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Introduction

The Dirac equation is a linear matrix partial differential equation (or 4-vector linear partial differential
equation, or system of linear partial differential equations) in non-negative dependant variable(s) (matrix /
4-vector) which also satisfy the generalized Helmholtz / Klein-Gordon Equation.

1.

The Dirac Equation is generally written:
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Just as generalized coordinate systems take form from their relationship to a specific coordinate system (as



polar coordinates are defined by its transformation to rectangular cartesian coordinates; as are cylindrical,
spherical, parabolic cylindircal, paraboloidal, elliptic cylindrical, prolate spheroidal, ellipsoidal, bipolar, ...) the
Dirac equation takes form from a specific choice of

representations: y#
The Dirac and Weyl representations are inmost common use, but there are a number of others:

The Dirac representation:
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A Majorana representation is a representation where the y* are
all purely imaginary, so the Dirac equation becomes purely real:

The Majorana representation (1):
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The Majorana representation (2):
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2.

The Pauli Matrices may be defined from these y — matrices

(or vice-versa), as:
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SO:
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Now, with:
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(seperates amalgams x2-time and x!-x*-mass)
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Matrix Transpose:
if A= (Al]) then: AT = (Aj,')
Complex Conjugate:
if xyeRueCsu=x+iy then: u*=x—-iy (i-i=-1)
Matrix Complex Conjugate:
if A= (A;) then: A* = (A7)
Matrix Hermitian Adjoint:
if A=(A;) then: A" = (4})
So:
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(A+B) = A"+ B
(AB)" = B'A'

|:(i23:7/“6u — Im)\y:| =0" =0
u=0 .
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|:—i80(\|ﬁ}/0)+ iﬂf]la,,(\v*y“) - Im\v*J(V"\V) =0

and:

19



3
(\W?/O)[ i80(?°\|f)+i2:,)6u(7/“\v) - Iqu} =0
pras
S0, subtracting:
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3

dop + 204" =0 has the form of an equation of continuity
u=1
p is called a probability density

T is called a probability current density
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7.

The expectation value of a physically meaningful quantity is given by:
(F) = [[[v'Fyav
so: '
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= [[jimy) Fyav [y ity - (2)
= [[J v Fyav + [[f oy Pryav - (2F)

and: (ap)'=af , Bl=B, ,are both Hermitian, so:
Hj = <(x“p# + Bm)T = o'p, +Pm = Hp is Hermitian
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and, therefore, if [H,F] = HF —FH =0

then:

i =
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so, F is called a constant of the motion, whenever: [H,F]= 0
Note that:
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so p, ,and, thus p , is a constant of the motion.

Now, from Classical Mechanics, Angular Momentum is a conserved quantity, defined as:
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L = ? X f))

SO:



- —

—
L.=yp;—-2p, ., Ly=zp,—xp; , L;=xp,-yp,
- -

= (a*p, +Bm) (yp; — 2p,)-0p; — 2p,) (op,, + prm)
— (—jqn—9_ — oo )= —iv0 470\t
( it +Bm>(yp3 zp,) ( iyg, T ay)(a p, +Bm)
= —ia“g‘a,,(yps —2p,) + PmOyp; —zp,) +
L0 0
—(—zya—z - tza—y) (a#p, ) —(yps — 2p,) (Bm)
= —ie' 207 (2p3) + i 0 (°5) + Bm(yps — 2p2)-0-(p; — p) (Bm)

= —ia"85ps + 045;,p, + Bm(yp; — zp,)—-0-(yp; — zp,) (Bm)
= —i(a’p; — o’p,)

similarly:
T 003 1
[H’Ly:| = —i(a’p, —o'p;)
T ool 2
[Hsz} =-i(a'p, —a’p,)
Now, let:
T =iz 4R+ k23
and:

S = i(i’ X E’) i@ -+ @2 — 22+ RE'E? - 225 )i
[ because T!,32,3° are matrices (not reals): T x 2 # 0]

U= iylyyy =iy Yy = iy = iy

=iy = iy ()Y = iy

== idyyyt = iy = 'y

D R G S G I (R O e e
=YYy = -y Y = oy = iz

2322 — i,YS,Yl,YZ,YSi,YZ,YI,YZ,YS — _,YS,YI,YZ,YS,YZ,YI,YZ,YS
=YY YY = ryivyyy
=YYy = vy =2

1

SO.
S, = i(223? —3%52) = 25!
and:
S, =i - 2'T) = iy - irir'y)
= i(=y'v Py + vy = iy Y)Y - vy ()]
= i[-2i(iy'y*)] = 23
and:
S. = (@' - 22%) = iy 'y - '’y
=iy Y'Yy = @Yy Y (Y
= i[-2i(iy'y*)] = 2%°
So:

22



S = i(i’ X E’) =2(iz' +j2? +k2?) = 2%
and, then:
H,2'] = (ap, + Bm) (-iv>y*)—(—iv*y*) (ap,, + pm)
= (Y%yp, + Bm) (=iv>y®) — (—iv*y*) (Y'r*p,, + Bm)
= iy°y"y*y*)p,, + my’(=iv*y*) — (=iy*y*y°y*)p,, — (=iy*y*)y'm
= (iy°y*y*y*)p,, + (iy*y )om — (=iy*y’y°y*)p, — (=iy*y’ )y'm
= =iy’ [(y"y*y?) - (Vv y) b,
= =iy’ I(y'y*y?) = (v yH I, — L y* YY) — Py’ yD)Ip, — L Y?Y?) — (*y*y?) Ips
= =iy’ [(y'y*y?) = (Y'y* ) I, — LGy y™y?) — (=v*y*y))1p, — ' I(=v*¥*y?) — (Y*v*y?) s
= 7°[-2iy’]p, +7°[2iy*]p;
= 2ia’p, — 2ia’p, = 2i(a’p; — a’p,) = —Z[H,fx}
= [H,%S']
similarly:
[H,22] = [H,%8%] = —Z[H,fy}
[H,23] = [H,%8%] = —2[ ,i’]

o]

then:
HJ']=[HJ]=[HJ]=0
S is called the Spin Angular Momentum

J is called the Total Angular Momentum, and is a
constant of the motion
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