
The Undecidable Charge Gap and the Oil Drop Experiment

Abhishek Majhi∗

Indian Statistical Institute,
Plot No. 203, B. T. Road, Baranagar,
Kolkata 700108, West Bengal, India.

Abstract

Decision problems in physics have been an active field of research for quite a few decades resulting
in some interesting findings in recent years. However, such research investigations are based on a priori
knowledge of theoretical computer science and the technical jargon of set theory. Here, I discuss a
particular, but a significant, instance of how decision problems in physics can be realized without such
specific prerequisites. I expose a hitherto unnoticed contradiction, that can be posed as a decision
problem, concerning the oil drop experiment and thereby resolve it by refining the notion of “existence”
in physics. This consequently leads to the undecidability of the charge spectral gap through the notion of
“undecidable charges” which is in tandem with the completeness condition of a theory as was stated by
Einstein, Podolsky and Rosen in their seminal work. Decision problems can now be realized in connection
to basic physics, in general, rather than quantum physics, in particular, as per some recent claims.

Keywords: Oil drop experiment; Existence of quantity; Decision problem; EPR completeness; Intu-
itive refinement of logic

1 Introduction

Considering Einstein’s viewpoint [1], “Physics constitutes a logical system of thought....The justification
(truth content) of the system rests in the proof of usefulness of the resulting theorems on the basis of sense
experiences, where the relations of the latter to the former can only be comprehended intuitively.”, where
“sense experiences” means “human experience” that occur through “experiment and measurement” [2].
Hilbert, in his sixth problem, called for Mathematical Treatment of the Axioms of Physics [3] in search of
rigour and precision of reasoning in physics from the stand point of mathematical logic [4] by considering
physics, like Einstein, as “a logical system of thought”. In modern days one generally terms Hilbert’s call as
“axiomatization of physics”, which necessarily involves investigations concerning the “semantics of physics”
[5] or, in simple words, the logic and language of physics [6,7]. Significance of such investigations has always
been realized [8–10], which has given birth to foundational problems in mathematical science [11]. On the
other hand, Einstein’s recognition of the role of intuition has a parallel in the writings of Brouwer who did
pronouncedly discuss the role of intuition in human reasoning in connection with the inherent undecidability
associated with logic [12–14]. The word “intuition” means the intellect with which we construct reason, take
decisions, make choices and therefore, that remains at the foundation of human reasoning and goes beyond
formalism [14]. It is quite well known today, mainly due to Goedel [15](but also Turing [16,17], Church [18,19]
and others [20]), that any logical system contains undecidable statements [21] i.e. statements which can not
be decided to be true or false within that concerned logical system – also termed as decision problem as per
Hilbert and Ackermann [4]. Naturally one can wonder whether there are undecidable statements or decision
problems in physics and whether intuition can play a role in overcoming such obstacles of reason in relation
to our sense/experimental experiences.
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As a matter of fact, decision problems in physics have been a matter of investigation since a few decades
and continues to be an active field of research e.g. one can consult refs. [22–41] and the relevant references
therein, which I shall refer to as the “standard literature” henceforth. However, the standard literature is
mostly rooted to the notion of Turing’s computability and halting problem associated with his “automatic
machines” (that excluded “choice machines”) that was indeed an application of a decision problem, but
restricted to the issue of computability of numbers [16, 17]. Therefore, the research investigations of the
standard literature are based upon the knowledge of computer science and the technical jargon of set theory
which itself is fraught with inherent inconsistencies of reasoning [42] that affect any investigation regarding
the conception of truth [43–46].

As I plan to discuss here, decision problems in physics can be realized, without requiring any knowledge
of computer science and the intricacy of set theory, in a much more elementary way by investigating the
language in which experimental experience is expressed to tally with the theory. I demonstrate my viewpoint
by pointing out a hitherto unnoticed contradiction, which can be posed as a decision problem, in the oil drop
experiment and thereby resolving it by intuitively refining the notion of “existence” (e.g. see ref. [47] and
the references therein), in physics in general, and of charge in particular, leading to the undecidability of the
charge spectral gap.The process of reasoning is in tandem with the completeness condition of a theory as
was stated by Einstein, Podolsky and Rosen (EPR) [2],which reveals a subtle connection between the notion
of “existence” [47] and the mind-body question [48].

The structure of this article can be debriefed as follows. In Section(2), I focus on the relevant literature
to expose the difference in approach, to deal with decision problems in physics, with the present work.
Consequently, this provides the motivation for the present discussion. In Section(3), I revisit the definition
of electric field from a logical point of view and, in view of this, I point out how the conclusion of the oil drop
experiment contradicts with its premise so as to give rise to a decision problem. In Section(4), I discuss how
such a decision problem can be resolved by refining the notion of “existence” in physics, which nevertheless
leads to the notion of “undecidable charges”. Also, I point out how such a resolution of the decision problem
is in tandem with the completeness condition, of a theory, that was stated by EPR in their seminal article [2].
Finally, in Section(5), I conclude with some comments.

2 Undecidability in physics – outer inquiry vs inner inquiry/self-
inquiry

The standard literature suggests that undecidability in physics can be discussed from a variety of view-
points that depend on the use of terminologies with varying interpretations in different contexts. However,
there is a difference in the underlying attitude in which the present work differs from the standard literature.
I intend to explain the issues in this section.

2.1 Terminologies and interpretations in the standard literature

In classical physics, undecidability can be associated with non-computability - explained as the algorithmic
impossibility of deciding or determining the integrability of a given Hamiltonian [22–24], unpredictability -
arising in relation to the initial conditions of differential equations which, when solved (i.e. the solution
is determined), predict the trajectories of mechanical systems [25, 26] (based on the methods of Lyapunov
[49]). Each of these two scenarios gets related to the issue of determinism, albeit applied from different
point of views by the respective authors to justify “what to determine”. Indeed such practice go beyond
the categorical distinction of “classical” and “quantum” [50–60]. In quantum physics, undecidability is
associated indeterminism as well, but its essence now depends on the issues regarding entanglement, non-
locality, hidden variables [2, 61,62], quantum measurement process [29,30], etc., although doubts have been
cast on the accepted view of associating hidden variables uniquely to quantum physics [56]. Investigations
regarding determinism (or indeterminism/indeterminacy) in quantum physics, one hand, have consequences
concerning quantum many body systems [31–34] and, on the other hand, lead to issues related to free will
and choice [63–67]. To mention, indeterminism is often identified to randomness [36, 68].

Such observations regarding the standard literature is just suggestive of the fact that how such terms are
used by any concerned researcher in any particular context, and associated with undecidability in physics, is
itself open to discussion and debate and appears to be far from settled. Of particular interest in the present
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context is the fact that, ignoring such room for doubt, in recent past it has been claimed that decision
problems are unique features of quantum physics as I point out in what follows.

• Refs. [29,30] convey the message that undecidable problems have some particular connection to quan-
tum physics only. For example, the authors of ref. [30] write in the abstract itself that “apparently
simple problems in quantum measurement theory can be undecidable even if their classical analogues
are decidable. Undecidability hence appears as a genuine quantum property here.”

• Refs. [31–34], epitomized by the mass gap problem of ref. [11], convey the message that the spectral
gap problem is uniquely associated with quantum theory. Thus, the fact that it is an undecidable
problem, which is the central point of emphasis of refs. [31–34], attains its validity only in association
with quantum physics.

Such philosophy of connecting decision problems uniquely to quantum mechanics has its roots in a popular
book of Penrose [28] which has nevertheless been counteracted to certain extent in ref. [23]. In a nutshell,
whether there is a unique notion of ‘undecidability’ that can be attached to physics, seems to be indecisive
from a study of the standard literature.

2.2 Standard literature and outer inquiry

Nevertheless, one can decisively assert that the standard literature is an ongoing amalgamation of physics
(written in informal language) and mathematical logic/theoretical computer science (deals with formalization
of language), to study which one requires a fairly detailed knowledge of set theory and mathematical logic,
relating to the works of Goedel [15] and Turing [16, 17] concerning the foundation of theoretical computer
science [69, 70]. The core essence of theoretical computer science is to mechanize or arithmetize reasoning
and, therefore, to compute with the language. Thus, it is all about the structure of the language and the
respective algorithm for computation. This is just an implementation of Hilbert’s philosophy underlying his
sixth problem [3], the essence of which becomes evident from the following words of Hilbert and Ackermann,
on page no. 5 of ref. [4]: “.... the truth or falsehood of a sentential combination depends solely upon the
truth or falsehood of the sentences entering into the combination, and not upon their content.” So, the
standard literature investigate what we can do with the statements of physics by mechanizing them in the
form of a computer programming, without worrying about the inner content of those statements. This is
what I may call outer inquiry, as one is ignorant about the inner structure of the statements of physics
which are always subject to refinement as far as the correspondence with sense experience is concerned (e.g.
see ref. [6] for a flavour of what it means to analyze the inner content) and, consequently, the subtleties of
reasoning associated with the foundations of quantity calculus [71,71–79], which deals with the language of
physics [80,81], are not considered to be of interest.

While such ignorance may not be considered as a drawback of the standard literature, but certainly it
reveals a legitimate unexplored route of inquiry into the foundations of physics that concerns the inner
architecture of the statements in correspondence with sense experience [6, 7]. This is what I discuss next.

2.3 Language of physics and inner/self-inquiry

Language is the only mean of our expression and communication regarding “truth” [43–46], which is directly
based upon our sense experiences and experimental observations as far as physics is concerned [1]. Therefore,
refinement of language and logic, in connection to operation becomes critically important in the pursuit of
such truth [6,7]. This is evident, as well, from Bohr’s writings on p 3 of ref. [82]: “... the description of the
experimental arrangement and the recording of observations must be given in plain language, suitably refined
by the usual physical terminology. This is a simple logical demand, since by the word “experiment” we can
only mean a procedure regarding which we are able to communicate to others what we have done and what
we have learnt.”.

Bohr’s “plain language”, which can be likened to what Tarski called “natural language” [43], is the “free
invention” in Einstein’s words (quoted earlier). What Bohr demands as a suitable refinement, is actually an
intuitive process of establishing the linguistic expression that represents the sense experience as closely as
possible. The significance of such demand has been elaborately discussed in refs. [6, 7] that can potentially
have a radical impact on the foundations of physics viz. a direct realization of uncertainty principle from the
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definability of “derivative” [83], unprovability of the first Maxwell’s equation in light of EPR’s completeness
condition [84], a non-singular structure of two body gravitational interaction with a demonstration of the
undecidability of the continuum hypothesis [85].

I may call such a line of investigation as inner inquiry or self-inquiry as it is concerned with

1. how truthfully the language of physics corresponds to our sense experience and experimental observation
(formation of natural/plain language through free invention),

2. how much of the natural/plain language can be put in a computable form (extraction of the computa-
tional content).

One may consult refs. [6,7,83–85] how such a line of inquiry radically affects the foundations of physics. To
mention, I have borrowed the term “inner inquiry” from Brouwer on p 494 of ref. [12] (or ref. [13]).

2.4 Inner/self-inquiry and decision problem (“problem of universal validity”)

Decision problem is a part of human reasoning in general [86–88] and it was aptly emphasized by Brouwer
through the following statements on p 111 of ref. [12]: “In wisdom there is no logic. In science logic often
leads to the right result, but it cannot be trusted to do so if its application is indefinitely repeated. In
mathematics it is uncertain whether the whole of logic is admissible and it is uncertain whether the problem
of its admissibility is decidable.” As a matter of fact, Turing’s works [16, 17] that founds the basis of
the standard literature, is about how to practically realize Hilbert’s decision problem, through a working
machine (automatic machine, not a choice machine) , as discussed in Chapter III of the book by Hilbert
and Ackermann [4]. So, following Hilbert and Ackermann, from p.112 of ref. [4], I may call a “decision
problem” as a “problem of the universal validity” of some formal statement i.e. I investigate whether we
can keep a formal statement to be universally valid throughout a process of reasoning while constructing a
theory of physics and drawing experimental conclusions from that. Therefore, if I consider the notion of a
“decision problem” associated with Turing’s computability as algorithmic and artificial in nature, then my
consideration of the notion of “decision problem” is founded on intuitive refinement of the epistemological
rigour of the axioms themselves which are stated by us (humans). While the former is outer inquiry that
aims to fit the input of a machine like that of Turing, the latter is inner (self-)inquiry that is performed by
a human so as to choose and refine the axioms, in connection to sense experience, through the execution of
intellect and intuition.

In Appendix (A), I have provided an example of the second aspect of self-inquiry i.e. extraction of the
computational content of the statements of physics. Here, I intend to discuss that the spectral gap problem
is undecidable in its own right, which will exemplify the first aspect of self-inquiry i.e. how truthfully the
statements of physics correspond to our sense experience. Neither the spectral gap problem nor the problem
of undecidable statements in physics has a priori any unique connection to quantum physics; rather decision
problems are part of human reasoning and therefore, plague science as a whole e.g. see refs. [86–88], apart
from ref. [4], for the general scenario and see refs. [89–91] for particular elementary examples. It is only
that there can be different types of realization of undecidability in physics, of which, the present discussion
is about a type that differs from the rest of the literature right from the outset. I expose my viewpoints
through an analysis of the principles that underlie the oil drop experiment [92, 93], which is expected to
impact the reasoning of basic physics that is a concern of everyday practice of the physicist.

3 The oil drop experiment and a decision problem

To elucidate my concern, I consider the example of the famous oil drop experiment that, was performed by
Millikan [92] and Fletcher [93] and, can be considered as one of the most important experimental epitomes
of modern physics. I discuss how the interpretation of the oil drop experiment is founded on a hitherto
unnoticed contradiction, which can nevertheless be posed as a decision problem.

3.1 Definition of electric field

I begin by revisiting the standard definition of electric field so as to highlight the constituent logical elements.
The definition of electric field is given by considering the Coulomb’s law as a premise that is stated as follows.
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The magnitude of the force (F ) between two objects having charges (q1, q2), which are at rest with respect
to each other, is proportional to the product of the two charges and inversely proportional to the square of
the distance between those two point charges. This statement is expressed as

F = k
qsqt
r2

(1)

where k is a proportionality constant that needs to be fixed by experiment and r is the distance between
the two charges, each considered as a point. Now, the electric field due to qs (source charge), is defined as

E(qs) := lim
qt→0

F

qt
: F = k

qsqt
r2

. (2)

qt is called the test charge (e.g. see page no. 16 of ref. [94], page no. 29 of ref. [95], page no. 25 of ref. [96]).
The symbolic statement “limqt→0” conveys the meaning that “the test charge qt is chosen to be arbitrarily
small”. This requirement of the limiting condition is necessary for the definition of an electric field due
to any arbitrary charge configuration or distribution as well (however, see ref. [6] for an exposition of the
associated subtleties in reasoning). Millikan used the concept of electric field explicitly in ref. [92] – he called
it “electric field strength” and denoted it by the symbol “F”, rather than the symbol “E” that I use here
according to the modern convention.

3.2 A contradiction or a decision problem

Now, having revisited the definition of electric field, I consider the following statement whose logical truth
is to be investigated.

M: Arbitrarily small charge does, hence a charge gap does not, exist.

The decision problem that concerns the oil drop experiment is posed through the following question:

Q: Can it be decided whether M is true or false, considering the interpretation of the oil drop experiment
to be a logical truth?

To explain that the answer to Q is in the negative, I point out the following two possibilities, of which the
first one concerns the conclusion and the second one concerns the premise of the oil drop experiment.

• M is false. It is a conclusion of the oil drop experiment that a smallest charge, hence a charge gap,
exists.

• M is true. Electric field can be defined if and only if arbitrarily small charge does, hence a charge gap
does not, exist.

Since the theoretical analysis of the oil drop experiment in ref. [92] is based on the use of the concept of
“electric field” (i.e. truth of M) and the respective interpretation of the experimental observations lead to
the conclusion of the existence of a smallest (“elementary”) charge (i.e. falsehood of M), hence, the whole
process of reasoning associated with the oil drop experiment does not let us decide whether a charge gap exists
or not because M is both true and false in the same process of reasoning that underlies the interpretation of
the oil drop experiment. Therefore, a hitherto unnoticed contradiction underlies the interpretation of the oil
drop experiment. The situation can be viewed in an alternative way. That is, the following scenario arises
if one decides to consider any one of the above two answers to be universally valid throughout the whole
process of reasoning.

• Decision 1 (D1): M is false. Therefore, the conclusion of the oil drop experiment is logically true,
but the premise i.e. the definition of electric field, that leads to such a conclusion, is logically false.

• Decision 2 (D2): M is true. The conclusion of the oil drop experiment is logically false.

D1 renders the notion of “electric field” to be undefined and, hence, the symbol “E” meaningless. D2
jeopardizes the logical validity of the conclusion of the oil drop experiment. Thus, in totality, the logic
underlying the interpretation of the oil drop experiment is plagued by a decision problem and this explains
why the answer to Q is in the negative.
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4 Resolution of the contradiction or the decision problem

Now, the matter of investigation is to find a way to resolve the contradiction or, equivalently, to find a
solution to the decision problem. I propose a possible way to do so by refining the statement M itself.
I begin by dismissing the validity of the question Q by claiming the incompleteness of M. To be more
specific, the notion of “existence” is not completely specified in M. Therefore, M is neither true nor false.
This renders Q to be a logically invalid question and then there is no decision to be made i.e. no decision
problem. So, the necessary task is to complete the statement M by specifying the type of existence. To do
that, at first, I need to consider the following postulate.

Postulate on Existence (PEX): There are two types of “existence” in physics. One is “theoretical
existence” which is what we assume to exist in terms of language and expressions to write a theory. The
other one is “experimental existence” which is what we can experimentally verify considering the theory to
be a mean of interpretation of the experiment.

From PEX it is now evident how M is a logically incomplete statement and that M can be completed
in two ways, leading to two distinct statements as follows.

• MT : Arbitrarily small charge does, hence a charge gap does not, exist theoretically.

• ME: Arbitrarily small charge does, hence a charge gap does not, exist experimentally.

Thus, M loses any meaning in itself and it is now refined into two different statements MT and ME .
Now, by PEX and MT the test charge for the definition of electric field can be chosen arbitrarily small

in theory. When the experiment yields the smallest detectable charge, say e, then ME is falsified. Thus, in
the whole process of reasoning, that underlies the interpretation of the oil drop experiment, MT is true and
ME is false. There is neither any contradiction nor any decision problem.

4.1 Undecidable Charges and the EPR Completeness Condition

Now, I may note that theoretically there exist charges (Qu-s), by MT , such that for any Qu the following
condition holds: Qu < e, or equivalently, Qu = ϵue : 0 < ϵu < 1.

Since e represents the charge such that any charge smaller than e can not be experimentally detectable
and hence, the experimental existence of Qu-s can neither be proven true nor be proven false i.e. existence
of Qu-s is experimentally undecidable.

Now, there remains the question of theoretical undecidability i.e. consideringMT , or theoretical existence
of Qu-s, as a “hypothesis” whether it can be proven to be true or false within the theory. This question
can be answered as follows. Using MT , Qu-s are “hypothesized” to define electric field, founded on which is
the theoretical construction. Therefore, the theoretical construction is built upon the “hypothesis” of Qu-s
i.e. MT . Now, if one wonders whether there is a theoretical proof or disproof of this “hypothesis”, the
answer is obviously negative in either cases. This is because the “hypothesis” is the only reason that let us
write down the theory itself by avoiding any logical fallacy. Any attempt either to prove or to disprove the
“hypothesis” theoretically is like using the premise to either prove or disprove itself. A successful proof of
the “hypothesis” leads to a useless tautology:

“Qu exists theoretically, if the theoretical existence of Qu is hypothesized to construct the theory.”

And, a successful disproof of the same leads to a useless contradiction:

“Qu can not exist theoretically, if the theoretical existence of Qu is hypothesized to construct the theory.”

Therefore, the “hypothesis” is theoretically neither provable nor unprovable i.e. undecidable. This is why
the theoretical existence of the undecidable charges (Qu-s) is a undecidable hypothesis i.e. a postulate. It
is only such a postulate that lets us logically define the electric field and construct the theory which in turn
provides the underlying framework to analyze the experimental data of the oil drop experiment that leads
to the experimental existence of e.

Now, let me explain how MT and ME , and hence the postulate of Qu-s (undecidable charges) is actually
a different way of stating the completeness condition of a physicaltheory as was written by EPR [2], which
I may call EPR’s Completeness Condition (ECC):
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“every element of the physical reality must have a counterpart in the physical theory”.

It is quite obvious that ECC is a logical implication rather than a logical equivalence i.e. every element
of the theory may NOT have a counterpart in the physical reality. This can be realized as the fact that
the undecidable charges are not parts of the physical reality that can be realized through experiment and
measurement. However, these undecidable charges are required to define the concept of “electric field”
and hence, to construct the theory that underlies the explanation of the experimental data of the oil drop
experiment leading to the conclusion about what physical reality is.

Interestingly, such a process of reasoning reveals a clear and direct link between ECC and the mind-
body distinction [6,48], in the pursuit of truth and reality, as follows. The postulate of undecidable charges
belongs to the theory that is constructed to interpret experimental observation realized through measuring
instruments and sense experience. The theory being a construction of our mind represents the mind-aspect.
Experimental observations being performed through sense experiences represents the body-aspect. Thus, it
is the human mind that constructs the undecidable which lays the foundation to test and decide the physical
reality perceived through the sense experiences of the human body. Thus, the undecidable charge(s) is the
“free invention” (in Einstein’s words, quoted earlier) that makes the reasoning of the oil drop experiment
consistent. In passing I may note that the present course of reasoning, based on self-inquiry, is much more
elementary than the discussions connecting “free will” [63–65] and “hidden variables” [61] rooted to the
EPR paper [2], which are based on outer inquiry. I shall keep further elaboration on this matter for another
occasion as it may result in too much deviation from, thus affecting the simplicity of, the main issue of
discussion, due to a possible association with psychology [99], psychophysics [100] and psychoanalysis [101],
which may in turn involve a discussion concerning human psychophysical perception of time [102] and its
possible role in shaping our mathematical language [103].

5 Conclusion

Decision problems are not only part of mathematical logic [4], but also part of human reasoning in general
[86–88]. While the mathematical treatment of the axioms of physics is required for clarity of reasoning
[3], intuitive refinement of the elements of logic is also required for precision of expressions that directly
correspond to human “sense experiences” [1] – a process that may be termed as “inner inquiry” [13] or self-
inquiry [6, 7, 83]. The resolution of the hitherto unnoticed decision problem, which plagues the underlying
explanation of the oil drop experiment, showcases one such example where a decision problem is resolved
through intuitive refinement of a postulate regarding the existence of quantity by categorizing the notion
of “existence” into two types. Also, such refinement is in tandem with the completeness condition of a
theory that was stated by Einstein, Podolsky and Rosen [2]. In view of this it becomes strongly manifest
that decision problems in physics and the undecidability of the spectral gap have a priori no connection to
quantum mechanics unlike what has been the underlying message of refs. [29–33] (although the other aspects
of such literature are novel in their own rights). While decision problems in general physics have also been
discussed earlier in ref. [22–26], alongside the more recent refs. [29–33], but the present work differs by its
demonstration of the fact that decision problems in physics can be understood without the prerequisites
of theoretical computer science and the technical jargon of set theory (which itself is fraught with inherent
logical inconsistencies [42]). While this work showcases a decision problem that directly relates to basic
physics, on the other hand, the refinement of the notion of “existence” in physics now can potentially open
the door for new questions concerning the definition of “quantity” as far as the foundations of physics and,
in particular, metrology is concerned [98]. I plan to discuss such issues in near future.
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A Exemplifying “problem of universal validity” with the continu-
ity equation

Here I provide an example of how one can realize decision problem as “problem of universal validity” in
physics through self-inquiry (also see the Appendix B of ref. [84]) by studying the proof of the continuity
equation that appears in standard textbooks and, otherwise, accepted beyond doubt from a logical point of
view. This is actually an example of the second aspect of self-inquiry i.e. extraction of the computational
content.

The continuity equation, the so called local conservation law, forms the basis of our general understanding
of flow of quantities like charge, mass, etc. in physics e.g. see refs. [97, 104–107]. Here, I point out how the
continuity equation is founded on a decision problem that allows for making suitable choices concerning two
apparently contradictory propositions. For the present discussion it is convenient to consider the continuity
equation involving charge and current [107]. To understand the issue at hand, it is sufficient and convenient
to discuss the flow of charge along a wire that can be written as follows:

∇⃗ · J⃗ +
∂λ

∂t
= 0, (3)

where J⃗ = λv⃗, v⃗ = dℓ⃗/dt, dℓ⃗ = dx î + dy ĵ + dz k̂ and v⃗ satisfies the condition ∇⃗ · v⃗ = 0 [104–106];

λ[x(t), y(t), z(t), t] is the linear charge density (charge per unit length) at some instant t, J⃗ [x(t), y(t), z(t), t]
is the line current density and [x(t), y(t), z(t)] denote the spatial coordinate of any point on the line of flow

at some time t. The construction of the relation “J⃗ = λv⃗” is based on two scenarios of interpreting the
charge flow that can be demonstrated through figure (A), which can be generalized for surface and volume
flows e.g. see ref. [107].

• Scenario 1 (S1): Considering that a point charge dq is displaced through d⃗l in time dt such that we

can write d⃗l = v⃗dt. Then, we can write |d⃗l| = |v⃗|dt and hence, dq = λ|v⃗|dt. In this case, the charge
dq is at the point A at some time t and then it is at the point B at some time t + dt, so that the
displacement in time duration dt is A⃗B = d⃗l. In such a scenario the following assertion holds true:

M ≡ dq is a point charge. (4)
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• Scenario 2 (S2): At any instant t of the passage of a line current, there is a line charge density λ
(charge per unit length) such that the charge dq distributed over the length dℓ is written as dq = λdx.
In this case, the charge dq is neither at point A, nor at point B, but it is spread over the line AB.
Therefore, the following proposition holds true for such explanation:

¬M ≡ dq is NOT a point charge. (5)

Therefore, the relation J⃗ = dq/dt = λv⃗ holds true if and only if M and ¬M in one and the same process of
reasoning that leads to such a construction. It may be written as

J⃗ = λv⃗ : M ∧ ¬M. (6)

Now, I may note that, considering ¬¬M ≡ M (classical negation), (M ∧ ¬M) ≡ ¬(¬(M ∧ ¬M)), meaning
the violation of the law of non-contradiction. Further, I note that M ∧ ¬M ≡ ¬(¬M ∨ M), meaning the
violation of the law of excluded middle. That is, (6) can be recast as

J⃗ = λv⃗ : ¬(M ∨ ¬M). (7)

Hence, the relation J⃗ = dq/dt = λv⃗ holds true if and only if neither M not ¬M (i.e. dq is neither a point
charge nor not a point charge) in one and the same process of reasoning that leads to such a construction.

Therefore, the situation can be viewed as a decision problem where it can not be decided whether dq
is a point charge or not i.e. this is a “problem of universal validity” of the formal statement M [4]. This,
however, allows for suitable choices to be made by humans (us) according to context i.e. dq is considered as
a point charge in S1 and it is not considered as a point charge in S2. To mention, such a choice can not
be made by a Turing machine which is, by definition, an automatic machine that excludes the scope any
choice [16].

Interestingly, this brings forward further questions regarding the notion of “infinitesimal quantity”.
Dedekind would go as far as writing, on page no. 1 of ref. [108], that the geometrically founded “introduction
into the differential calculus can make no claim to being scientific” and would decide to keep searching for
an “arithmetic” foundation of the same. The proof of the continuity equation, as discussed above, justifies
Dedekind’s criticism and reveals that the notion of “infinitesimal quantity” gives rise to undecidability when
axiomatized in terms of geometry (axiom of point). So, naturally the question arises – Do we need new pos-
tulates or axioms to explain “infinitesimal quantity”? Do we need an arithmetic foundation of differential
calculus? What are the meanings of the words “infinitesimal” and “quantity” in connection to operations?
Does the definition of “quantity” provided in quantity calculus be of any help regarding such issues?

Certainly few of these questions have been addressed in ref. [6, 7, 83] and have indirect connection to
ref. [85]. The present discussion regarding the oil drop experiment only showcases how subtle is the question
regarding “quantity” (its existence).
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