Properties of a possible unification algebra

Robert G. Wallace

Abstract. An algebra providing a possible basis for the standard model is presented. The algebra
is generated by combining the trigintaduonion Cayley-Dickson algebra with the complexified
space-time Clifford algebra. Subalgebras are assigned to represent multivectors for transverse
coordinates. When a requirement for isotropy with respect to spatial coordinates is applied to
those subalgebras, the structure generated forms a pattern matching that of the fermions and
bosons of the standard model.
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1. Introduction

For the Clifford algebra for the dimensionality used in string theories, Cly o(R), patterns matching
the symmetries of the standard model can found, but it is harder to find a pattern matching the
asymmetries of the standard model. This leads to the conjecture that the observed universe is the
result of a random choice by nature of one of many possible compactification topologies. A model
which generates the features of the observed universe as an inevitable outcome from a relatively
simple mathematical structure would be more useful. An algebra with the potential to provide a basis
for such a model can be assembled by extending the Clifford algebra of space-time using a
Cayley-Dickson algebra.

Cawagas et al[l] analysed the trigintaduonion loop T, finding four isomorphy classes of
sedenion-type subloops having asymmetric octonion-type subloop composition. Combining a graded
Clifford algebra of the same size, such as Cli 4(R) = Cly(C) = My(C) with the trigintaduonion
algebra T generates an algebra with a pattern of subalgebras having a complex combination of
symmetry and asymmetry, suggesting that it could be provide a basis for a useful unification model.

In previous papers [2][3] the structure generated by subloops of the loop generated as the product of
Ty, with unit elements of M,(C) was analysed. In [2] M4(C) @ T was labelled U. The Cayley tables of
unit elements of My(C) and of Ty, can be aligned so that, if the signs of products are ignored, they
match each other. A subalgebra of U, labelled W, having unit elements, each being the product of a
unit element of My(C) with the element of T7 aligned with it, was investigated. In [3] the
sedenion-type subloops of T, when required to be “spatially equivalent” were found display a
possible correspondence with fundamental particles of the standard model.

In this paper a combination of these approaches is considered. The loop of unit elements of My(C) is
labelled M7y,. The loop of unit elements of U 2 M4(C) ® T is designated Uy, =2 My, ® Tr,. Elements of
M, are assigned to represent unit elements for the complexification of the space-time Clifford algebra
for positive spatial signature, Cls 1(R) ® C = Cl4(C') (using negative spatial signature would generate
similar results). For that assignment, subloops of Uy, of the same order as M}, having elements which
are products of “spatially equivalent” alignments of 17, with M/ are considered. It is postulated that
these subloops correspond to the equivalent of a multivector for transverse complexified space-time
coordinates. These subloops can be arranged in sets having the same scalar, transverse spatial
bivectors and tranverse pseudovector.

The Loops package[4] for GAP4[5] has been used to investigate isomorphisms and isotopisms for 77,
and its subloops.

2. Notation

2.1. Notation used for 77,

The notation for T}, for the Cayley table shown in Appendix A is setout in table 1. Cawagas et al[l]
labelled the isomorphism types of sedenionic-type subloops of 17, as Sy, Sa, Sg, Sr. In this paper these
have been labelled using uppercase greek letters with numbered subscripts: 'y, A1..7, B1..7, X1..15, as
shown in table 2.
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TABLE 1. Notation used to label elements for Ty, the loop of unit elements of T

€0 €1 €2 €3 €4 €5 €6 €7 €8 €9 €10 | €11 | €12 | €13 | €14 | €15
Oo o, o, | ok | Ao AL Al A | Mo | M Hy | Mk | Vo v, v, 7
€16 | €17 | €18 | €19 | €20 | €21 | €22 | €23 | €24 | €25 | €26 | €27 | €28 | €29 | €30 | €31
Qo o, Qa Oy, Bo B. ﬁj Br Yo Ve Vs Ve o 0, 5] Or
TABLE 2. Unit elements for sedenion-type subloops of T,
’ a,l0, UJ\UK Ao\, /\]‘An Holthe u]‘un VoV, V]\l/,i Qolr, ag\an Bo|B. @m Yol %‘% d0|0, 5]\5,{\
Lo |/ [m[mw[mimmww [ | [ [ [[[][][][]] =«
Ap||HE/ER N HEEN EEE N EEEN
By||HEE N EEE N EEE N EEEN
A||RE HE HE [ ] | HE N L1 | HE
Ay ||| | H N H N H N [ | [ | H N H N H N
Az ||l H N H N H N | HE H N [} | L |1 |
B ||AN HE L] | L1 HE HE BN N
B ||H| |H H N H N H N | [ | H EHE BN H N
Bs ||l H N | [ 1 | 1 | HE H N [ | HE |
Ay |HE HEEN N HEEN HE EN
As||H| R H EHE N H N | HE N H HE N
Ag || [ ] HE [ | ] Hn HE [ ] [ | [ ) | [ | |
B,||ANA HE HE EN HEEN HE HE
B;||H| A H N H EE BN [ ] HE N H B H N
Bg ||l [ | HE L1 | [ ] | HE [ ] HH [ ] L |1 |
= [w[m[m[w/m/nsnowen e [ | [ [ ][] [[[[[[[]]
Yo|H/HEE EENENR EEEE EEEN
Yo |/H|HE N HEENR HEEN EEEN
Ys|/H|HE N EEEE N EEN EEEN
Y, |H|E HE HE HE HE HE HE HE
Yy ||H| (B H N H N H N | ] H N H B H N
Yo || I H N H N H N H N LI H N HE |
Yo ||H|H HE ] | HE NN [ ] | L1 | [ 1 |
Ye|/H| |H H N H B H H N [ | H N H N H N
Yo || M HHE [ | HE HE [ | H N [ | [ ] | L |1 |
Yo/l |H HEEN HE NN HE BN HE
Yqp|(H| |H H HE B H H N [ | H EHE B H N
Yo/l [ ] HE [ | | HE | | HE [ | | L |1 |
Y5/l |H HE HE BN HE N HE EN
Yiyl(H| |H H N H EHE N [ | [ | H N H HE N
Y5 [ ] HE L1 | [ ] H N | N [ ] | | |
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2.2. Notation used for M, the group of unit elements of 1, (C) = Cl31(C) = Ci1,3(C)

The notation for unit elements of M|, is setout in table 3, for the unit matrix assignments and Cayley
table shown in Appendix A.

TABLE 3. Notation used to label elements for Mj, the group of unit elements of My (C)

€0 €1 €2 €3 €4 €5 €6 €7 €8 €9 €10 | €11 | €12 | €13 | €14 | €15
S L M N U X Y Z A\ D E F T P Q R

€16 | €17 | €18 | €19 | €20 | €21 | €22 | €23 | €24 | €25 | €26 | €27 | €28 | €29 | €30 | €31
iS iLL iM | iIN iU iX 1Y 17 iV iD iE iF iT iP iQ iR

2.3. Notation for elements of Uy, = T} ® M|, unit elements of U

All unit elements of U are the product of an element of T7, with an element of My, as listed in table 4.

TABLE 4. Notation used to label elements of Uy, the loop of unit elements of U

oS 0oL o, M 0,N 6,T 0,P 0,Q 0,R 0,U 06,X 0,Y 6,7 0,V 0,D 0,E 0,F 0,iS 04iL 0,iM 6,iN 04T 0,iP 0,iQ 0,iR 0,iU 641X 0,iY 0,iZ 0,V 0,iD 0,iE 0,iF
oSolLoMoNoToPoQoRoUoXoYolZoVoDokFEolF o,iSoiloiM 0,iN 0,iT 0,iP 0,iQ 0,iR 0,iU 0,iX 0,iY 0,iZ 0,iV 0,iD 0,iE o,iF
0,8 o,L o,M o,N o0,T 0,P 0,Q o,R o0,U 0,X 0)Y 0,Z 0,V 0,D 0,E 0,F 0,iS 0,iL 6,/iM 0,iN 0,iT 0,iP 0,iQ 0,iR 0,iU 0,iX 0,iY 0,iZ 0,iV 0D 0,iE 0,iF
o.So.Lo.Mo.No,To,Po,Qo,RoUo,Xo.Yo.,Zo.Vo.Do,Eo.FoiSoilogiMogiN 0T 04iP 0,1Q 0xiR0xiU 041X 04iY 0417 041V 041D 0iFE 0iF
XS oL AoM AN AT AP X0Q AR AU Ao X XY AoZ AoV AoD AoE AgF AiS AoiL MoiM AgiN AT AoiP AiQ AoiR Aoill XoiX Aoi¥ AoiZ MoiV AoiD Agi o AoiF
ANS AL AM AN NT AP ANQANRANUANXANY NZ AV AD XNE XNF XNiS NiL A\iM NiN A iT X\iP \iQ N iR A\iU N\iX \iY N\iZ \iV N\iD N\iE \iF
NS AL AM AN AT AP AQ MR AU MX NY \Z AV \D ME NF AiS AiL \iM A\iN MiT \iP \iQ \iR \iU \iX \iY \iZ A\iV A\iD \iE A,iF
AS AL ANMNNNT AP AQARNUNXANY AN Z NV ADNENF NS Nt L A\t M N iN AT Nt P X iQ N iR N iU Ai X N\iY M\iZ M\iV A\iD N\i E N i F
HoS foL poM poN 11T 1o P 116Q poR p1oU 10X 110Y 110 Z poV oD j1oE poF 11618 p1oiL poiM poiN poiT poiP poiQ puoiRR p1oiU poiX p1o1Y poiZ potV poiD poiE puoiF
wS Lo M p N T P Q R U o X Y poZ Vo, D B o F i il piM piN i peiP i@ piR U piX iy piZ pdVopiD piE p il
158 iy Lopy M iy, N )Ty Py Q g R Uy XY i, Z i, Vopy D py B g FopgiS pugi L pgiMpyiN - pgi T pugiPopgiQ pgiR pgiU pyiX iy pyiZ pyiVopgiD pyiE juyiF
oS L pus M pe N i T e P11 @ pus R U e X pcY 1 Z pus Ve D iy B pu 88 i L puiM poiN pugfT pni P pugiQ i R iU pni X Y ot Z poiVpgiD i B pygi P
VoS VoL VoM VoN vyT voP 15Q VoR voU voX 1,Y voZ 1oV 10D VoE voF 1408 voiL veiM vyiN veiT vgiP 14iQ vgiR veil viX veiY veiZ veiV veiD vyiE vyiF
v,S v,L vM v,N v,T v,P v,Q v.R vU v X v.Y v,Z v,V v,D v,E v, F 1v,iS viL v,iM viN v,iT v,iP v,iQ v,iR v,iU viX v,iY viZ v,V viD viE v,iF
v,S v,L v,M v,N v,T v,P v,Q v,R v,;U v,X v,Y v,Z v,V v,D v,E v,F v,iS vjiL vjiM viN v,iT v,iP viQ v,iR viU v)iX viY v,iZ v)iV v,iD vyiE vyiF
viS v Lv,M v, N v, T v.Pv,Qu.Rv.Uv, X v.Y voZ v,V v D v, E v F viS viLl vgiM v,iN v,iT v,iP v, iQ v iR v iU 141X v,iY vgiZ v,iV vgiD v iE v i F
oS oL aoM aoN T aoP apQ aoR aoU o X oY pZ oV oD aoE aoF i apiL apiM qpiN apiT i P i@ iR iU i X ot piZ iV apiD apiE i F
a,S oL aMaoNaoTaoPaQaoRelaXaoYoZoVaDaoFEoF o808 oqil aiM oiN oqT oiPoagi@Q oiR iU oiX adY oaiZ oiVoegiD aiE o iF
a,S o, L a,M a,N o,T o, P ,Q o, R U a,X oY a,Z o,V a,D o, E o) F iS ayil oyiM «jilN oiT oiP @iQ iR oyiU i X ayiY oyiZ ayiVoogiD ayiE a,iF
agSa.La,MayN o, Ta,Poa.QagRoUagXaYoagZoaVa,DagEagF a8 agilogiM agiN agiT ogiPagiQagiR o, iU ogiX oY agiZ otV agtD agiE agitF
BoS BoL BoM BoN BT BoP BoQ BoR BoU BoX BoY BoZ BoV BoD BoE BoF BoiS BoiL BoiM BoiN BoiT BoiP B0iQ BoiR BoilU BoiX BotY BoiZ BoiV BoiD BiE BoiF
8,5 B,L B,M BN BT B.P B,Q B.R BU B,X BY B.Z BV B.D BE BF B,iS Bil B,iM BiN BT BiP B,iQ ByiR B,iU BiX BiY BiZ BiV BiD BiE BiF
8,8 B,L B,M B,N B,T B,P ,Q B,R B, U 8,X B)Y B,Z B,V 8,D B,E B,F B,iS ByiL B,iM B,iN B,iT B,iP 3,iQ ByiR B,iU BiX B,iY B,iZ B,iV BiD BjiE B,iF
BrS BrL BM BN BxT BuP BrQ BuR BxU B X BiY BrZ BV BrD Brll Bl B4iS BriLl BuiM BiN Buil BiP BriQ Brilt BilU BriX BuiY BuiZ iV BuiD Buill Buil’
YoS Yo L YoM YoN YT YoP ¥o@ YoR YoU YoX VoY YoZ YoV YoD YoE YoF 7oiS VoiL YoiM YoilN YoiT 7oiP Y6iQ YoiR YoilU Y0iX YoiY YoiZ YoiV YoiD YoiE Yot F
%S vwL vwM 4N 7T 7P 7Q vR U %X %Y v.Z 7V 7D vE vF ~4iS viL ~v,iM ~,iN 4T ~,iP 7,iQ viR viU ~,iX viY v,iZ iV ~iD ~,iE ~,iF
WS L M N T 3P 3Q 1R U 1 X Y 1,2 3V 0D vE 3 F S il M yiN 30T 5iP 3,iQ vyiR 5yl 5)iX 3,iY vyiZ 7V y,iD B ik
VS VoL ¥ M N VT VP 6@ ¥ R U 16X 1Y Y6 Z 76V YuD Vo B Yo F 7t S Vil M 4N i T i P i Q ViR iU 7iX 7uiY 7582 78V iD i B y,eiF
005 0oL 6,M 0, N 0,1 6o6P 65Q 0oR 6,U 0,X 6,Y 6,2 0,V 6,D 0,E 0,F 0,8 65iL 6iM 0,iN 63T 0,iP 0,iQ 00iR 6,iU 60iX 05iY 0,02 0,0V 601D 0,iE 6,iF
5.8 6,L 6,M §,N 8,T 6,P 6,Q 6,R 8,U 6,X 8,Y 8,Z 8,V 8,D 86,E 8,F 8,iS 8,4iL 6,iM 8,iN 6,iT 8,iP 6,iQ 8,iR 8,iU 8,iX 8,iY 8,iZ 8,iV 8,4iD §,4E 8,iF
6,8 6,L 6,M 6,N 6, 6,P 6,Q 6,R 6,U 6,X 8,Y 6,Z 6,V 6,D 0,E 6,F §,iS 6,iL 0,iM 0,iN 86,iT 6,iP 6,iQ 6,iR 0,iU 6,iX 0,iY 6,iZ 6,iV 6,iD 6,iE 6,iF
518 0nL 6, M 5. N 8,1 8P 6,Q 65R 8,.U 6, X 8.Y 0.2 6.V 8D 6, E 8, F 8,iS 8,iL 6,iM 8,iN 60T 8,iP 6,0Q 8,iR 8,iU 80X 651 8,iZ 8,V 60D 8,i 6,0 F
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2.4. Grading of elements of M/}, when used to represent unit multivector elements of Cl3 1 (R)
Elements of My, can be assigned to represent unit multivector elements for Cls 1 (R) as follows:
Unit Scalar: S

Unit spatial vectors: X, Y, Z
Unit temporal vector: T

Spatial bivectors: L,M,N
Space/time bivectors: D,E.F
Spatial trivector: U
Space/time trivectors: P,Q,R
Pseudoscalar: \%

3. Electroweak sector

Ty, subloops with have identical participation for elements subscripted ¢, 7 and k are shown in table 5.

TABLE 5. Unit elements for spatially equivalent sedenion-type subloops

I o e e A A e o | A A

Fo|/|l|MHNE | EHEEN EEEN EEEN
Ao/|H|E/E N EEEN HEEN C
LyjljRE N EEEN C I

o/ AN EEENER EEENE EEEN

i E|/EE R EEENE EEE N EEENE

do||H|HE N LI HEEN I
da|l|/EE N EEER B EEE U

If elements subscripted ¢, 7 and s are excluded, the automorphism group for the unit imaginary
octonions that remain, [Ao, tho, Vo, Qoy Bos Yo, 0o), is G2. Including the ¢, y and k elements breaks that
symmetry, but some symmetry remains. 31, 39 and Y3 are related by a quaterionic symmetry, so the
automorphism group for their complexification can be SU(2) @ U(1).

Most unification models using the octonions[6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19]
[20] [21] [22] [23] [24] [25] [26] include quarks and gluons. However, G2 has been used in modelling the
electroweak/lepton sector alone by Carone and Rastogi[27] [28], extending the SU(3) model for
electroweak unification proposed by Dimopoulos and Kaplan[29].

As noted in [3], the «, element of Ty, and the unit imaginary of M}, have unique status. This suggests
identifying them with unit imaginary elements of a complex doublet for the Brout-Englert-Higgs
mechanism[30][31][32]. ¥1,%; and X3 include a,,c,,q,,ar, whereas ¥y does not. This suggests
assignment of X1, s and X3 to electroweak vector bosons that gain mass by the Brout-Englert-Higgs
mechanism, and ¥ to a vector boson that remains massless.

Having Yg, 31, Y5 and X3 assigned to electroweak vector bosons leaves Ay, By and I'y available to be
assigned to electroweak fermions. This suggests assignation of one of these subloops to generate three
generations of one chirality of the neutrino family, and the other two subloops to generate three
generations of two chiralities of electron/muon/tau family.
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4. Fermions

4.1. Basis for the Dirac equation

In [3] spatially equivalent assignment of elements of T, were identified as ones for which the subloop
[060,0,0,] of Ty, is aligned with the subloop [SLM N] of M. In this paper this concept is extended
by postulating that spatially equivalent application of elements of T}, to unit multivector elements of
the space-time Clifford algebra generates an algebra, U with sublagebras which can be used to
represent graded multivector-type subalgebras for “unphysical” transverse coordinates for excitations
of quantum fields.

For the complexified sedenionic-type subloop labelled I'y, a possible spatially equivalent alignment
generates the loop of unit transverse multivector elements shown in table 6.

TABLE 6. Transverse multivector elements for a spatially equivalent 'y alignment

€ | €1 | €2 €3 €4 | €5 | €6 | €7 | €8 | €9 | €10 | €11 |€12 |€13|€14 | €15 e16 to e31
0,S|o,L|o, M|, N (AU NX N Y N Z |V |7 D|v,E|vF|6,T[6,P|6,Q[6.R|i X [e1 to e1s]

If elements [e;..e15] are graded according to the grading of their M components when My(C) is
assigned to represent the complexified space-time Clifford algebra, the result shown in Table 7.

TABLE 7. Grading for transverse multivector unit elements for a I'y alignment

scalar vector bivector trivector pseudo

spatial t spatial spatio-t spatio-t ‘ xyz || scalar
0,5 INX[\Y[\Z6,T]0.L]0,M|0,.N[1.D|7, E[1.F6,P[8,Ql5.RAU|| 7,V

The even multivector components in table 7 could also be generated by imaginary counterparts of the
vector elements as shown in Table 8.

TABLE 8. Grading for alternative spatially equivalent transverse multivector unit elements

scalar vector bivector trivector pseudo

spatial t spatial spatio-t spatio-t ‘ xyz || scalar
0,5 |[\iX|\iY|\i2]6,iT] 0, L]0, M]|o. N[y, D|v, By F|5.iP[5,iQs.iR | \iU[| 7V

This suggests assembly of a version of the Dirac equation for this alignment using \,, A, A., d, instead
of the gamma matrices. This assembly can be labelled Féi with the subscript indicating the T,
element applied to the pseudoscalar, the first superscript indicating the T;, elements applied to the

spatial vectors and the second superscript indicating the 77, element applied to the time-like vector.

For the space-time Clifford algebra multivector, Hestenes [?] uses the unit pseudoscalar as a
substitute for the unit imaginary, generating a version of the Dirac equation for one handing of a
fermion. Comparing this with [0,5,0,L,0,M,0.N,~,D,v,E,~v.F,v,V], for all elements except the
scalar there is a reversal of signature and commutation/anticommutation properties, and Lie brackets
are interchanged with Jordan brackets. This means that the equivalent of the pseudoscalar, [y,V],
anticommutes with the bivector elements and squares to the positive scalar. an alternative way to
assemble spinors could be to use odd multivector components, as
NX, Y N Z,0,T] X 74V = [0,P,6,Q,0.R,\U]. This suggests that similar equations to those
obtained by Hestenes can be generated from each of I'gy, I'gs, I'gx, corresponding different flavors for
one chirality for type of fermion.
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4.2. Three generations for families of fermions

For combined T7, ® M, subloops, rotations and reflections with respect to unit vectors of Cls (R)
correspond to permutations of ¢+ — j — k subscripts. Permuting Aoi;x — Youyxw — ouyx Teorientates
subloops with respect to grading, but not with respect to spatial orientation.

For the spatially equivalent transverse multivector subloops based on each of the I'y, Ap and By
subloops of Ty, ignoring rotations and reflections, there are 6 possible spatially equivalent
orientations. They can be grouped in sets which share the same even multivector components, as
shown in tables 9 and 10.

The families of fermions are:

1 chirality for the neutrino family

2 chiralities for the electron/muon/tau family

2 chiralities x 3 colors for the up/charm/top quark family

2 chiralities x 3 colors for the down/strange/bottom quark family

As noted in [3], this, together with the observation that sets of three subloops can, as a combination,
display spatial equivalence, suggests assignment of subloops to families of fermions as follows:
T'g to 1 chirality for the neutrino family

Ap to one chirality and By to a second chirality for the electron/muon/tau family

Aj_g to one chirality with 3 colors two families of quarks

By _¢ to a second chirality with 3 colors for two families of quarks

Distinct representations for different generations within these families can be found when these Tp,
subloops are combined with My subloops in different spatially equivalent alignments and are to
represent a type of multivector for transverse coordinates for an unphysical space. The notation for
elements of Uy, unit elements of U is set out in table 5.

TABLE 9. Graded spatially equivalent I'y orientations

Ref||scalar vector bivector trivector pseudo
spatial ‘ t spatial ‘ spatio-t spatio-t H xyz || scalar || [e16 tO e31]
Fg‘g oS || ANX | NY [ NZ | 6,T ||o.Llo;M|0.N|v,D|v,E|v.F| 6P |6,Q | 6. R | NU| 7%V ||i x [e1 to eqs]
065 || \iX|NiY | NiZ|0,3T ||o,L|o,M |0 N |7, D|v,E|7:.F||60,iP|6,iQ|0.iR|XiU|| v,V |7 X [e1 to ess]
oM 008 | 6.X [6,Y 6.2 | AT ||ouL]o,M |0 N |7, D |, B[ F | AP [ 0Q [ MR | 6,U || 7%V [|i x [ex to e1s]
068 |[0,iX |0,3Y |0,iZ | AoiT||o,L|o,M |0.N |7, D|v,E|7.F (| \iP|XiQ| ciR|0otU || 7oV ||i X [e1 to e15]
Fég 0,8 || ANX | NY | NZ | 7,T ||o.L|lo,M|0.N|0,D|6,E|6.F || 7P |7Q | 7R | AU || d,V ||i X [e1 to ess]
068 || NIX | XY | ANiZ|voiT |0, L|o,M |0, N |0,D|0,E |8, F ||7,iP |7,iQ | ViR AoiU|| 6,V ||i X [e1 to e15]
Fg? oS || WX | Y | %Z | AT ||o.L|lo,M|0.N|0,D|6,E|6.F || \P | X\Q | AR |7U || 3,V ||i X [e1 to ess]
068 ||740X |73Y |7 Z | AoiT |0, L|o,M |0, N |0,D | 0,E |8, F ||\ iP|XiQ| ciR|vo3U || 6,V ||i X [e1 to e15]
0 0,8 [v.x [y [7e2] 6,7 o, Lo, Mo NN DN EINF] 6,P16,Q 6. B [7U | AV [li x [e1 to e15]
068 ||70X |71Y |7 Z|0,0T |0, L|o,M |0, N |A\D|NE|X.F||0,iP|8,iQ|.iR 73U || AV ||i X [e1 to e15]
Fg} 0,8 || 0. X | 0,Y | 0.Z | 7T ||o.L|o,M |0 N|NDINE\NF| 7P |7,Q | ¥R |6U || AV |li X [e1 to eqs]
068 |[0,iX |0,3Y 0,02 |7oiT |0, L|o,M |0, N | A\ D|NE|\XF||7,iP |7,iQ | viR|IotU || AV ||i X [e1 to e15]
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TABLE 10. Graded spatially equivalent Ay and By orientations

Ref ||scalar vector bivector trivector pseudo
spatial ‘ t spatial ‘ spatio-t spatio-t H xyz || scalar || [e16 tO e31]
Agg oS || X | ;Y | pnZ | 0,1 ||o, Lo, M|owN|B,D|B,E|B.F|| 0, P | 0,Q | 6xR | U || BoV ||i X [e1 to eqs]
05 ||ip X |ip,Y |ip Z|i0,T ||o Ljo,M|o N |8, D|B,E|B.F'||i6,P|i6,Q |10, R |ip,U|| B,V X [e1 to eqs]
Agg 068 || 0. X |0,Y | 0.2 | noT ||o, Lo, M|0wN|B,D|B,E|BuF|| P | 11,Q | R | 6,U || BoV || X [e1 to eqs]
0,5 |10, X 10,Y |10, Z |ipoT ||o, Lo, M |0 N |B,D|B,E | B F||ip, Pip, Qi R|16,U || BoV ||i x [e1 to eqs]
Ag{’; 0,58 || B.X | B)Y | B Z | 1oT ||0, Lo, M|0xN |6, D |0,E |5, F || 0, P | 11,Q | R | BoU || 0,V || X [e1 to eq5]
008 |[18,X |18, |18 Z|ipT |0, L]0, M| N|6,D|6,E |6, F |[ig1, Plipt, Qi R[18,U|| 6,V [[i x [e1 to e13)
Agf oS || X | 1, Y | piZ | BoT ||o, Lo, M|owN|8,D|0,E 6. F || B.P|5,Q | BuR|poU|| 0,V ||i x [e1 to eqs]
068 |[ip X |ip,Y i, Z\|i,T |0, Lo, M|o.N|6,D |0,E |5, F ||i5, P |if,Q|18: R|ip.U|| 6,V ||i X [e1 to eqs]
ADN 008 || 6.X |6,V | 8.2 | BoT ||0.L|o,M |0, N |11, D) B |in F || BP | B,Q | BuR | 86U || 116V ||i x [e1 to €15
008 |16, X |i6,Y |16, 2|8, T |0, L] o, Mo N| o, D11, E | F| |18, P[18,Q 18- R|i6oU || 11V [[i x [e1 t0 €13]
Agﬁ 0,8 || B.X | B)Y | BrZ | 0,1 ||o, Lo, M|owN |, D, E e F|| 8, P | 0,Q | 6R | U || 1oV ||i X [e1 to eq5]
0,5 |18, X |i6,Y |18 Z|10,T ||o, L|o, M |0 N |, D |, E| 1. F||10, P |16,Q |10, R |1B,U || 1oV ||é X [e1 to eqs]
ng 0,8 || v X | Y | v Z | 7T ||o,.Lio,M|owN|B,D|B,E|BF|| 7P | %,Q | 7R | voU || BV ||i X [e1 to eq5]
0,8 ||, X |w,Y |iv.Z|iv,T||o,L|o,M|o.N|B,D|B,E|B.F||iv,P|iv,Q|iv.R|iw,U|| BV ||i x [e1 to eqs]
ng oS || X | 1,Y |7 Z | voT ||o.L|o,;M|oxN|8,D|B,E|B.F||v.P | v,Q | v R | WU || BoV ||i x [e1 to eqs]
0,5 ||, X |iv,Y |iv. Z |woT||o,L|o,M|o.N|B,D|B,E|B.F||iv,P|iv,Q|iv . R|ivU|| BV ||i x [e1 to eqs]
Bgvu 0,8 || B.X | B,)Y | B Z | voT ||o,L|o,M|0xN|vD|v,E (v F||v,P|v,Q | viR|BU || vV ||i X [e1 to e1s]
0,5 |18, Xi8,Y |18 Z |w,oT ||o,L|o,M|0.N|v,D|v,E|v.F||iv,P|iv,Q|iv  R|iB.U|| 7V ||i x [e1 to e15]
Bgf 0.8 | v X |\ vY | v Z | BT ||o,Lio,M|o.N|v,D|v,E|v.F| B.P|5,Q|B:R|voU || YV ||i x [e1 to ers]
0,8 ||, X |w,Y |, Z|iB,T||o,L|o,M|o.N|v,D|v,E|v.F||iB.P|i,Q|i8.R|iv,U|| vV ||i x [e1 to e15]
Bgf oS || X | Y |7 Z | BoT ||o,. Lo, M|oxN|v,D|v,E|v.F|| B.P|5,Q | B:R|vU || vV |i x [e1 to egs]
068 ||, X |iv,Y |17, Z |iB,T ||o, L|o,M|0N|v,D|v,E v, F||iB, P|if,Q|i8: R|ivU|| vV ||i x [e1 to e15]
Bg,j 0,8 || B.X | B)Y | B Z | 7T ||o.LioyM|o N|\v,D|v,E\v.F || v.P|vQ |vwR|BU| v,V ||i x [e1 to e15]
0,5 |18, X |i8,Y |18 Z |ivoT ||o,. L|o,M |0 N |v, D |v,E v F||iv, P |iv,Q|iv.R|iB.U|| vV ||i x [e1 to eqs]

For each of I'y, Ag and By three sets of four of alignments share common even multivector
components, suggesting that the even transverse multivectors for each set correspond to a spinor for a
fundamental fermion. The Jordan bracket for their subalgebra matches the Lie bracket for the even
Cl;l subalgebra, so this may be consistent with Hestenes version of the Dirac equation[33].

For the assignment of Ay to one chirality and By to the opposite chirality, inspection of table 10
reveals that, for the change to the opposite chiralities, [z,y, z,t] transverse vectors are factored by

unit octonions from a quaternionic subloop, e.g. for:
Agg > [zyzt] are factored by A,

no
Aps <

s
ng and Aog VRS ng :

Bj; and Agg < By : [xyzt] are factored by a,

For these subloops vectors are factored by either «, or A, from the [0,, \,, @, Bo] subloop, and for:
Agg‘ “ Bﬁ” : [zyz] are factored by oy, [t] X A,
Agh BO'y
A2 o By
A2 o B
vectors are factored by elements from the [, Ao, Yo, do] subloop.
Subloops for all such chirality changes include A,, so it is associated with a chirality operator

: [zyz] are factored by 7o, [t] X 0,
: [zyz] are factored by A, [t] X 0,

: [zyz] For these subloops vectors are factored by d,, [t] X 7,
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5. Strong nuclear sector

Elements subscripted ¢, y and x, when complexified, can be associated with rotations in in three complex
dimensions, for which SU(3) is applicable symmetry group. When [0y, to, Jo, £0] are multiplied by v,
the result is a loop of unit octonions. So, if «, is fixed the associated automorphism group becomes the
SU(3) subgroup of G2.

5.1. Colored fermions - quarks

In section 4.2 subloops A;. ¢ and Bj ¢ were assigned to quarks. Inspection of table 2 suggests that they
can be combined in sets of three so that spatial equivalence is achieved for the combination, as elements
subscripted ¢,y and x would be included in a balanced way. Also, whilst a single subloop representing
a single color quark would be unbalanced with respect to these subscripted elements, in a combination
with a subloop representing its antiquark the imbalance can be eliminated.

5.2. Colored Bosons - Gluons

Subloops ¥4, X5 and g do not feature internal spatial equivalence, so are associated with a single color,
and are subject to the strong nuclear force. For a given subloop/color, their o, Aok, Hougr, Vougs,
Couyrs Bowgrs Yougrsand 0o, contents all match each other, so gluons are not subject to the electroweak
force.

5.3. Flavor/Colored bosons - U bosons

With respect to subloops ¥4, Y5 and Y4, subloops Y7 to 315 have a similar relationship to that for
subloops Y1, %2 and X3 with respect to X,. This suggests that they will acquire mass by a Brout-
Englert-Higgs type mechanism generating bosons similar to the lepto-quark bosons featuring in Pati-
Salam models[34].

5.4. Higgs Boson

An algebra assembled as [S, T, U, V]| ® [00, Ao, tos Vo] ® [00, 104, (o, i0,] has only scalar components with
respect to the spatial dimensions for C'Ls 1(R) so could accommodate a subalgebra repesenting the
Higgs boson.

6. Charge

In [3], charge was postulated as being associated with the proportion of [8,, 8,, i present. This was
dictated by the assignment of Ay and By to the electron/muon/tau family and I'g to the neutrino
family. However, this rule only confers charge for one electroweak boson subloop. A rule that
generates charge assignments that are consistent with the fermion families’ charges, and which confers
charges for two electroweak boson subloops, is: to associate neutrality with the proportion of
[As, Ayy Ax] present.

For this rule, the 'y, 3y and Y5 families are neutral, the Ay and By families have unit charge, the A;_ 3
families and Bj_ 3 families have 1/3 charge and the A4 ¢ families and By s families have 2/3 charge.
The ;. 3 subloops would also have 1/3 charge, but this need not prevent these subloops from being
used for gluons, as gluons are combinations of colors with anticolors, so combinations can have zero
electric charge.

7. Supersymmetry

For each fermionic subalgebra, there is a bosonic subalgebra with the same [0ouk; Aowsrs Howsrs Your)
content, but inverted [(ouyn; Bousrs Youyns Oougr) content. This suggests a form of supersymmetry. The
bosonic subalgebra Y is left without a supersymmetric partner.
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8. Dark matter

U does not offer subalgebras that could represent fermionic dark matter. This suggests that the bosonic
subalgebras postulated as representing U bosons may be responsible for the existence of dark matter,
possibly combining to create bosonic dark matter particles in a similar way to that in which gluons can
combine to create glueballs.

9. Measurement /collapse

For a model based on a non-associative algebra, it may be possible to ascribe the phenomenon of
quantum measurement/collapse to its non-associativity. For a model based on T ® Cl31(C), this
suggests a universe propagating as a Huygens wave for a conformal space embedded in five dimensions
with a Clg5(R) = Cl3 1(C) multivector combined with absolute time. Between measurements particle
trajectories would be deterministic, but, because handings and order of algebraic operations could
differ for different points of observation, calculations of trajectories between events would be
ambiguous. As a result, any attempt to predict events could only be probabilistic. Events would be
loci for which calculations for all points of observation generate a consistent but not necessarily
identical result, some latitude being possible subject to limits imposed by the Heisenberg uncertainty
principle. Loci with inconsistent results would be occupied by “quantum foam”. A theory based on
this approach may require application of the principles of chaos theory.

10. Conclusion

It seems reasonable to suppose that, in the tradition of the periodic table and Bohr’s model of the
atom, there might be a simplistic mathematical pattern with a structure similar to that of the
standard model. Just such a pattern can be found for U. This may be a coincidence, but the
similarities are striking, so the speculative analysis presented in this paper may assist in finding a
path to a deeper understanding of the basis of reality.
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Appendix A. Cayley tables for M and T},

A.1. Cayley tables

The Cayley tables of both M4(C) and T can be assembled as normalised latin squares with elements
ordered so that bit-wise ‘exclusive or’ (XOR) of binary representations of two elements’ numbering
generates the numbering of their product. As a result, if the sign of products is ignored, their Cayley
tables are the same and, for subalgebras that include the negative of the identity, their subalgebra
inventory is the same. To detail a scheme of ultra-complexification of M4(C), notation such as
eg, €1....e31 could be used for its elements. However, as one requirement for a unification algebra is

consistency with respect to the principle of equivalence of spatial dimensions, an alternative approach
to labelling unit elements has been adopted.

A.2. Notation for M,(C') unit elements

TABLE 11. Notation used to label 4 x 4 unit matrices

1 0 0 0

01 0 0

=100 1 0

00 0 1
0 0 -1 0 ] [—1 0 0 0] [0 0 -1 0 ]
0 0 0 -1 0 -1 0 0 00 0 -1
B=121 0 o o P=19 o 1 0|lM=|10 0o o
L0 -1 0 | L o 0 0 1| Lo 1 0 o0 |
o -1 0 0 ] (1 0 0 0 ] [0 -1 0 0 ]
-1 0 0 © 0 -1 0 0 1 0 0 O
Y=l o o o -1 E=109 0o 1 o |T=l0o 0o o -1
L 0o 0o -1 0 | L0 0 0 -1 | Lo 0o 1 o0 |
[0 0 0 1 [0 0 1 0 0 0 0 —1
00 10 0 0 0 -1 0 0 1 0
P=109 10 0 =11 0 0o o | Mo -1 0 o
1.0 0 0 L0 -1 0 0 | 1 0 0 O
[0 —1 0 0] [—1 0 0 0 ] [0 -1 0 0]
-1 0 0 0 0 1 0 0 1 0 0 0
F=1"9 0 01 Z=1 0 01 o L=19 o o 1
L o 0o 1 0| L 0 0 0 -1 | Lo 0o -1 0|
[0 0 0 —1] [0 0 1 0 ] rTo 0 0 1]
00 —1 0 0 0 0 -1 0 0 -1 0
U=1lo 1 0o o V=1_10 0 o @=l0o -1 o0 o
1.0 0 o0 | L 0 10 0 | 1 0 0 0|

Note: the forms of these matrices differ from those used in previous papers by this author[35][2].
Positive forms have been chosen to allow [S, L, M, N] to represent unit elements for a right isoclinic
quaternion algebra Hg, and [S,T,U,V] to represent unit elements for a left isoclinic quaternion
algebra H,, as used by Van Elfrinkhof[36].
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The multiplication table for My(C) using these labels is shown in Table 12.
TaABLE 12. Labels and Cayley table for M 2 M, (C)
H € €6 4 ‘ €8 ‘ €9 ‘ €10 ‘ €11 ‘ €12 ‘ €13 ‘ €14 ‘ €15 | €16 | €17 | €18 ‘ €19 | €20 ‘ €21 ‘ €22 ‘ €23 ‘ €24 ‘ €25 | €26 | €27 ‘ €28 ‘ €29 | €30 ‘ €31 ‘
s [rlprlelrlulx]y|z|v]p|le[Flslalimlin]ialiriQ|ir|w [ix][iv]iz]|iv]|iD]ie]ir]
S| +S +P|+Q | +R | +U | +X | +Y | +Z | +V | +D | +E | +F | +iS| +iL |+iM|+iN| +iT | +iP|+iQ| +iR|+iU | +iX | +iY | +iZ|+iV | +iD| +iE| +iF
L|+L ~T|-R|+Q|+X|-U|~Z|+Y |+D| -V | ~F | +E | +iL| ~iS|~iN +iM|+iP|—iT | ~iR|+iQ|+iX | ~iU | ~iZ|+iV | +iD|~iV | —iF | +iE
M| +M +R|-T|-P|+Y |+Z | -U|-X|+E|+F |-V | =D |+iM|+iN|—iS | —iL|+iQ|+iR| —iT |—iP|+iY | +iZ | —iU|=iX|+iE|+iF | =iV |-iD
N||+N ~Q|+P|-T|+Z|-Y |+X|-U|+F|~F|+D| -V |+iN|=iM|+iL|—iS|+iR|-iQ —iT|+iZ|=iY |+iX|—iU|+iF|—iE|+iD|—iV
T || +T ~L|-M|-N|+V|+D|+E|+F|-U|-X|-Y | ~Z|+iT|+iP iS|—iL —iN|+iV HEB|+iF | —iU|—iX|-iV|—iZ
P||+P +S|+N|-M|+D| -V | -F|+E|-X |+U | +Z | -Y |+iP|~iT +iS iM)| —iF | +iB|=iX|+iU|+iZ|-iY
Q| +Q / -V |-D|-Y | -Z|+U|+X |+iQ|+iR —iN|+iS|+iL —iV|=iD|=iY | —iZ | +iU |+iX
R||+R ] +D| -V | -Z|+Y | =X | +U |+iR|—iQ +iM| —iL|+iS +iD| =iV | =i Z|+iY | —iX | +iU
U|+U -D|-E|-F|-S|-L|-M|-N|+T |+P|+Q | +R |+iU|+iX —iD|—iE|—iF —iM|—=iN|+iT |+iP|+iQ|+iR
X||+X +V|+F|-E|~L|+S|+N|-M|4+P|-T|-R|+Q |+iX|-iU +iV | +iF | —iE +iN|—iM|+iP| —iT|—iR|+iQ
Y| +Y —F |4V |+D|-M|—-N|+S|+L|+Q|+R|-T|—P |+iY |+iZ —iF |+iV|+iD +iS | +il | +iQ|+iR| —iT | —iP
Z||+Z +E|-D|+V|-N|+M|-L|+S |+R|-Q|+P | -T |+iZ|-iV +iB|—iD|+iV —iL|+iS|+iR|—iQ|+iP| —iT
V|+V +X|+Y |+Z|-T|-P|-Q|-R| -S| ~L|-M|-N |+iV|+iD +iX|+HiY | +iZ —iQ|—iR|—iS| —~iL|~iM|~iN
D|| +D ~U|-Z|+Y |-P|+T|+R|-Q| —L|+S |+N|-M|+iD|-iV —iU|—iZ|+iY +iR|—iQ| —iL|+iS|+iN|-iM|
E||+E +Z|-U|-X|-Q|-R|+T | +P|-M|-N| +S | +L |+iE|+iF +iZ|—iU|-iX i
F | +F ~Y |+X|-U|-R|+Q|-P|+T|-N|+M| L | +S |+iF|—iE =iV |+iX|-iU
Sl —1 - DIt “Pl-Q|-R
L +T |+R|-Q
M ~R|+T | +P
N +Q|—-P|+T
T +L|+M|+N ~E|-F|+U |+X|+Y | +Z
P -S| -N|+M +F|-E|+X|-U|-Z|+Y
Q +N| -S| -L +V |+D|+Y | +Z | -U|-X
R -M|+L|-S —D|\+V|+Z|-Y |+X|-U
U +M|+N|-T|-P|-Q|-R
X ~N|+M|-P|+T | +R|-Q
Y +M|+N|-S|-L|-Q|-R|+T | +P
Z +N|-M|+L|-S|-R|+Q|-P|+T
|4 +T|+P|+Q|+R|+S|+L |[+M|+N
D +P|-T|-R|+Q|+L|-S|-N|+M
E +Q|+R|-T|-P|+M|+N|-S|-L
F +Y |-X|+U|+R|-Q|+P|-T|+N|-M|+L|-S

A.3. Notation for T unit elements

As for My(C), for T an alternative approach to labelling unit elements has been adopted. Greek
letters with greek subscripts have been chosen. The subscripts relate unit elements in sets in a scheme
similar to that relating sets of unit elements for M4(C) to the set chosen to represent a right isoclinc
quaternion algebra as used by Van Elfrinkhof. The usual labelling for T, as used by Cawagas et al,
features the labels eg, e1...e31. Those unit elements have been relabelled as shown in table 13.

TABLE 13. Labels for T basis elements
€0 €1 €2 €3 €4 €5 €6 €7 =] €9 €10 | €11 | €12 | €13 | €14 | €15
o, | O, o, | 0w | Ao | A Al A | o | e | oy | He | Vo v, v, V.
€16 | €17 | €18 | €19 | €20 | €21 | €22 | €23 | €24 | €25 | €26 | €27 | €28 | €29 | €30 | €31
Qo o, a, Oy Bo B 5] Br Yo Ve Y7 Vx o 0, 6] Or
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The multiplication table for T using these labels is shown in Table 14.

TABLE 14. Labels and Cayley table for T basis elements

€ | €1 | €2 | €3 | €4 | €5 | €6 | €7 | €8 | €9 |€10]|€11]|€12|€13|€C14|€15 | €16 | €17 | €18 | €19 | €20 | €21 | €22 | €23 | €24 | €25 | €26 | €27 | €28 | €29 | €30 | €31

o | 00 | 0y | 0n | Do [ A | A [ Ak | o | 0 | 1y [ e | Vo |V | V) | Ve a0 | |y | x| Bo| B B | Yo | Y | v || 00| 00 |9y dn
00 || 00| 0, |+0)|F0xk |+ Ao |+ A | ) [Nk o 100 |10y |F | FV0 |+ | 1) |V 0| Fau | oy | +Bo |5, + Bk | Yo | 7 |+ [H V| +00| 40, | +6, | +0,
0, || 40, =00 [H+0u| =0 |FA] X0 | A |FA) | F 10|t |t |F115| V0 [HV0|Fvi| -1y |Hau| -ao |-ay |[+0y| -B, |[+Bo =By | =% [0 +v6| 1) | +00] =00 | -0k | +9,
01|+ -0k | =00 |40 |[FX [ H ] Ao | =N |1y |H 1] 1o | =1 | -1y | Vi | FVo| F10 | Foy|[Fag] -0 | -, | =B, | =B B8] -y |-k [TV |+ | 0, [+6k] =60 | -0,
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