J-Integral

Rajeev Kumar*

Abstract

The J-integral is a path independent integral, used for characterizing the severity of the
loading at a crack tip. In this paper an alternative derivation of J-integral and its path
independence for plane stress using vector calculus has been presented.
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1 DERIVATION
Consider a vector field
F = Flé, + F,e,
with components

F :w—(angzl+o— auzj

F, = _(0'21 %"' On auzj
ox,

where

w = strain energy density

Gij = stress

u; = displacement

now let i be the unit vector normal
to a contour of integration then

n, =cos 0

n, = cos (90 — ) =sin @

dx, = —ds xsin @ = —ds xn,

dx, =ds xcos 8 =ds xn,
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let
J = [Foids = [(Fé, + F,&,).(né, +n,é,)ds
= I(F1”1 + F,n, )ds d&

= I(Flnlds + anzds)
= jFlnlds +IF2n2dS

Ou, Ou, Ou Ou
=||lw-|o,, —+0, —=||nds - || 0,, —+0,, —= |n,ds
I|: ( 11 ax] 12 axl J:| 1 J.{ 21 6_x] 22 6_x] J 2

Ou Ou Ou Ou
= Iwnlds —J. o a—xl-i— oy, axz]nlds —I[JZI a—xl-i— o, 8x2]nzds
1 1

1 1

Ou Ou Ou Ou
= jwdx 5 —J‘Kannl a—x1+ o N, (%clJ + [O'lzn1 a—xz+ O,y axzﬂds
1 1 1 1

_ Ou, Ou,
_Idez—J|:1ax1+T26 :|dS

X
where
Iy =o,n +oyun,=0o,n +o,n, [o, =0,]
T, =0un +0,n, =00, +0,n0,

:>J:_[|:de2_ I_Zul } [i=1,2]

X

2 PATH INDEPENDENCE

By normal form of Green’s theorem

fF. nds-”[aF jd i, dx, (i)
now
oF, _ow (0o, 6u1 62141 do, Ou, o’u,
+o -+ |- x + 0, X—5
axl 6x1 ox, axl Ox; Oox, 0Ox Ox;

oF, _ [ 0oy, “ ou, to. % 0’u, [ 00y, o ou, t o x o’u,
0ox, ox, Ox, 2 ox,0x, Oox, Ox, 27 ox,0x,
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now second and third terms become zero by equilibrium equations and also o, = o,,,
so

OF,  OF, ow o’u, o’u, o’u, o’u, ..
-t nX—7=3 tOopX—/—5t+t0, X 0y X (ii)
ox, Ox, le X, X, 0x,0x, 0x,0x,
now

Ou, og, 0’u,
EWw=LT = < T332

Ox, Ox, Ox,
e, = Ou, N 0¢,, _ azuz

0x, Ox,  Ox,0x,

2 2

glz:l %+%36812:l 6u22+6u1

2\ ox, Ox, ox, 2\ Ox; Ox,0x,
substituting in (i)
Oh [ OF 0w |5 w981 9e x%n 6 O (iii )
Ox, 0Ox, Ox 0x, ox, ox,

now for linear or non-linear elastic loading or monotonic plastic loading
&1 €12 &1
w= J.O-ndgu + jGInglz + IGZIdEZI + J-O-zzdgzz
0 0 0 0
€11 £y

= I‘Tudgn +2J-O-12d‘912 + fo'zzdgzz ( 0, =0, and &, = 821)

now by Leibniz’s rule for dlfferentlatlon of an integral

w_ o, % Oey +20 7@812 +0,, X 96
0ox, 0x, Ox, Ox,
substituting in ( iii )

F F .
= O + o _ 0 (iv)

Oox, 0Ox,



substituting (iv ) in (1)
= fF.fds =0

crack crack
surface 1 surface 2

:jF.ﬁdH jF.ﬁdH jF.ﬁds+ jF.ﬁdszo (v)
r, I

if the crack surfaces are free of traction ( i.e., 6,, = 6,, =0,, =0 at the crack surfaces )
and are approximately parallel to x, (i.e., Ax> = 0 ), then

[F.fids =  [F.ds=0 et
crack crack
surface 1 surface 2
substituting in (v )

= IF.ﬁds+IF.ﬁds:0
T, r,

= [F.iids = - [ F.fds T2
b L T

= IF nds = .[F.ﬁds = constant = J
r, T,

3 CONCLUSION

Thus J is independent of path, provided that :

»  Contour of integration starts from one crack surface and ends on the other crack
surface enclosing the crack tip.

»  Crack surfaces are free of traction.

»  Crack surfaces are approximately parallel to x;.
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