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Abstract
Buildaspecialidenticalequation,useitscalculationcharacterstoproveandsearch

forsolutionofanyoddconvergingto1equationthrough(*3+1)/2̂koperation,andgeta

solutionforthisequation,whichisexactlysamewiththatgotfrom calculatingdirectly.

Then give a specific example to verify it.Thus prove the Collatz Conjecture is

true.Furthermore,analysistheevenandoddsequencesproducedbyiterationcalculation

duringsearchingforsolution,buildafunctionmodel,proveitdecreasesprogressivelyto

0,indicatethatthiskindofiterationcalculationhasdetermineddirection,andgradually

regularlyconverges.

Ⅰ IntroductionAboutTheCollatzConjecture

TheCollatzConjectureisafamousmathconjecture,namedafter

mathematicianLotharCollatz,whointroducedtheideain1937.Itisalso

knownasthe3x+1conjecture,theUlam conjectureetc.Many

mathematicianshavetriedtoproveittrueorfalseandhaveexpandeditto

moredigitsscale.Butuntiltoday,ithasnotyetbeenproved.

TheCollatzConjectureconcernssequencesofpositiveintegersinwhich

eachterm isobtainedfrom thepreviousoneasfollows:ifthepreviousinteger

iseven,thenextintegeristhepreviousintegerdividedby2,tilltoodd.Ifthe

previousintegerisodd,thenextterm isthepreviousintegermultiply3and

plus1.Theconjectureisthatthesesequencesalwaysreach1,nomatter

whichpositiveintegerischosentostartthesequence.

Hereisanexampleforatypicalintegerx=27,takesupto111steps,

increasingordecreasingstepbystep,climbingashighas9232before

descendingto1.

27,82,41,124,62,31,94,47,142,71,214,107,322,161,484,242,121,364,182,91,

274,137,412,206,103,310,155,466,233,700,350,175,526,263,790,395,1186,593,

1780,890,445,1336,668,334,167,502,251,754,377,1132,566,283,850,425,1276,

638,319,958,479,1438,719,2158,1079,3238,1619,4858,2429,7288,3644,1822,911,

2734,1367,4102,2051,6154,3077,9232,4616,2308,1154,577,1732,866,433,1300,

650,325,976,488,244,122,61,184,92,46,23,70,35,106,53,160,80,40,20,10,5,16,

8,4,2,1.

Iftheconjectureisfalse,thereshouldexistssomestartingnumberwhich

givesrisetoasequencethatdoesnotcontain1.Suchasequencewould

eitherenterarepeatingcyclethatexcludes1,orincreasewithoutbound.No

suchsequencehasbeenfoundbyhumanandcomputerafterverifiedalotof



numberscanreachto1.Itisverydifficulttoprovethesetwocasesexistor

not.

Thispaperwilltrytoprovetheconjecturetruefrom aspecialview.

Becauseanyevencanbecomeoddthrough operation,thispaperwill
researchonlyoddcharactersintheconjecturesequence.Theequivalence

conjecturebecome:withrandom startingoddx,do operation

repeatedly,italwaysconvergesto1.Theabovesequencecanbewrittenas

following,inwhichnumbersonarrowsarekin ineachstep:

Ⅱ BuildEquationForTheConjecture

Ifoddxdontimes calculationbuildoddy,wecanget:

Inwhichp1…pniskin operationineachstep.

Forexample: , ,then

Supposeoddxcanconvergeto1through calculation,then

y=1, get:

Formula(1)

Weknow ,andcandoanytimesthiskindofoperation.

Thatistosay,1dorandom nsteps operationcanconvergeto1,

have:

BelowweusethismodeltoproveandsearchforsolutionofFormula(1)

foranyoddxconvergingto1.

Ⅲ SolutionForAnyOddConvergingTo1Equation

Firstwithoddxdoreform:



,am…a0=0,1or2.Then:

Ifam>1oram=1but

,make

or:

Buildidenticalequation:

Formula(2)

Ifxcanconvergeto1,Formula(1)andFormula(2)shouldbeequivalence.

Below wetrytoreform Formula(2)toform ofFormula(1),ifsuccessful,it

provesthatequationforFormula(1)hassolution.

Firstlet:

,

becausexisodd,thisisoddminuseven,tnshouldbeodd.

Becausethemaxvalueofx-3m is ,minvalue

is ,thentnhasarange:

from to

.

Changetntobinaryform andlet:

,thisisjustwith3npartmultiply

(2+1)become3n-1 part,andpluscorrespondingpartinFormula(2),minus

correspondingpartinFormula(1).From nowon,tn-1becomeeven.Continue:

,andlet2p1equaltomax

valueofevenpart(orthelowestbitofoddpart).

WatchFormula(1)andFormula(2),ingeneral,ifdonotconsider2p1+…

part(becauseweconsider2p1+… asmaxvalueofevenpartofti-2)inFormula

(1),correspondingparts inFormula(2)arebiggerthancorrespondingpartin

Formula(1).Henceafterafew timesof ,valueofti-2 ismainly

determinedbycorrespondingpartinFormula(2).And,after ,odd



partshouldadd1or2bits,ifadd1bit, shouldoperateinMSBbit,if

add2bits, shouldoperateinMSB-1bit.Bothcasesoddpartadd2

bitsafter operation,ifMSBbitofti-2is2k,kshouldbeodd.
Forexample:

,

Continue:

,let2p1+p2equaltomax

valueofevenpart.BecauseLSBbitno.ofoddpartoftiincreasescontinuously,

thiscanbefinishedeasily.

Watchti(i<nanddecreasesstepbystep),duringiteration,thecountof

succession1inthehighestpartshouldbeunchangedorincreased.Why?

Thisisbecauseofcharactersofoddmultiply3and operation.Ifti-1is
withform 10…,obviously, countofsuccession1inhighestpartofti-2is

unchangedorincreased.Ifti-1 iswithform 111…,afterdo ,should

become101…,do ,become111…,countofsuccession1inhighestpart
isalsounchangedorincreased.Othercasescanbeprovedeasily.Some

casescanincrease,forexample,ifti-1 iswithform 110110…,ti-2 becomes

1110…

Dothisiterationcontinuously,countofsuccession1inthehighestpart

ofoddpartoftiisunchangedorincreased,LSBbitno.isalsoincreased.

Hence,finally,ticanbecomeform of11…,just form (k+j=odd).

Stophere,donotdo again,oddxalreadyconvergeto1.Do

operation,itshouldoperateinMSB+1bit,becauseMSBbitno.of is
foreverequaltoMSB+1bitno.ofthepreviousitem.Henceminusresultcan

beequalto ,thusprovetheCollatzConjectureandgetsolutionof
Formula(1).

Belowgiveaspecificexample,x=7.

Weknow,with7do ,have:

Suppose:

Build:



*(2+1)and+24:

-3n-1:

*(2+1)and+26: ,

Letp1=1,anddeleteitem 2:

*(2+1)and+28:

Letp1+p2=2,anddeleteitem 22:

*(2+1)and+210:

Letp1+p2+p3=4,anddeleteitem 24:

*(2+1)and+212:

Letp1+p2+p3+p4=7,anddeleteitem 27:

Nowbecome111…,thehighestbitis213,iterationfinished,stepsn=5.

And

.
Thisway,wegetasolutionforFormula(1),inwhichthevalueofnand

piisexactlysamewiththeresultgotfrom calculatingdirectly.

Ⅳ ConvergenceRegularityOfCollatzConjecture

Ifwecalculatedirectlywithoddthrough operation,theodd

sequencebuilt(calledSequence(1))hasnoobviousconvergenceregularity,

elementsinthesequencevarysometimesbig,sometimessmall.Butifwedo

operationasintroducedinabovesection,convergenceregularityoftheodd

sequencebuilt(calledSequence(2))ismoreobvious.

First,ifaddtwocorrespondingelementsineachstepinthesetwoodd

sequences,shouldbeexactly2k(kisdifferentwithdifferentelements).Such

as

…inaboveexample.



Ingeneral,firstelementinSequence(2)is:

andfirstelementinSequence(1)isx:

,then

,is justthe same form with

Formula(2),and2m shouldbetheMSB+1bitno.ofxora(alongwiththe

increaseofainSequence(2),2m shouldbetheMSB+1bitno.ofa,because

eachcorrespondingpartinFormula(2)isbiggerthanwhichinFormula(1)).

Belowprovenextelementsalsosatisfyaboveregularity.

Suppose a in Sequence (2)and xin in Sequence (1)satisfyabove

regularity,and:

,

,then

,

,

Thisstatesthatthelowestbitofoddpartof(3x+1)and(3a+2m+1-1)is

equal,andaddthesetwooddpartsshouldbe2i(i<k).

Aboveregularitystatesthattheoriginaloddsequencehasnoobvious

regularityisbecauseitisonlythepartialpart,notthewholepart.

Second,researchintooddmultiplying3,anyoddcanbewritteninbinary

form 1…1,boththehighestandlowestbitis1,after ,althoughtotalbit

numberincreases,firstsubstepistoshiftbit1tothemiddleoftheresult,

secondsubstepmaymakecarrytohigherbitdueto1+1inthemiddleofthe

result(1-bitsinthemiddleofoddalsosatisfythisregularity).Bothsubsteps

arebeneficialtoourfinalgoal,becauseweneedmany1bitsinfinalresult.

operationensuresuccession1bitsinthehighestpart,-1operation
reducecountofisolated1bitsinthelowestpart.Hence0-bitsintheoddpart

intishouldshiftrightorbit-countreduceineachstep,anditsweightintotalti

shouldreducestepbysteptillto0,whentheoddpartconvergesto1...1.Build

asimpleweightmodel:

Definition (1)

Where22k isthecorrespondingaddingpartintiinthatstep.Because

obviously ineachstep,simplywecanusewirepresenttheweightof



valueofall0bitsinoddpartinti.Wecanalsothink asthesum oftiand
itscorrespondingpartinoriginalsequence,theconclusionwefinalgotis

same.Specially,withanyodda,whichhighestbitis2m,definewiforthisodd:

Definition (2)

Although the denominatorisbiggerthan which in Definition (1),the

regularityissame.

Observewi,itshouldreducestepbystep,andmodelvaluecanandmust

convergeto0,becausethereisnopossibilitytoexistaconvergencevalue,

whichitscorrespondingoddpartintiisnot1...1,anditsmodelvaluecan

remainunchangedinnextstepsthroughmultiplying3operationandother

twooperations.Thusoddpartmustconvergeto1...1,couldnotdivergeor

convergetootherodds.

tisequenceinaboveexampleis:9,42,188,816,3456,14336

oddpartsequenceis:9,21,47,51,27,7

wisequenceis(accordingtoDefinition(1)):

(2+4)/4=1.5,(4+16)/16=1.25,64/64=1,(64+128)/256=0.75,512/1024=0.5,0/

4096=0

Through above introduction we know,with odd we do

operation in the Collatz Conjecture,on the contrast,with odd we do

inaboveiterationmethod.Wecaneasilyprovethatodd

1…10a(aisinbinarybase)isequivalenttoodd10ainsecondmethod,countof

succession1bitsintheheadpartonlyrepresenttheiterationstepsroughly.

Infact,onlyonecase0bitsintidonotshiftrightorbit-countreducewhen

tihasnotconverged.Thisis:

101->1011.

Thiscasewidonotchange,bothare1/4,accordingtoDefinition(2).But

nextstep1011->11,ticonverges,hencethiscaseisnotworthworryingabout.

Belowweproveitstrictly.

Supposewithoddado operation,andusexrepresentiteration

steps.we can reform wi as following(according to Definition (1)),the

numeratorpartisexactlyequalto0bitsinti:

Obviouslyw(x)iscontinuousderivativedwhenainodddomaindefinition

andxinpositiveintegerdomaindefinition,andisbounded(>=0).

Nowwetrytotakethederivativeofw(x).

Herethederivationdefinitionofthenumerator anddenominatoris:

(y(x+1)-y(x))/(x+1-x).

Thenthederivationofthenumeratoris:



Thederivationofthedenominatoris:

Then

Wherebistheoddafteroddadoingxsteps operation.thatis:

Observew’(x),weknowwhenb>3w’(x)<0,w(x)monotonicallydecreases.

Onlywhenb=1(thiscase shouldequalto4),orwhenb=3, ,

W’(x)=0.Second caseofb=3 istheexceptcaseintroduced above,the

correspondingoddpartoftiiswithform ‘101’,isnotworthworryingabout.

Firstcaseisconvergencecase.

Totally,thiskind ofiteration calculation hasthesecasesafterdoing

asfollowing:

Case1:oddtailpartdecreasesonebit,headpartdoesnotincreaseonebit,

thiscasetailpartshouldinsertonebitof1andwithzeroormore0changing

to1,totally1bitsweightshouldincreaseintailpart.

Case2:oddtailpartdecreasesonebit,headpartincreasesonebit,if

correspondingoddin sequencechangebigger,isjustbecause

tailpartcarryonebitof1toheadpart;ifcorrespondingoddchangesmaller,

isjustweneed.

Case3:oddtailpartdecreasestwobits,headpartdoesnotincreaseone

bit,tailpart0bitsshouldshiftright.

Case4:oddtailpartdecreasestwobits,headpartincreasesonebit.

Case5:oddtailpartdecreasesthreeormorebits,headpartincreases

zerooronebit.

Allthesecases,w(x)functionareconvergency.

Doesitexistsomeoddswhichitswitendsto0butnotequalto0forever?

In fact,itexistssomeoddswhich 0-bitsdistribution aresimilarand wi

decreasesiftheyexistinsamesequence.Suchas,10001and110001(+25)or

11000011(*4-1),10001and1100001(insert0).Becausethe

operationlimitsthevaryingofthehighestpartofodd,theseoddscouldnot

bepossibletoappearinthesamesequence,alsocouldnotrepeatedlyappear.

Forexample:



10001->101001->1011101->11001011->11011->111,could notproduce

similar0-bitsdistribution.

Belowproveitfrom anotherview.

Supposeoddaisin operationsequence,itscorresponding

oddin operationsequenceisb,whichhighestbitis2m,then

accordingtoDefinition(2), .

NextStep,bbecomeoddc,then ,where2pisthelowestbit

ofoddpart.

,

Whenaisbigenough,forexamplea>=210+1, .

Thismeanswhenoddin operationsequenceisbigenough,

nextstep,wiissmallerthanwhichmultiply0.751incurrentstep.

Inaboveexample,forfirstodd, ,forotherodds, ,

, ,wiforallotheroddsisequaltoorbiggerthanwi

*0.5forfirstodd.

Anyoddshavethissameregularity.Becausewhenthetailpartofthe

oddsremainunchangedorinsert0(anytailposition),thenumeratorpartis

sameorbiggerthan2timesoforiginal,andthedenominatorbecomesameor

2timesoforiginal,whentheheadpart(successive1part)oftheoddsaddone

1,thedenominatorbecome2timesagain,thenthefinalvalueshouldbe

biggerthan0.5timesthanoriginal.

Othercasesofoddvaryingoftailpart(insert1orinsert01seriesorother

change)couldnotbepossibletocauseloopordivergence.

Inaboveexample,obviously,firstoddcouldnotbecomeotheroddsin

within 3 steps(case of huge odds is same). But

0.751*0.751*0.751=0.423564751<0.5,itiscontradictious.

Ifstepsincrease,itisalsonotpossibletobecomeotherodds,becauseif

stepsincrease,countof1inheadpartshouldalsoincrease,thisconsumes

manysteps,therearenoenoughstepslefttofinishtheneeddeformation.

Weknow,normallyifonlythinkaboutvaryingofheadpart,itneeds2or3

stepsperiodlytofinishaddingone1toheadpart,iftailpartcarryonebitof1

toheadpart,itminus1step.Andtailpartisnotpossibletocarry1bittwo



timestoheadpartwhenheadpartaddtwo1successively,becauseeachtime

headpartaddone1ortailpartcarry1bittoheadpart,highestpartoftailpart

producestwomore0bits,itcouldnotproducecarryingbitsuccessively.This

istosay,normallyinlongoddsequence,eachtimeheadpartaddone1,itat

leastneedabout2moresteps(weignoreoddsneedingonly1steptoaddone

1 to head partin firststep here,and we also ignore odds with form

10111(many1)...,becausealthoughthiskindofoddsneed2stepstofinish

addingone1toheadpartsuccessivelyduringsomesteps,itdecreasescount

ofsuccessive1intailpartaftereachstep,thisisnotgoodforchangingto

similar0-bitsdistribution).

Weknowloopoddsequenceanddivergenceoddsequencebotharelong

sequencewhichhasmuchmorethan4elements(3steps).Supposeanyhuge

startodda(itscorrespondingoddin(*3+1)/2ksequenceisbiggerthan210+1),

aaddxbitsof1inheadpartandbecomehugeoddbwithsimilar0-bits

distributionofa,itatleastneedystepstofinish.Thenw[b]shouldbebigger

than0.5xtimesofw[a]from calculationdirectly,andshouldbesmallerthan

0.751ytimesofw[a]throughiterationcalculationcharacterintroducedinabove.

Thisis:

0.751y
>0.5x

y*ln(0.751)>x*ln(0.5)

y<2.4207*x

But,nomatterwhetherthedeformationisfinishedornot,onlytofinish

addingenoughbitsof1toheadpart,itneedatleastmorethan2*xsteps,

thereisnoenoughstepstodotaildeformation.

Henceitcouldnotbepossibletoexistasequencewhichexistsaloopor

witendsto0butnotequalto0foreverwhenalloddsinthesequencearebig

enough.Onceonecorrespondingoddin(*3+1)/2ksequencebecomesmaller

than210+1,itbecomecaseofsmallodd,andallsmalloddscanbeprovedto

convergeeasilymanually.

Ⅴ OtherConvergenceRegularity

Tihasmanyothercharacters,forexample,itsoddpartshouldbewith

form 3*yafterfirststep,thiscanbeeasilyproved:

Withoddx,firstoperationis:3x+22k-1, 22k-1canbedividedby3exactly,

thentotalvalueiswithform 3*y.

Continuetowatchti,from thisstep,withineachfewsteps,oddpartshould

bebacktoform 3*y(supposeithasnotyetconvergedbeforethisstep),thisis

becauseeachnextstephas22k-2p1+…pipart,whenp1+…piiseven,totalvalueis

withform 3*y.Thisalsolimitsthevaryingrangeoftheoddpart.

Andafterafewsteps,yshouldbewithbinaryform 101...1,sincethistime,

ifstepcountisbigenough,witheachsomesteps,theheadpartofyincrease

a01pair.From theexampleofstartingoddx=27,thisregularitycanbe

obviouslyobserved,heredonotlisttheresult.Thisindicatesagainthatthis

kindofiterationcalculationhasdetermineddirection,andgraduallyregularly



converges.

Ⅵ Conclusion

Thisway,wehaveprovedthattheCollatzConjectureistrue,andbuilda

functionmodelfortheCollatzsequence,itdecreasesprogressivelyto0.


