm2L

E
(3.6)

where L is in Km, E is in GeV, and m2 is in eV2. Indeed, the sin2 behaviour is a quite general fact which is a
direct consequence of the wave-like propagation, and of being probabilities defined as squares of amplitudes.
Therefore, this behaviour does not depend on the specific model through which we implement the mixing,
and can be assumed to hold also in our scenario. However, owing to the huge mass difference between
muon’s and electron’s neutrino, in our scenario during one period of the electron neutrino wave the muon
neutrino undergoes many oscillation periods. In practice, it just contributes for an averaged effect: the
electron neutrino wave projects onto a constant muon neutrino state. The sin2 argument of expression 3.5
reduces therefore to:

≈ 1, 27×
m2

νeL

E
. (3.7)

What matters in our case is therefore the electron neutrino wave. From the values of the neutrino masses
at present time, expressions 3.1–3.3, we can see that for E ∼ O(1)GeV the typical period T is:

m2
νeT

E
∼ 2π =⇒ T ∼ π

1.27
Km . (3.8)

For what we said in section 2, the overall value of the coefficient |UU�|2 for the muon to electron transition,
summed over all the internal states, is:

|UU�|2 ≈
αSU(2)

1 + αSU(2)
≈

mνe/mνμ

1 +mνe/mνμ

. (3.9)

Averaging over the period of the sin2 part produces a normalization factor 1/2:

1

2π

∫
2π

sin2(x)dx =
1

2
. (3.10)

Inserting the values of the SU(2) coupling (or equivalently the neutrino mass ratio), and taking into account
the integration over the period, we obtain the average value of the νμ → νe mixing, that we indicate as M12:

M12 ≡ 〈P12〉 =
1

2
×

mνe/mνμ

1 +mνe/mνμ

= 0.00342 . (3.11)

This allows us to test the theory on the experiments. The experimental data we are going to consider are
those provided by the Super-Kamiokande [9], MiniBooNE [2] and MicroBooNE [3, 4, 5, 6]. These sources
of experimental data are particularly important, because they are less dependent on specific hypotheses and
models, like for instance the solar model in the case of solar neutrinos. Moreover, fitting both the Super-
Kamiokande and the MiniBooNE data is a challenge for a theory of oscillations, not to speak of the puzzling
”disagreement” of MiniBooNE and MicroBooNE data: in the most optimistic scenario the SM prediction
lies 5-6 standard deviations away from the MiniBooNE data, a result that the MicroBooNE data seem to
put into question, although in a seemingly non-explicable way.
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3.1 Atmospheric neutrinos

Let us start by considering the detection of atmospheric neutrinos at Super-Kamiokande. This experiment
compares the same muon’s neutrino beam before and after the travel through earth, thereby getting rid
of model-dependent systematic errors on the estimation of the absolute amount of neutrinos. Differently
from the usual approach, that assumes the interaction of neutrinos during their travel through the earth
to be negligible, in our scenario, owing to the shortness of the oscillation’s wavelength (of the order of the
kilometer) during their travel muon neutrinos can be assumed to be in the average electron’s neutrinos by
a constant mixing fraction M . This reflects in an increased interaction probability: since stable matter is
made of particles of the first family, the interaction with matter of the muon’s neutrino is in fact of second
order in the weak coupling αw as compared to the interaction of the electron’s neutrino. Therefore, when
travelling through matter electron neutrinos have a higher scattering amplitude than pure muon neutrinos.
As a consequence, owing to the frequent oscillation, during the travel through matter the muon’s neutrino
beam decreases through its partial mutation to a more interacting state 4.

Let us call Iνμ the amount of muon neutrinos which can be measured at any time of the neutrino flight.
This is proportional to the total amount of neutrinos by a factor that we don’t know, and we don’t actually
need to know. We can write:

∂Iνμ
∂t

≈ − IMAνe , (3.12)

where M is the average amount of mixing over the oscillation period, and Aνe is the scattering amplitude of
the electron’s neutrino. Since we are interested in deriving the fraction of remaining neutrinos as compared
to the initial amount by comparing the amount of decays before and after travelling through the earth (in
other words, since we are not interested in absolute quantities but in relative ones), let us normalize Iνμ by
dividing it by its initial value. Iνμ will therefore always be lower than one. In order to determine Aνe we
consider that between muon’s and electron’s neutrino there is an SU(2) rotation among first and second
family. We can therefore write:

Aνμ = α2
SU(2) ×Aνe . (3.13)

where αSU(2) is the strength of the families-rotating SU(2) coupling, the group that determines the mass
ratios. Its value must be run to the appropriate energy scale. In our case, we evaluate it at the mean energy
scale of the beam we want to consider. In turn, at every time Aνμ is given by the measured amount of muon
neutrinos, namely, Iνμ itself. We obtain therefore:

∂Iνμ
∂t

≈ − I2Mα−2
SU(2) . (3.14)

Assuming that the cross sections of the electron’s and muon’s neutrino scattering remain constant during
the path through the earth 5 and are the same as at the point of measurement, we can integrate 3.14 to:

1

Ioutνμ

= 1 + α−2
SU(2)MΔt , (3.15)

where Δt is the duration of the travel through earth. The neutrino mass is so small that we can consider it
to practically travel at almost the speed of light. Therefore,

Δt ≈ 0.0425 s . (3.16)

From 3.11 we calculate then:
M = 0.00342 . (3.17)

4Oscillations to the tau neutrino can be ignored here, because they do not significantly contribute to the interaction with
matter. We can therefore assume their contribution to the detected events to be basically the same before and after the travel
through the hearth, so that it gets systematically subtracted from the experimental data.

5This approximation is justified by the fact that the interaction of the electron’s neutrino with matter mostly concerns
valence electrons, so that the higher density of earth, five times that of the water, does not play any role.
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Inserting in 3.15 these values, and the value of the SU(2) coupling run to the appropriate scale (see ap-
pendix 3.2), we obtain:

1

Ioutνμ

∣∣∣∣∣
〈E〉=O(0.1GeV)

≈ 2.09 , (3.18)

1

Ioutνμ

∣∣∣∣∣
〈E〉=O(10GeV)

≈ 1.86 . (3.19)

Both the values 3.18 and 3.19 are in agreement with the Super-Kamiokande results [9], that also report a
higher oscillation rate of neutrino events below, but close to, the GeV energy scale.

3.2 The MiniBooNE and MicroBooNE results

Let us now consider the case of neutrinos produced in laboratory. In the usual interpretation, both these
data and those of atmospheric neutrinos (as well as those of solar and supernova neutrinos) correspond to
measurements made at a different phase of the oscillation. Once parameters such as the mass difference
and the PMNS mixing angles are fixed by the other experiments, in order to obtain the prediction for the
MiniBooNE experiment it remains only to plug a different energy E and distance L in the same expression 3.4.
Indeed, the experimental data do not fix the parameters in a unique way, but impose constraints on their
values. As a consequence, one speaks rather of a range of predictions. Nevertheless, in the most optimistic
case the SM fails to account for the experimental result by several standard deviations (> 4) ([2]): the
experimental data show a higher degree of mixing than expected. Several solutions have been proposed to
this puzzle, typically sticking on the idea of oscillation between neutrinos of comparable masses, therefore
with very long oscillation period. This is a natural assumption if one i) tries to justify neutrino masses within
a field-theoretical framework, necessarily based on Higgs mechanism and naturalness of Yukawa couplings,
ii) as a consequence explains also the Super-Kamiokande results in terms of single period oscillation. In this
case one can try to improve the model by introducing see-saw mechanisms involving non-interacting (sterile)
highly massive neutrinos, that would contribute to the oscillation without nevertheless being detected.

Let us now see how things look like in our theoretical scenario. Since we are interested in catching the core
of the phenomenon, for simplicity we just consider what could be the overall effect collectively accounting
for all the channels, at a reference energy of 1 GeV. While in the case of Super-Kamiokande the period of
oscillation is short in comparison to the travelled distance, in the MiniBooNE case the detector is placed at
around 1/5th of oscillation’s wavelength away from the source 6. This turns out therefore to correspond to
just after the point of maximal rate of increase of the mixing probability, when the sin2 function attains the
value sin2 ∼ 0.91. The MicroBooNE experiment is placed some 70 meters upstream (see for instance [3]),
where sin2 ∼ 0.75. Therefore, the MiniBooNE data should in first approximation correspond to a mixing:

P (νμ → νe) = 0.91×M12 ≈ 0.0031 . (3.20)

For energies below 1 GeV we obtain a slightly higher value. For instance, at 900 MeV the period is 20%
shorter, and we obtain:

P (νμ → νe) = 0.95×M12 ≈ 0.00326 . (3.21)

This has to be compared with the experimental observation for the neutrino channel, here extrapolated from
the data of [2]:

∼ 0.00323 ± 0.00014 . (3.22)

According to [2], the best fit of the SM expectation is instead ∼ 0.0026, more than 4σ away from the
experimental result. Let us now come to the result of MicroBooNE. In this case, for energies of 1 GeV we
obtain:

P (νμ → νe) = 0.72×M12 ≈ 0.0025 , (3.23)

6For an estimation of the travelled distance, we do not consider the whole distance of the detector from the accelerator’s
target [10], but the length between the absorber and the neutrino detector, ∼ 450m, plus half the detector’s length/diameter.
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Figure 2: The apparent contradiction of the MiniBooNE andMicroBooNE results depends on the architecture
of the two detectors, by coincidence placed precisely just before and after the threshold of compatibility with
the SM allowed values.

and for 900 MeV:
P (νμ → νe) = 0.82×M12 ≈ 0.0028 . (3.24)

These calculations are very sensitive to the exact position of the experiment. If the actual center of the
experiment is some ten meters more upstream 7, we obtain:

P (νμ → νe) ≈ 0.0024 (1GeV) , (3.25)

and:
P (νμ → νe) ≈ 0.0027 (900MeV) . (3.26)

The slope of the typical Standard Model oscillation is not uniquely determined by the experimental data.
In any case, roughly speaking the MiniBooNE results can be regressed to the MicroBooNE point by consid-
ering that the typical wavelength of SM oscillation models is much larger, at least one order of magnitude
larger, than the one of this scenario. This implies that, in the space of the small distance between the two
experiments, the MiniBooNE most optimistic mixing, 0.26% according to [2], can be regressed almost like a
constant (it would at most decrease by some 2%− 3% if Δm2 ≈ 0.2eV2). As a consequence, in the average
our prediction for the MicroBooNE experiment, 3.23–3.26, lies below the upper limit of the values allowed
by the Standard Model, whereas the prediction for MicroBooNE lies above. The situation is illustrated
in figure 2, in which we represent the SM upper limit around the two experiments as a dashed line. Our
results are therefore in line with the data reported in Refs. [3, 4, 5, 6], and justify the absence of electron’s
events excess. According to our analysis, the excess is larger for lower energies, because the wavelength
of the oscillation is larger, and the MiniBooNE detector is effectively placed more upstream in the period.
At the time of writing this paper, the analysis of the MicroBooNE data is not yet complete, and two new
experiments, SBDN and ICARUS, located respectively upstream and downstream of these two, will start in
the future. It will be interesting to test the shape illustrated in figure 3 also against the data produced by
these experiments.

7This correction is perhaps necessary in order to account for the different sizes of the MiniBooNE and MicroBooNE detectors:
considering also the different size of the respective detectors, it could be that 85 meters is a better estimate of the distance
between the centers of the two experiments.
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Figure 3: The SBDN and ICARUS detectors are placed along the same streamline of Mini- and MicroBooNE.
Here we illustrate the wavelength for energies around 1 GeV. According to our model, SBDN should measure
in the average a lower mixing than MicroBooNE. Depending on the energy range, ICARUS could fall around
the maximum of oscillation (for energies around 1 GeV), or down the slope after the maximum (lower
energies).

Conclusion

In this note we investigated flavour mixing, and in particular neutrino oscillations, in the light of a theoretical
framework that unifies quantum mechanics and general relativity at a non-field-theoretical level. In this
framework, all masses and couplings are determined by construction as functions of the only free parameter,
the age of the universe. Matching the experiments is therefore not a matter of data-fitting, but pure checking
of the predictive power of the theory, a theory that in part implies a re-thinking of the oscillation scenario.
Despite the rough approximation in the computation of the neutrino mixing, our results show a remarkable
agreement with the experimental data of atmospheric neutrinos as measured at Super-Kamiokande and of
accelerator neutrinos (both the MiniBooNE and the MicroBooNE experiments). Besides constituting a
test of the neutrino mass values predicted some years ago within this scenario (see Ref. [8], then updated
in [1]), this result provides further support for this theoretical approach, which goes to add to the successful
computation of the muon’s anomalous magnetic moment (see [7]) and several other quantities, not only
concerning elementary particle’s physics but including also the critical temperatures of hight-temperature
superconductors ( [1], [11]). All this suggests that perhaps it is time for the field-theoretical approach being
overcome by a more fundamental approach. The one presented in [1] could constitute a first step in the right
direction. In the future, it will be possible to test this hypothesis also on the data produced by SBDN and
ICARUS, for which we can already make a quantitative prediction.

Proceeding to more refined tests of the predictions on the neutrino physics within this scenario will on
the other hand require developing computational tools specific for this theoretical framework. In particular,
for consistency a test involving also solar and supernova neutrinos would require reconsidering also the solar
and supernova models within the same theoretical framework.

� � �
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Appendix A: The universe of codes in summary

Let us briefly recapitulate the key aspects of the theoretical framework used in this paper. As discussed
in Ref. [12], the basic formulation is given in terms of mappings from the set of natural numbers to a product
of discrete spaces. The mapping from a discrete set to a product of discrete spaces can be interpreted as an
assignment of units of what we may call “energy” to a set of “positions”. We build up in this way a discrete
geometry: in the limit to the continuum one can introduce an energy density, and a curvature related to
the energy density according to Einstein’s equation. The total number of energy units which are going to
be distributed by such a mapping can be interpreted as the total energy of this geometry. Let us call E
this total amount. It is clear that, if we consider the set of all the possible mappings distributing E energy
units, this contains as sub-geometries the set of all the possible mappings distributing E′ < E energy units.
Therefore, in the space of all such mappings for any value of E we can introduce an order by grouping
the geometries according to their total energy content. As surprising as it may seem, the ordering of these
sets by increasing E has all the characteristics of a temporal order [1]. Any set {Ψ} (E) containing all the
geometries {Ψ} (E) corresponding to a distribution of E energy units is a “universe” at total energy E, and
the E-ordered sequence of sets {Ψ} (E) a history of the universe. We are used to view the physical universe as
corresponding, at any time in its history, to just one geometry; how can a collection of geometries correspond
then to the universe? In Ref. [1] we introduced the concept of superposition of geometries. There is no room
here for going into details, but let us at least take a glimpse of this point, which is a fundamental concept
of the entire construction. According to this approach, what an observer sees is not one geometry, but an
“ensemble of geometries leading to weighted averages of observables”. For instance, the amount of energy
measured around a certain point in the space is the result of observing a set of geometries, each one with its
own energy distribution. The average observed effect is a weighted sum, in which each geometry contributes
to the detected energy according to its statistical weight in the space of all the geometries: geometries that
occur more often contribute more. What determines the weight of a geometry is the number of equivalent
times it can be realized, i.e. the number of times in which distributing a certain amount of energy units
produces the same geometry. This is the order of the symmetry group of the geometry. The basic expression
in this scenario is the sum over all the possible energy distributions:

Z(E) =
∑
Ψ(E)

eS(Ψ(E)) . (A.1)

where Ψ(E) is a geometry that corresponds to the distribution along the space of a total amount of energy E.
S(Ψ(E)) is the entropy of the geometry Ψ(E) in the phase space {Ψ} (E) of all the geometries of energy E. It
is related to the volume of occupation in the phase space, W (Ψ), in the usual way: S = logW 8. Contact with
the real world is established by identifying the size of the unit cell in the discrete space with the Planck length,
the energy unit with the Planck mass times c2, and taking the limit to the continuum. Indeed, the sum A.1 is
not restricted to three-dimensional spaces. Nevertheless, three dimensional space arises as the most entropic,
i.e. the most frequently realized, dimension within the class of the most symmetric geometries. Owing to
the interpretation of the path through sets of geometries ordered according to their energy content E as a
history of the universe, with an appropriate conversion of units 9, up to a multiplicative constant we can also
identify the total energy E with a time coordinate T , that we call “age of the universe”. As astonishing as
it may be, this leads, in the continuum limit, to a universe with the physical and geometrical properties of
the universe we live in, with a three-dimensional space governed by relativistic quantum mechanics. Indeed,
this setup leads in a natural way to the concept of mean value of an observable, and to an uncertainty
principle: if we consider as “classical space” the most entropic geometry at any age T , we have that, as
seen from the classical space, the contribution to the mean energy around a certain point is not just the
value assigned by the most entropic geometry, the “classical” value, but is corrected by an amount Δ, that
collects the contribution of all the other geometries. Since any physical observation, any experiment, can
only occur during a certain non vanishing interval of time, we cannot observe an “instant value” of energy.

8This volume is related to the volume of the symmetry group of the energy distribution. Since the sum A.1 is always
regularized to discrete spaces of finite volume, the volume of the symmetry group turns out to correspond to the order of a
finite group.

9Based as usual on the constants c, �, and the Planck length.
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It only makes sense to speak of a variation of energy during a certain interval of time. It can be shown
that ΔE and ΔT are inversely proportional, leading to a relation that from a formal point of view coincides
with the Heisenberg’s uncertainty relation. Indeed, as discussed in Ref. [1], this gives us an idea about
why the physical world is necessarily quantum mechanical, even before introducing the notion of light and
measurements made through wavelike probes: in this scenario quantum mechanics is an expression of the
fact that we can only observe mean values, because the universe does not consist of a single geometry. Once
the notion of classical geometry is appropriately introduced, also the concept of propagation of information,
and the fact that the speed of light is a universal constant can be shown to result as a consequence of the
fundamental setup.

Till now we have spoken only of energy. Indeed, since what we have called energy is what shapes the
geometry, and anything in the universe is in the end a deformation of space, we are not separating here
a background space in which other degrees of freedom (particles, fields, whatever else) live in. The set of
geometries are not the space where other elements live in: they are the universe. The universe consists of
geometries. The sum A.1 can therefore be considered the “partition function”, or the functional generating
all the observables of the theory. The dynamics is intrinsic in A.1: the time evolution is uniquely given by
the entropy-weighted sum as a function of E ∝ T . Any type of “force” or interaction is therefore entropic by
definition. In this scenario, there is neither reversibility nor conservation of energy. Although not surprising
for what we just said, the statement about energy conservation may seem to contradict one of the most
established principles of physics. However, here we are talking about the non-conservation of the total
energy of the universe, a phenomenon that occurs at the cosmological scale. Indeed, as discussed in [1], this
seems to agree with several cosmological observations. The physics at the scale of a typical local experiment
is on the other hand approximately described by an effective theory obtained by neglecting the cosmological
evolution. In this case the usual energy conservation principle is recovered. Indeed, the sum of A.1 over
all energies turns out to be a generalization of the Feynman’s path integral, in which the paths are the
geometries. Although the measure of the sum is not formulated in terms of exponential of an action but
exponential of entropy, it can be shown that the sum

∑
E Z(E) implies the Lagrangian formulation in the

continuum limit, a non-trivial result for which we refer the reader to Ref. [1] (chapter 3, section 5) 10.

The effective theory

At any age of the universe the most entropic geometry turns out to be a 3-sphere with radius proportional
(after appropriate conversion of units) to the age of the universe itself. Therefore, what we introduced as
classical space, namely the space corresponding to the most entropic geometry, is always of finite extension.
From A.1 one derives that the history of the universe progresses toward increasing size of the space, which can
be interpreted as a classical space expanding proportionally to the age, to serve as base for a quantum world
provided with a minimal distance. On the continuum, this scenario can be approximated by string theory.
The physical content of the world implied by A.1 can be investigated by considering string constructions
corresponding to a compactification to four dimensions, in which however the space-time coordinates are
considered of infinite extension only for convenience of the analysis. Indeed, from a physical point of view,
they too are compactified. However, differently from the other string coordinates, they are not frozen at
the Planck scale, but extended as much as the classical space of the universe. These coordinates expand
therefore as a function of the age of the universe. As it was for the geometries, also in the case of string
compactifications one must proceed in analogy to (A.1), and investigate string constructions by introducing
an entropy in the space of all string compactifications, allowing to weight the compactifications, and identify
those of highest entropy. This can be done, and an entropy can be introduced and put in relation to the
symmetry of the string construction 11.

10The “weird” formulation of the measure reflects the profound difference between this approach and other based on a
discretization of fields and/or the space they live in (such as for instance the spin foam models (see [13], and [14] for a review).
In its basic formulation our approach does not rely on any kind of Lagrangian/Hamiltonian formulation, in A.1 there is neither
time evolution nor quantization. It is pure statistics, and as such it deeply differentiates also from approaches with which it
shares somehow some concepts, such as Wheeler’s geometrodynamics [15].

11It is not necessary to introduce it in an absolute way: what we are interested in is just the comparison between different
constructions, therefore their relative degree of symmetry. In the case of orbifold constructions this is simple to find out, because
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There is no single string compactification that, alone, exactly accounts for the physical content, and
allows to investigate the spectrum of elementary particles and interactions. The latter can be investigated
by looking at the class of string compactifications whose geometries corresponds to the highest amount of
symmetry reduction, because they are those that contribute the most. Indeed, as we said, what are usually
called compactifications to four dimensions, namely constructions in which four coordinates are infinitely
extended, do not appropriately correspond to the real physical situation, in which also space-time is compact.
This point is not a negligible aspect: precisely the compactness of space gives rise to non-vanishing sub-
Planckian masses as lowest momenta 12. It should by now be clear that, like field theory, in this context
also string theory is only a useful tool for investigating certain properties, but not the whole story. Anyway,
although complicated, the analysis of the physical content can nevertheless be done. What comes out is
that supersymmetry is broken at the Planck scale 13, and the spectrum of the elementary particles and their
interactions is the already known one of the Standard Model, except for the Higgs field, absent here. Not
only masses, but also couplings, and as a consequence all physical quantities, turn out to depend on the
extension, and therefore on the age, of the universe, which is the only independent parameter of the theory.
At any chosen age of the universe, the entire physical content, the masses and the interaction couplings, are
uniquely determined. This theoretical framework is therefore extremely predictive. Its predictive power is a
”double-edged sword”: on one side any mismatch with the experimental results can potentially rule out the
entire scenario; on the other side, any agreement is a strong support of the entire construction.

In this scenario, reversibility only exists as an approximation, in an effective action derived for any point
of the evolution of the universe, in which one deals with masses and couplings as they were constant. At
a fundamental level, everything is ruled by entropy: the concept of causality itself is here substituted by
an evolution toward more entropic states. Once the cosmological evolution is neglected it is possible to
approximate the dynamics with a field theoretical action built out of the degrees of freedom of the spectrum.
In principle, any instant of the age of the universe should corresponds to a different effective action. However,
since the cosmological evolution is encoded in the dependence of masses and couplings on the age of the
universe, while the fundamental degrees of freedom remain the same, it is possible to consider an effective
action in which masses and couplings are inserted as external parameters, without caring about their origin,
and neglecting their dependence on the age of the universe. Since at present time the dependence of these
quantities on the age of the universe is very mild, as long as one is not interested in phenomena occurring
at the cosmological scale, the approximation obtained by freezing them to a fixed, present age, makes sense.
The dynamics implied in the effective action will approximately describe the time evolution in a neighbour
of the present age, with a time parameter that does not encode the whole time evolution. As a consequence,
such an effective theory does not need to be consistent as gauge theory in the massive sector (no Higgs
mechanism). It does not need to provide a fundamental description of time-reversal and therefore also of
CP violation either: in this theoretical framework, these phenomena must be investigated outside of field
theory. The effective theory only works as a truncated theory, in which the computation of amplitudes
through Feynman diagrams makes only sense once endowed with a different interpretation, that implements
the statistical approach derived from the sum (A.1).

they are derived by modding out flat space by different symmetry groups. Luckily, orbifolds turn also out to be enough for the
purpose of investigating the spectrum.

12Compactness of space does not necessarily imply non-vanishing ground modes of the momenta. However, here the space is
a bit more complicated: in the string orbifold language, it is “shifted”.

13Differently from what one would naively expect, despite of being supersymmetry broken at the Planck scale, the vacuum
energy is not of order of the Planck mass, but has a mild dependence on the inverse of the age of the universe, leading to the
correct estimation of the cosmological constant (see Ref. [1]).
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Appendix B: Deriving the CKM matrix

The CKM matrix is built as product of three matrices:

CKM =

⎛
⎝ 1 0 0

0 cosϑsb sinϑsb

0 − sinϑsb cosϑsb

⎞
⎠

×

⎛
⎝ cosϑdb 0 sinϑdb

0 1 0
− sinϑdb 0 cosϑdb

⎞
⎠ (B.1)

×

⎛
⎝ cosϑds sinϑds 0

− sinϑds cosϑds 0
0 0 1

⎞
⎠ ;

where the entries, derived from quark and meson phase space volumes, are [1]:

sinϑsb ≈ δ ∼ 0.046 (B.2)

sinϑds ≈ mπ

mK
∼ 0.22 (B.3)

sinϑdb ≈ δ
2
3 × mπ

mK
∼ 0.009 , (B.4)

(B.5)

where δ ∼ 100 is the inverse of the coupling strength of the SU(2) group at the base of the rotations among
particle’s families, evaluated at the appropriate quark scale. For a discussion of the dependence of matter
symmetries on this group we refer the reader to [1].

Appendix C: Age of the universe, SU(2) coupling

In our framework every parameter is a function of the age of the universe. In particular, so is also the
neutron’s mass. Therefore, a precise determination of the age, needed in order to compute couplings and
masses, can be obtained from the experimental value of the neutron’s mass. In this way we obtain:

T ≈ 5.038816199 × 1060 M−1
P (= 12.6202827× 109 yr) . (C.1)

The inverse of the strength of the SU(2) coupling at energy scale M0 = 1/2
√
T in units of c2 times the

Planck mass MP is:
α−1
SU(2) = 147.2 . (C.2)

In order to run its inverse to the 0.1GeV scale, we multiply it by the logarithmic fraction of the two energy
scales, thereby obtaining:

α−1
SU(2)|E=10−20 MP c2 = α−1

SU(2)|E=M0 ×
log10(10

−20)

log10 M0
(C.3)

and:

α−1
SU(2)|E=10−18 MP c2 = α−1

SU(2)|E=M0 ×
log10(10

−18)

log10 M0
(C.4)

for energies of 0.1 and 10 GeV respectively (here we approximate the GeV scale as ∼ 10−19 times the Planck
mass scale).
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