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Abstract: In analogy with the ultimate speed c, there is an ultimate acceleration β, nobody's acceleration can 

exceed this limit β, for electrons and quarks, β=2.327421e+29(m/s2). Because this ultimate acceleration is a large 

number, any effect connecting to β will become easy to test, including quantum gravity tests. In this paper, an 

approach is put forward to connect the ultimate acceleration with quantum theory, consequently, it is found that 

quark's matter wave must obey the SU(n) symmetry in a strong interaction process. It is completely a new aspect to 

quark model for its relativistic matter wave to contain SU(n) symmetry. 

 

1. Introduction 

This year is 99th anniversary of the initiative of de Broglie's matter wave [1-3], it is a good time for 

rediscovering the matter wave.  

In analogy with the ultimate speed c, there is an ultimate acceleration β, nobody's 

acceleration can exceed this limit β, for electrons and quarks, β=2.327421e+29(m/s2). Because 

this ultimate acceleration is a large number, any effect connecting to β will become easy to test, 

including quantum gravity tests. In this paper, an approach is put forward to connect the 

ultimate acceleration with quantum theory, consequently, it is found that quark's matter wave 

must obey the SU(n) symmetry in a strong interaction process. It is completely a new aspect to 

quark model for its relativistic matter wave to contain SU(n) symmetry. 

 

2. How to connect the ultimate acceleration with quantum theory 

In the relativity, the speed of light c is an ultimate speed, nobody's speed can exceed this limit c. 

The relativistic velocity u of a particle in the coordinate system (x1,x2,x3,x4=ict) satisfies 

 2 2 2 2 2

1 2 3 4u u u u c+ + + = −  . (1) 

No matter what particles (electrons, molecules, neutrons, quarks), their 4-vector velocities all have 

the same magnitude: |u|=ic. All particles gain equality because of the same magnitude of the 4-

velocity u. The acceleration a of a particle is given by 

 2 2 2 2

1 2 3 4 4; ( 0; )a a a a a x ict+ + = = =   (2) 

Assume that particles have an ultimate acceleration β as limit, no particle can exceed this 

acceleration limit β. Subtracting the both sides of the above equation by β2, we have 

 2 2 2 2 2 2

1 2 3 4; 0a a a a a + + − = − =   (3) 
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It can be rewritten as 

 2 2 2 2 2

1 2 3 2 2

1
[ 0 ( ) ]

1 /
a a a i
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+ + + + = −

−
  (4) 

Now, the particle subjects to an acceleration whose five components are specified by 
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= =
− −

= = =
− −

  (5) 

where 5 is the newly defined acceleration in five dimensional space-time (x1,x2,x3,x4=ict,x5). Thus, 

we have 

 2 2 2 2 2 2

1 2 3 4 5 4; 0      + + + + = − =   (6) 

It means that the magnitude of the newly defined acceleration  for every particle takes the same 

value: ||=iβ (constant imaginary number), all particle accelerations gain equality for the sake of 

the same magnitude. 

How to resolve the velocity u and acceleration  into x, y, and z components? In realistic world, 

a hand can rotate a ball moving around a circular path at constant speed v with constant centripetal 

acceleration a, as shown in Fig.1(a).  

(a) (b)  

Fig.1   (a) A hand rotates a ball moving around a circular path at constant speed v with constant centripetal 

acceleration a. (b) The particle moves along the x1 axis with the constant speed |u|=ic in the u direction and 

constant centripetal force in the x5 axis at the radius iR (imaginary number). 
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In analogy with the ball in a circular path, consider a particle in one dimensional motion along the 

x1 axis at the speed v, in the Fig.1(b) it moves with the constant speed |u|=ic almost along the x4 

axis and slightly along the x1 axis, and the constant centripetal acceleration ||=iβ in the x5 axis at 
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the constant radius iR (imaginary number); the coordinate system (x1,x4=ict,x5=iR) establishes a 

cylinder coordinate system in which this particle moves spirally at the speed v along the x1 axis. 

According to usual centripetal acceleration formula a=v2/r, the acceleration in the x4-x5 plane is 

given by 

 
2 2 2 2| |v u c c

a i i
r iR iR R

=  = = − =  . (7) 

Therefore, the track of the particle in the cylinder coordinate system (x1,x4=ict,x5=iR) forms a shape, 

called as acceleration-roll. The faster the particle moves along the x1 axis, the longer the spiral step 

is. 

As like a steel spring with elastic wave, the track in the acceleration-roll in Fig.1(b) can be 

described by a wave function whose phase changes 2 for one spiral step. Apparently, this wave is 

the de Broglie's matter wave for electrons, protons and quarks, etc. 

 

Proof: The wave function phase changes 2 for one spiral circumference 2(iR), then a small 

displacement of the particle on the spiral track is |u|d=icd in the 4-vector u direction, thus this 

wave phase along the spiral track is evaluated by 

 
0 0

2

2 ( )

c
phase icd d

iR R

 
 


= =   . (8) 

Substituting the radius R into it, the wave function  is given by 

 
0 0

exp( ) exp( ) exp( )
c

i phase i d i d
R c

 
  = −  = − = −   . (9) 

In the theory of relativity, we known that the integral along d needs to transform into realistic line 

integral, that is 

 

2 2 2 2 2

1 2 3 42 2

1 1 2 2 3 3 4 4 2

( )

1
( )

d d
d c u u u u

c c

u dx u dx u dx u dx
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 = − = + + +

− −

= + + +
−

 . (10) 

Therefore, the wave function  is evaluated by 
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This wave function may have different explanations, depending on the particle under investigation. 

If the β is replaced by the Planck constant for electrons, the wave function is given by 

 

3

1 1 2 2 3 3 4 4
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:
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=

= + + +

 . (12) 

where mu4dx4=-Edt, it strongly suggests that the wave function is just the de Broglie's matter wave 
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[1,2,3].  

 

In Fig.1(b), the acceleration-roll of particle moves with two distinctions: right-hand chirality 

and left-hand chirality. The direction of the angular momentum J would be slightly different from 

the x1 due to spiral precession. It is easy to calculate the ultimate acceleration β , the radius R and 

the angular momentum J in the plane x4-x5 for a spiraling electron as 

 

3
2

2

2.327421e+29 (M/s )

3.861593e-13 (M)

| |

c m

c
R

J m u iR





= =

= =

=  =

. (13) 
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Considering another explanation to  for planets in the solar system, no Planck constant can 

be involved. But, in a many-body system with the total mass M, the data-analysis [14] tells us that 

the ultimate acceleration can be rewritten in terms of Planck-constant-like constant h as 

 

3

1 1 2 2 3 3 4 4
0

:

exp( ( ))
x

c
assume

hM

i
u dx u dx u dx u dx

hM





=

= + + +

 . (14) 

The constant h will be determined by experimental observations. The papers [15,16] showed that 

this wave function is applicable to several many-body systems in the solar system, the wave function 

is called as the acceleration-roll wave.  

Consider third explanation to  for atoms in cells and viruses. Typically, sound speed in water 

is v=1450m/s, according to v=f, the sound wavelength  for frequency 1kHz---1Mhz is 1.5m---

1.45mm. In general, the sound wavelength is larger than cell size, because cell size is about 1 micro. 

Thus, almost all cells and viruses live in a smaller space which is not sensitive to the sound. The 

acceleration-roll can provide a kind of wave with a shorter wavelength and lower frequency for 

various cells and viruses beyond human-sensitive sound wave [14]. 

Of cause, there is "ultimate distance" [14] from which the Hubble law can be derived out. 

 

Tip: actually, ones cannot get to see the acceleration-roll of a particle in the relativistic space-

time (x1,x2,x3,x4=ict) ; only get to see it in the cylinder coordinate system (x1,x4=ict,x5=iR).  

 

3. Matter wave with SU(n) symmetry 

In an electromagnetic field, single electron's matter wave is modified as follows 

 
0

exp ( )
x

x

i
mu qA dx  

 
= + 

 
   (15) 
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where A represents the electromagnetic 4-vector potential, the integral takes from the initial point 

x0 to the final point x by an arbitrary mathematical path in the coherent zone. Similarly, in a closed 

N particle system, the j-th particle moves in an interacting field A which is the sum of the 

contributions from other N-1 particles.  

 ( ) ( ) ( ) ( )

1, 1
( )

N Nj k jk k

k k j k
A x A S p  =  =

= =   . (16) 

where superscript denotes the particle index, S(jk) is the couple coefficient of momenta between the 

j-th particle and the k-th particle. Then j-th quark's matter wave is given by 

 
0

( ) ( ) ( ) ( ) ( )

1
exp ( )

x Nj j jk k j

kx

i
p S p dx  

=

 
= + 

 
   (17) 

In other words, quark's acceleration-roll only allows the matter wave to change its phase in an 

interaction process. For convenience, we define the riding-wave momentum R by 

 R mu qA  = +  . (18) 

then we have 

 ( ) ( ) ( ) ( )

1

Nj j jk k

k
R p S p  =

= +  , (19) 

In matrix form, that is 

 

(1) (11) (12) (1 ) (1)

(2) (21) (22) (2 ) (2)

( ) ( 1) ( 2) ( ) ( )

(1 )

...

...
(1 )

... ... ... ... ... ...

...

N

N

N N N NN N

R S p

or

R S S S p

R S S S p

R S S S p

= +

     
     
     = +
     
     
     

 . (20)  

where 1 denotes unitary matrix, now, the matrix S represents the interactions between each other, 

actually its entries are regarded as smaller quantities for most particle interactions. In most cases for 

larger N system, the coefficient matrix S is an array hard to calculate like the 4-vector potential, so 

in practice S is regarded as unknown quantity determined by experiments. 

 

Theorem 1: The interaction matrix S in the riding-wave momentum formula is a Hermitian matrix: 

S+=S. 

Proof: The wave function of the j-th particle is given by 

 

( ) ( )

0( )

( ) ( ) ( )

0( )

exp

exp [ ( , ) ]

x
j j

L

x
j jk k

L

i
R dx

i
p t S p dx

 

  


 

=  
 

 
= + 

 



 x

 , (21) 

where, the duplicated indices imply summation over (Einstein summation convention). We define  

 

( ) ( )

0( )

( ) 2 ( ) ( )*

exp

| | 1 (no sum over j)

x
j j

L

j j j

i
p dx 

  

 
=  

 

= =

  , (22) 
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regarding S as smaller quantities for the interactions, then we have  

 

( ) ( ) ( ) ( )

0( )

( ) ( ) ( )

0( )

( ) ( ) ( ) 2

0( )

exp [ ( , ) ]

exp

1 ( )

x
j j jk k

L

x
j jk k

L

x
j jk k

L

i
p t S p dx

i
S p dx

i
S p dx O S

  

 

 







 
= + 

 

 
=  

 

 
= + + 

 







x

 . (23) 

Typically, the acceleration-roll demands the matter wave function to meet the unity requirement: 

 ( ) 2 ( ) ( )*| | 1 (no sum over j)j j j  = =  . (24) 

Using 

 

( ) ( ) ( ) ( )

0( )

( )* ( ) ( ) * ( ) * * ( )*

0( )

1

1 [ ] [ ] [ ]

x
j j jk k

L

x
j j k kj j

L

i
S p dx

i
p S d x

 

 

 

  +

 
= + 

 

 
= = − 

 





 , (25) 

The transpose operation used in the above expression is a preparation for the consistency of matrix 

calculation, we have 

 

( ) 2 ( )* ( )

(no sum over j)

( ) * ( ) * * ( )* ( ) ( ) ( )

0( ) 0( )

( ) * ( ) * * ( ) ( )

0( ) 0( )

( ) * ( ) *

| | |

1 [ ] [ ] [ ] 1

1 [ ] [ ] [ ] 1

1 [ ] [ ]

j j j

x x
k kj j j jk k

L L

x x
k kj jk k

L L

k kj

i i
p S d x S p dx

i i
p S d x S p dx

i
p S d

   

   



  

 

=

   
= − +   
   

  
= − +  
  

= −

 

 

* ( ) ( ) 2

0( ) 0( )
[ ] ( )

x x
jk k

L L

i
x S p dx O S  + + 

.
  (26) 

We know 

 ( ) * * ( )[ ] [ ]k kp d x p dx   =  . (27) 

thus 

 ( ) ( ) ( )* ( ) ( )

0( )
1 [ ]

x
j j kj jk k

L

i
S S p dx  + = + − +  . (28) 

The integral path is an arbitrary mathematical path (not particle tracks); therefore, the unity 

requirement leads to the conclusion 

 
( ) ( ) ( )* ( )1 0j j kj jkS S

S S

 +

+

= → − + =

=

 . (29) 

Proof done. 

 

Theorem 2: Since S is a Hermitian matrix, according to the theory of group, for N=3, the Hermitian 

S is a linear combination of the Gell-mann matrix set in terms of SU(3) symmetry: 
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11 12 13 8

3 3 21 22 23

1

31 32 33

1

2
X a a

a

S S S

S S S S c

S S S


=

 
 

= =
 
  

  . (30) 

where ca are eight real small coefficients of the expansion, a are the eight independent Gell-Mann 

matrices called as the eight generators of SU(3) group, the Gell-mann matrices are 

 
1 2 3

0 1 0 0 0 1 0 0

1 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0

i

i  

−     
     

= = = −
     
          

 , (31) 

 
4 5 6

0 0 1 0 0 1 0 0

0 0 0 0 0 0 0 0 1

1 0 0 0 0 0 1 0

i

i

  

−     
     

= = =
     
          

 , (32) 

 
7 8

0 0 0 1 0 0
1

0 0 0 1 0
3

0 0 0 0 2

i

i

 

   
   

= − =
   
   −   

 . (33) 

 

Proof: This is a mathematical theorem, was proved in the theory of group. Proof omitted here. 

 

Theorem 3: Since S is a Hermitian matrix, according to the theory of group, for N=2, the Hermitian 

S is a linear combination of the Pauli matrix set in terms of SU(2) symmetry: 

 

(1) (1) (1)

1 1 2 2 3 3(2) (2) (2)
(1 ) (1 )

R p p
S c c c

R p p
  

     
= + = + + +     

     

 . (34)  

Where the Pauli matrices (SU(2) group) are given by (corresponding to 1,2,3 in SU(3) group) 

 
1 2 3

0 1 0 1 0
, ,

1 0 0 0 1

i

i
  

−     
= = =     

−     

 . (35) 

and c1, c2, c3 are three independent real first order small parameters. 

Proof: This is a mathematical theorem, was proved in the theory of group. Proof omitted here. 

 

Theorem 4: The riding-wave momentum R is recognized as the canonical momentum in the 

analytical mechanics. 

Proof: by definition, we know 

 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

4 4 4/

j j j j

j j j j j

q

iH c R p q A

= +

= = +

R p A
 . (36) 

If the j-th particle in the N particle system is in its stationary state, then the fourth component of the 

riding-wave momentum of the j-th particle is a constant. It is called as the Hamiltonian of the j-th 

particle H(j), or called as the energy of the j-th particle E(j), given by 
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( ) ( ) ( )

4 4

( ) ( )
( ) ( ) ( ) ( )

4 4 4

(1 )j jk k

k

j j
j j j j

R S p

iH iE
R p q A

c c

= +

= +  


 , (37) 

where A4
(j) is the electric potential at where the j-th particle experiences. In the followings, we drop 

the superscript (j), substituting them into the total momentum formula 

 2 2 2 2 2 2 2

1 2 3 4p p p p p m c= + + + = −  , (38) 

we get 

 2 2 2 2

4( ) ( / )q H c iqA m c− − + = −R A  . (39) 

That is 

 2 2 2

4| |H c q m c icqA= − + −R A   (40) 

This Hamiltonian is completely the same as that in usual textbooks of electrodynamics, under this 

square root, R is recognizable as the canonical momentum of analytical mechanics, rather than p. 

In quantum mechanics, a stationary state definitely means the energy (or the Hamiltonian) to be a 

constant, so R4=const. Proof done. 

 

4. Conclusions 

This year is 99th anniversary of the initiative of de Broglie's matter wave [1-3], it is a good time for 

rediscovering the matter wave. In analogy with the ultimate speed c, there is an ultimate 

acceleration β, nobody's acceleration can exceed this limit β, for electrons and quarks, 

β=2.327421e+29(m/s2). Because this ultimate acceleration is a large number, any effect 

connecting to β will become easy to test, including quantum gravity tests. In this paper, an 

approach is put forward to connect the ultimate acceleration with quantum theory, consequently, 

it is found that quark's matter wave must obey the SU(n) symmetry in a strong interaction 

process. It is completely a new aspect to quark model for its relativistic matter wave to contain 

SU(n) symmetry. 
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