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Abstract 

We give some formulas for  
𝜋

(2+𝑠𝑛+𝑐𝑛)
 , 𝑛 = 1,2,3, … 

 

 

Introduction 
 

Recall that  

𝜋 = 4 (1 −
1

3
+
1

5
−
1

7
+
1

9
−⋯) 

 

𝑠𝑛 = 2 sin (
𝜋

2𝑛+1
) = √2 − √2 + √2 +⋯+ √2

⏟                
𝑛−𝑟𝑎𝑑𝑖𝑐𝑎𝑙𝑠

   , 𝑛 = 1,2,3, … 

 

𝑐𝑛 = 2 cos (
𝜋

2𝑛+1
) = √2 + √2 + √2 +⋯+ √2

⏟                
𝑛−𝑟𝑎𝑑𝑖𝑐𝑎𝑙𝑠

   , 𝑛 = 1,2,3, … 

 

The Gauss hypergeometric function is defined by 

 

𝐹(𝑎, 𝑏, 𝑐, 𝑧) = ∑
(𝑎)𝑛(𝑏)𝑛
(𝑐)𝑛𝑛!

 𝑧𝑛
∞

𝑛=0

  , |𝑧| < 1 

where 

(𝑎)𝑛 = 𝑎(𝑎 + 1)(𝑎 + 2)… (𝑎 + 𝑛 − 1)  , 𝑛 = 1,2,3, … , and (𝑎)0 = 1 

 

 

In this note we give some formulas for  
𝜋

(2+𝑠𝑛+𝑐𝑛)
 , 𝑛 = 1,2,3, … . 
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Formulas 
 

 

Entry 1. For 𝑛 = 1,2,3, … , we have 

𝜋

2 + 𝑠𝑛 + 𝑐𝑛
=
2𝑛−1

2𝑛 + 1
𝐹(1,1 + 2−𝑛, 2 + 2−𝑛, −1)

+
2𝑛−1

2𝑛 + 1
𝐹 (1,

1

2
+ 2−𝑛−1,

3

2
+ 2−𝑛−1, −1)

−
2𝑛−1

2𝑛+1 + 1
𝐹(1,1 + 2−𝑛−1, 2 + 2−𝑛−1, −1)

− 2𝑛−1𝐹(1,−2−𝑛, 1 − 2−𝑛, −1) +
2𝑛−1

2𝑛 − 1
𝐹 (1,

1

2
− 2−𝑛−1,

3

2
− 2−𝑛−1, −1)

+ 2𝑛−1𝐹(1,−2−𝑛−1, 1 − 2−𝑛−1, −1) 
 

Entry 2. For 𝑎 > 1 and 𝑛 = 1,2,3, … , we have 

 

𝜋

2 + 𝑠𝑛 + 𝑐𝑛
=

𝑎1+2
−𝑛

2(1 + 2−𝑛)(1 + 𝑎)
𝐹 (1,1,2 + 2−𝑛,

𝑎

1 + 𝑎
)

+
𝑎1+2

−𝑛

2(1 + 2−𝑛)(1 + 𝑎2)
𝐹 (1,1,

3 + 2−𝑛

2
,
𝑎2

1 + 𝑎2
)

−
𝑎2+2

−𝑛

2(2 + 2−𝑛)(1 + 𝑎2)
𝐹 (1,1,

4 + 2−𝑛

2
,
𝑎2

1 + 𝑎2
)

+∑(
𝑎−4𝑘−2+2

−𝑛

4𝑘 + 2 − 2−𝑛
−
𝑎−4𝑘−3+2

−𝑛

4𝑘 + 3 − 2−𝑛
)

∞

𝑘=0

 

 

Entry 3. For 𝑎 > 1 and 𝑛 = 1,2,3, … , we have 

 
𝜋

2 + 𝑠𝑛 + 𝑐𝑛

=
2 𝑎1+2

−𝑛

(1 + 𝑎2)(2 + 𝑎)
∑(

𝑎

2 + 𝑎
)
𝑘

∞

𝑘=0

∑ (
𝑘

𝑚
)

(−2)𝑚

𝑚 + 1 + 2−𝑛
 𝐹 (1,1,

𝑚 + 3 + 2−𝑛

2
,
𝑎2

1 + 𝑎2
)

𝑘

𝑚=0

+∑(
𝑎−4𝑘−2+2

−𝑛

4𝑘 + 2 − 2−𝑛
−
𝑎−4𝑘−3+2

−𝑛

4𝑘 + 3 − 2−𝑛
)

∞

𝑘=0
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Entry 4. For 𝑎 > 1 and 𝑛 = 1,2,3, … , we have 

 

𝜋

2 + 𝑠𝑛 + 𝑐𝑛
=
2 𝑎1+2

−𝑛

(2 + 𝑎)
 ∑(

𝑎

2 + 𝑎
)
𝑘

∞

𝑘=0

∑ (
𝑘

𝑚
)
(−2)𝑚(√1 + 𝑎2)

−𝑘−1−2−𝑛

𝑚 + 1 + 2−𝑛
 𝐺(𝑚, 𝑛, 𝑎)

𝑘

𝑚=0

+∑(
𝑎−4𝑘−2+2

−𝑛

4𝑘 + 2 − 2−𝑛
−
𝑎−4𝑘−3+2

−𝑛

4𝑘 + 3 − 2−𝑛
)

∞

𝑘=0

 

 

where 

𝐺(𝑚, 𝑛, 𝑎) = 𝐹 (
𝑚 + 1 + 2−𝑛

2
,
𝑚 + 1 + 2−𝑛

2
,
𝑚 + 3 + 2−𝑛

2
,
𝑎2

1 + 𝑎2
) 

 

Entry 5. For 𝑛 = 1,2,3, … , we have 

 

𝜋

2 + 𝑠𝑛 + 𝑐𝑛
= 2−2+2

−𝑛
 ∑

𝐹(−𝑘 − 2−𝑛, 𝑘 + 2 − 2−𝑛, 𝑘 + 3 − 2−𝑛, 1/2)

𝑘 + 2 − 2−𝑛

∞

𝑘=0

+ 2−1−2
−𝑛
 ∑

𝐹(−𝑘 − 1 + 2−𝑛, 𝑘 + 1 + 2−𝑛, 𝑘 + 2 + 2−𝑛, 1/2)

𝑘 + 1 + 2−𝑛

∞

𝑘=0

 

 

Entry 6. For 𝑛 = 1,2,3, … , we have 

 

𝜋

2 + 𝑠𝑛 + 𝑐𝑛
= 2−2+2

−𝑛
 ∑

1

𝑘 + 2 − 2−𝑛

∞

𝑘=0

∑
2−𝑚(−𝑘 +𝑚 − 2−𝑛)𝑚

𝑚!

𝑘

𝑚=0

+ 2−1−2
−𝑛
∑

1

𝑘 + 1 + 2−𝑛

∞

𝑘=0

∑
2−𝑚(−𝑘 +𝑚 − 1 + 2−𝑛)𝑚

𝑚!

𝑘

𝑚=0

  

 

Entry 7. For 𝑛 = 1,2,3, … , we have 

 
𝜋

2 + 𝑠𝑛 + 𝑐𝑛
= 

 ∑2−𝑘−3
∞

𝑘=0

∑(
2𝑘 −𝑚 + 2

𝑚
)

∞

𝑘=0

𝑚! (
1

(𝑘 − 𝑚 + 2 − 2−𝑛)𝑚+1
+

1

(𝑘 − 𝑚 + 1 + 2−𝑛)𝑚+1
) 
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Entry 8. For 𝑛 = 1,2,3, …, we have 

 

𝜋

2 + 𝑠𝑛 + 𝑐𝑛
= ∑∑ (

𝑘

𝑚
)

𝑘

𝑚=0

(−1)𝑚𝐹(𝑘 + 2, 𝑘 + 𝑚 + 1 + 2−𝑛, 𝑘 + 𝑚 + 2 + 2−𝑛, −1)

𝑘 + 𝑚 + 1 + 2−𝑛

∞

𝑘=0

+∑∑ (
𝑘

𝑚
)

𝑘

𝑚=0

(−1)𝑚𝐹(𝑘 + 2, 𝑘 + 𝑚 + 2 − 2−𝑛, 𝑘 + 𝑚 + 3 − 2−𝑛, −1)

𝑘 +𝑚 + 2 − 2−𝑛

∞

𝑘=0

 

 

Entry 9. For 𝑛 = 1,2,3, …, we have 

 

𝜋

2 + 𝑠𝑛 + 𝑐𝑛
= 2−2+2

−𝑛
 ∑

(−1)𝑘2−𝑘

𝑘 + 2 − 2−𝑛
(
1 + (−1)[𝑘/2]

2
)

∞

𝑘=0

+
22

−𝑛

5
∑2−𝑘
∞

𝑘=0

∑ (
𝑘

𝑚
)

(−2)𝑚

𝑚+ 1 + 2−𝑛
𝐹 (1,1,

𝑚 + 3 + 2−𝑛

2
,
4

5
)

𝑘

𝑚=0

 

 

𝜋

2 + 𝑠𝑛 + 𝑐𝑛
= 2−2+2

−𝑛
 ∑

(−1)𝑘2−𝑘

𝑘 + 2 − 2−𝑛
(
1 + (−1)[𝑘/2]

2
)

∞

𝑘=0

+
21+2

−𝑛

9
∑(

2

3
)
𝑘∞

𝑘=0

∑ (
𝑘

𝑚
)

(−2)𝑚

2𝑚 + 1 + 2−𝑛
𝐹 (1,1,2𝑚 + 2 + 2−𝑛,

2

3
)

𝑘

𝑚=0

 

 

Entry 10. For 𝑛 = 1,2,3, …, we have 

 

𝜋

2 + 𝑠𝑛 + 𝑐𝑛
= 2−2+2

−𝑛
 ∑

2−𝑘

𝑘 + 2 − 2−𝑛

∞

𝑘=0

∑
(−2−𝑛)𝑘−𝑚
(𝑘 − 𝑚)!

𝑐𝑚

𝑘

𝑚=0

+ 2−1−2
−𝑛
∑

2−𝑘

𝑘 + 1 + 2−𝑛

∞

𝑘=0

∑
(−1 + 2−𝑛)𝑘−𝑚
(𝑘 − 𝑚)!

𝑐𝑚

𝑘

𝑚=0

  

where 

𝑐𝑚 = 2𝑐𝑚−1 − 2𝑐𝑚−2  , 𝑐0 = 1, 𝑐1 = 2 

𝑐4𝑚+3 = 0  ,𝑚 = 0,1,2,3,… 

𝑐𝑚 = ∑ (−1)𝑟 (
𝑚 − 𝑟

𝑟
)

[𝑚/2]

𝑟=0

2𝑚−𝑟  , 𝑚 = 0,1,2,3, … 

𝑐𝑚 = (
1 + 𝑖

2
) ((1 − 𝑖)𝑚 − 𝑖 (1 + 𝑖)𝑚)  , 𝑚 = 0,1,2,3, … ; 𝑖 = √−1 
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Entry 11. For 𝑛 = 1,2,3, …,and 𝑖 = √−1  we have 

 

𝜋

2 + 𝑠𝑛 + 𝑐𝑛
=∑2−𝑘−2

∞

𝑘=0

(
𝑘!

(1 + 2−𝑛)𝑘+1
𝐹1 (𝑘 + 1,1,1, 𝑘 + 2 + 2

−𝑛,
1 + 𝑖

2
,
1 − 𝑖

2
)

+
𝑘!

(2 − 2−𝑛)𝑘+1
𝐹1 (𝑘 + 1,1,1, 𝑘 + 3 − 2

−𝑛,
1 + 𝑖

2
,
1 − 𝑖

2
)) 

 

𝜋

2 + 𝑠𝑛 + 𝑐𝑛
=
1

4
 ∑(

1 − 𝑖

2
)
𝑘∞

𝑘=0

(
𝑘!

(1 + 2−𝑛)𝑘+1
𝐹1 (𝑘 + 1,1,1, 𝑘 + 2 + 2

−𝑛,
1 + 𝑖

2
,
1

2
)

+
𝑘!

(2 − 2−𝑛)𝑘+1
𝐹1 (𝑘 + 1,1,1, 𝑘 + 3 − 2

−𝑛,
1 + 𝑖

2
,
1

2
)) 

 

𝜋

2 + 𝑠𝑛 + 𝑐𝑛
=
1

4
 ∑(

1 + 𝑖

2
)
𝑘∞

𝑘=0

(
𝑘!

(1 + 2−𝑛)𝑘+1
𝐹1 (𝑘 + 1,1,1, 𝑘 + 2 + 2

−𝑛,
1

2
,
1 − 𝑖

2
)

+
𝑘!

(2 − 2−𝑛)𝑘+1
𝐹1 (𝑘 + 1,1,1, 𝑘 + 3 − 2

−𝑛,
1

2
,
1 − 𝑖

2
)) 

 

𝜋

2 + 𝑠𝑛 + 𝑐𝑛
= ∑2−𝑘−2

∞

𝑘=0

∑ 2𝑚
𝑘

𝑚=0

(
𝑘!

(1 + 2−𝑛)𝑘+1
𝐹1 (𝑘 + 1,𝑚 + 1,𝑚 + 1, 𝑘 + 2

+ 2−𝑛,
𝑖

√2
,−

𝑖

√2
)

+
𝑘!

(2 − 2−𝑛)𝑘+1
𝐹1 (𝑘 + 1,𝑚 + 1,𝑚 + 1, 𝑘 + 3 − 2

−𝑛,
𝑖

√2
,−

𝑖

√2
)) 

 

where 𝐹1 is the Appell hypergeometric function 

 

𝐹1(𝑎, 𝑏, 𝑐, 𝑑, 𝑥, 𝑦) = ∑
(𝑎)𝑚+𝑘(𝑏)𝑚(𝑐)𝑘
(𝑑)𝑚+𝑘𝑚! 𝑘!

∞

𝑚,𝑘=0

𝑥𝑚𝑦𝑘   , 𝑚𝑎𝑥(|𝑥|, |𝑦|) < 1 

 

Entry 12. For 𝑛 = 1,2,3, …, we have 

 

𝜋

2 + 𝑠𝑛 + 𝑐𝑛
=
1

4
 (𝜓 (

2 + 2−𝑛

4
) − 𝜓 (

1 + 2−𝑛

4
) + 𝜓 (

3 − 2−𝑛

4
) − 𝜓 (

2 − 2−𝑛

4
)) 

 

where 𝜓(𝑧) =
Γ′(𝑧)

Γ(𝑧)
 , 𝑧 ≠ 0, −1,−2,…, is the Psi function.  
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Entry 13. For 𝑛 = 1,2,3, …, we have 

 

𝜋

2 + 𝑠𝑛 + 𝑐𝑛
=
4

9
 ∑3−𝑘
∞

𝑘=0

∑ ∑(−2)𝑟 (
𝑘 − 𝑚

𝑟
)∑(−2)𝑠 (

𝑚

𝑠
) (

1

𝑟 + 2𝑠 + 1 + 2−𝑛

𝑚

𝑠=0

𝑘−𝑚

𝑟=0

𝑘

𝑚=0

+
1

𝑟 + 2𝑠 + 2 − 2−𝑛
) 

 

 

Entry 14. For 𝑛 = 1,2,3, …, we have 

 

𝜋

2 + 𝑠𝑛 + 𝑐𝑛
= 2𝑛∫ ((−

1

3
−
2

3
√
3 − 2𝑥

𝑥
cos (

2𝜋

3
+
𝜃(𝑥)

3
))

2−𝑛

𝑤

0

− (−
1

3
−
2

3
√
3 − 2𝑥

𝑥
cos (

4𝜋

3
+
𝜃(𝑥)

3
))

2−𝑛

)𝑑𝑥 

where 

𝜃(𝑥) = cos−1 (
9 + 20𝑥

6 − 4𝑥
√

𝑥

3 − 2𝑥
) 

𝑤 =
𝑠2

1 + 𝑠 + 𝑠2 + 𝑠3
 

𝑠 =
1

3
(27 − 3√78)

1/3
+ 3−2/3(9 + √78)

1/3
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