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Abstract. An algebra providing a possible basis for the standard model is presented. The algebra
is generated by combining the trigintaduonion Cayley-Dickson algebra with the complexified
space-time Clifford algebra. Subalgebras are assigned to represent multivectors for transverse
coordinates. When a requirement for isotropy with respect to spatial coordinates is applied to
those subalgebras, the structure generated forms a pattern matching that of the fermions and
bosons of the standard model.
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1. Introduction

For the Clifford algebra for the dimensionality used in string theories, Cl1,9(R), patterns matching
the symmetries of the standard model can found, but it is harder to find a pattern matching the
asymmetries of the standard model. This leads to the conjecture that the observed universe is the
result of a random choice by nature of one of many possible compactification topologies. A model
which generates the features of the observed universe as an inevitable outcome from a relatively
simple mathematical structure would be more useful. An algebra with the potential to provide a basis
for such a model can be assembled by extending the Clifford algebra of space-time using a
Cayley-Dickson algebra.

Cawagas et al[1] analysed the trigintaduonion loop TL, finding four isomorphy classes of
sedenion-type subloops having asymmetric octonion-type subloop composition. Combining a graded
Clifford algebra of the same size, such as Cl1,4(R) ∼= Cl4(C) ∼= M4(C) with the trigintaduonion
algebra T generates an algebra with a pattern of subalgebras having a complex combination of
symmetry and asymmetry, suggesting that it could be provide a basis for a useful unification model.

In previous papers [2][3] the structure generated by subloops of the loop generated as the product of
TL with unit elements of M4(C) was analysed. In [2] M4(C)⊗ T was labelled U. The Cayley tables of
unit elements of M4(C) and of TL can be aligned so that, if the signs of products are ignored, they
match each other. A subalgebra of U, labelled W, having unit elements, each being the product of a
unit element of M4(C) with the element of TL aligned with it, was investigated. In [3] the
sedenion-type subloops of TL, when required to be “spatially equivalent” were found display a
possible correspondence with fundamental particles of the standard model.

In this paper a combination of these approaches is considered. The loop of unit elements of M4(C) is
labelled ML. The loop of unit elements of U ∼= M4(C) ⊗ T is designated UL ∼= ML ⊗ TL. Elements of
ML are assigned to represent unit elements for the complexification of the space-time Clifford algebra
for positive spatial signature, Cl3,1(R)⊗ C ∼= Cl4(C) (using negative spatial signature would generate
similar results). For that assignment, subloops of UL of the same order as ML having elements which
are products of “spatially equivalent” alignments of TL with ML are considered. It is postulated that
these subloops correspond to the equivalent of a multivector for transverse complexified space-time
coordinates. These subloops can be arranged in sets having the same scalar, transverse spatial
bivectors and tranverse pseudovector.

The Loops package[4] for GAP4[5] has been used to investigate isomorphisms and isotopisms for TL
and its subloops.

2. Notation

2.1. Notation used for TL

The notation for TL for the Cayley table shown in Appendix A is setout in table 1. Cawagas et al[1]
labelled the isomorphism types of sedenionic-type subloops of TL as Sγ , Sα, Sβ , SL. In this paper these
have been labelled using uppercase greek letters with numbered subscripts: Γ1, A1..7, B1..7, Σ1..15, as
shown in table 2.
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Table 1. Notation used to label elements for TL, the loop of unit elements of T

e0 e1 e2 e3 e4 e5 e6 e7 e8 e9 e10 e11 e12 e13 e14 e15
σo σι σ σκ λo λι λ λκ µo µι µ µκ νo νι ν νκ

e16 e17 e18 e19 e20 e21 e22 e23 e24 e25 e26 e27 e28 e29 e30 e31
αo αι α ακ βo βι β βκ γo γι γ γκ δo δι δ δκ

Table 2. Unit elements for sedenion-type subloops of TL

σo σι σ σκ λo λι λ λκ µo µι µ µκ νo νι ν νκ αo αι α ακ βo βι β βκ γo γι γ γκ δo δι δ δκ

Γ0 � � � � � � � � � � � � � � � �

A0 � � � � � � � � � � � � � � � �

B0 � � � � � � � � � � � � � � � �

A1 � � � � � � � � � � � � � � � �

A2 � � � � � � � � � � � � � � � �

A3 � � � � � � � � � � � � � � � �

B1 � � � � � � � � � � � � � � � �

B2 � � � � � � � � � � � � � � � �

B3 � � � � � � � � � � � � � � � �

A4 � � � � � � � � � � � � � � � �

A5 � � � � � � � � � � � � � � � �

A6 � � � � � � � � � � � � � � � �

B4 � � � � � � � � � � � � � � � �

B5 � � � � � � � � � � � � � � � �

B6 � � � � � � � � � � � � � � � �

Σ0 � � � � � � � � � � � � � � � �

Σ1 � � � � � � � � � � � � � � � �

Σ2 � � � � � � � � � � � � � � � �

Σ3 � � � � � � � � � � � � � � � �

Σ4 � � � � � � � � � � � � � � � �

Σ5 � � � � � � � � � � � � � � � �

Σ6 � � � � � � � � � � � � � � � �

Σ7 � � � � � � � � � � � � � � � �

Σ8 � � � � � � � � � � � � � � � �

Σ9 � � � � � � � � � � � � � � � �

Σ10 � � � � � � � � � � � � � � � �

Σ11 � � � � � � � � � � � � � � � �

Σ12 � � � � � � � � � � � � � � � �

Σ13 � � � � � � � � � � � � � � � �

Σ14 � � � � � � � � � � � � � � � �

Σ15 � � � � � � � � � � � � � � � �
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2.2. Notation used for ML, the group of unit elements of M4(C) ∼= Cl3,1(C) ∼= Cl1, 3(C)

The notation for unit elements of ML is setout in table 3, for the unit matrix assignments and Cayley
table shown in Appendix A.

Table 3. Notation used to label elements for ML the group of unit elements of M4(C)

e0 e1 e2 e3 e4 e5 e6 e7 e8 e9 e10 e11 e12 e13 e14 e15
S L M N U X Y Z V D E F T P Q R

e16 e17 e18 e19 e20 e21 e22 e23 e24 e25 e26 e27 e28 e29 e30 e31
iS iL iM iN iU iX iY iZ iV iD iE iF iT iP iQ iR

2.3. Notation for elements of UL ∼= TL ⊗ML, unit elements of U
All unit elements of U are the product of an element of TL with an element of ML, as listed in table 4.

Table 4. Notation used to label elements of UL, the loop of unit elements of U

σoS σoL σoM σoN σoT σoP σoQ σoR σoU σoX σoY σoZ σoV σoD σoE σoF σoiS σoiL σoiM σoiN σoiT σoiP σoiQ σoiR σoiU σoiX σoiY σoiZ σoiV σoiD σoiE σoiF

σιS σιL σιM σιN σιT σιP σιQ σιR σιU σιX σιY σιZ σιV σιD σιE σιF σιiS σιiL σιiM σιiN σιiT σιiP σιiQ σιiR σιiU σιiX σιiY σιiZ σιiV σιiD σιiE σιiF

σS σL σM σN σT σP σQ σR σU σX σY σZ σV σD σE σF σiS σiL σiM σiN σiT σiP σiQ σiR σiU σiX σiY σiZ σiV σiD σiE σiF

σκS σκL σκM σκN σκT σκP σκQσκRσκU σκX σκY σκZ σκV σκD σκE σκF σκiS σκiL σκiM σκiN σκiT σκiP σκiQ σκiR σκiU σκiX σκiY σκiZ σκiV σκiD σκiE σκiF

λoS λoL λoM λoN λoT λoP λoQ λoR λoU λoX λoY λoZ λoV λoD λoE λoF λoiS λoiL λoiM λoiN λoiT λoiP λoiQ λoiR λoiU λoiX λoiY λoiZ λoiV λoiD λoiE λoiF

λιS λιL λιM λιN λιT λιP λιQ λιR λιU λιX λιY λιZ λιV λιD λιE λιF λιiS λιiL λιiM λιiN λιiT λιiP λιiQ λιiR λιiU λιiX λιiY λιiZ λιiV λιiD λιiE λιiF

λS λL λM λN λT λP λQ λR λU λX λY λZ λV λD λE λF λiS λiL λiM λiN λiT λiP λiQ λiR λiU λiX λiY λiZ λiV λiD λiE λiF

λκS λκLλκM λκN λκT λκP λκQλκRλκU λκX λκY λκZ λκV λκDλκE λκF λκiS λκiL λκiM λκiN λκiT λκiP λκiQ λκiR λκiU λκiX λκiY λκiZ λκiV λκiD λκiE λκiF

µoS µoL µoM µoN µoT µoP µoQ µoR µoU µoX µoY µoZ µoV µoD µoE µoF µoiS µoiL µoiM µoiN µoiT µoiP µoiQ µoiR µoiU µoiX µoiY µoiZ µoiV µoiD µoiE µoiF

µιS µιL µιM µιN µιT µιP µιQ µιR µιU µιX µιY µιZ µιV µιD µιE µιF µιiS µιiL µιiM µιiN µιiT µιiP µιiQ µιiR µιiU µιiX µιiY µιiZ µιiV µιiD µιiE µιiF

µS µL µM µN µT µP µQ µR µU µX µY µZ µV µD µE µF µiS µiL µiM µiN µiT µiP µiQ µiR µiU µiX µiY µiZ µiV µiD µiE µiF

µκS µκLµκM µκN µκT µκP µκQµκRµκU µκX µκY µκZ µκV µκDµκE µκF µκiS µκiLµκiM µκiN µκiT µκiP µκiQµκiRµκiU µκiX µκiY µκiZ µκiV µκiD µκiE µκiF

νoS νoL νoM νoN νoT νoP νoQ νoR νoU νoX νoY νoZ νoV νoD νoE νoF νoiS νoiL νoiM νoiN νoiT νoiP νoiQ νoiR νoiU νoiX νoiY νoiZ νoiV νoiD νoiE νoiF

νιS νιL νιM νιN νιT νιP νιQ νιR νιU νιX νιY νιZ νιV νιD νιE νιF νιiS νιiL νιiM νιiN νιiT νιiP νιiQ νιiR νιiU νιiX νιiY νιiZ νιiV νιiD νιiE νιiF

νS νL νM νN νT νP νQ νR νU νX νY νZ νV νD νE νF νiS νiL νiM νiN νiT νiP νiQ νiR νiU νiX νiY νiZ νiV νiD νiE νiF

νκS νκL νκM νκN νκT νκP νκQ νκR νκU νκX νκY νκZ νκV νκD νκE νκF νκiS νκiL νκiM νκiN νκiT νκiP νκiQ νκiR νκiU νκiX νκiY νκiZ νκiV νκiD νκiE νκiF

αoS αoLαoM αoN αoT αoP αoQαoRαoU αoX αoY αoZ αoV αoD αoE αoF αoiS αoiL αoiM αoiN αoiT αoiP αoiQ αoiR αoiU αoiX αoiY αoiZ αoiV αoiD αoiE αoiF

αιS αιL αιM αιN αιT αιP αιQ αιR αιU αιX αιY αιZ αιV αιD αιE αιF αιiS αιiL αιiM αιiN αιiT αιiP αιiQ αιiR αιiU αιiX αιiY αιiZ αιiV αιiD αιiE αιiF

αS αL αM αN αT αP αQ αR αU αX αY αZ αV αD αE αF αiS αiL αiM αiN αiT αiP αiQ αiR αiU αiX αiY αiZ αiV αiD αiE αiF

ακSακLακMακN ακT ακP ακQακRακU ακXακY ακZακV ακDακEακF ακiS ακiLακiM ακiN ακiT ακiP ακiQακiRακiU ακiX ακiY ακiZ ακiV ακiDακiE ακiF

βoS βoL βoM βoN βoT βoP βoQ βoR βoU βoX βoY βoZ βoV βoD βoE βoF βoiS βoiL βoiM βoiN βoiT βoiP βoiQ βoiR βoiU βoiX βoiY βoiZ βoiV βoiD βoiE βoiF

βιS βιL βιM βιN βιT βιP βιQ βιR βιU βιX βιY βιZ βιV βιD βιE βιF βιiS βιiL βιiM βιiN βιiT βιiP βιiQ βιiR βιiU βιiX βιiY βιiZ βιiV βιiD βιiE βιiF

βS βL βM βN βT βP βQ βR βU βX βY βZ βV βD βE βF βiS βiL βiM βiN βiT βiP βiQ βiR βiU βiX βiY βiZ βiV βiD βiE βiF

βκS βκL βκM βκN βκT βκP βκQβκR βκU βκX βκY βκZ βκV βκD βκE βκF βκiS βκiL βκiM βκiN βκiT βκiP βκiQ βκiR βκiU βκiX βκiY βκiZ βκiV βκiD βκiE βκiF

γoS γoL γoM γoN γoT γoP γoQ γoR γoU γoX γoY γoZ γoV γoD γoE γoF γoiS γoiL γoiM γoiN γoiT γoiP γoiQ γoiR γoiU γoiX γoiY γoiZ γoiV γoiD γoiE γoiF

γιS γιL γιM γιN γιT γιP γιQ γιR γιU γιX γιY γιZ γιV γιD γιE γιF γιiS γιiL γιiM γιiN γιiT γιiP γιiQ γιiR γιiU γιiX γιiY γιiZ γιiV γιiD γιiE γιiF

γS γL γM γN γT γP γQ γR γU γX γY γZ γV γD γE γF γiS γiL γiM γiN γiT γiP γiQ γiR γiU γiX γiY γiZ γiV γiD γiE γiF

γκS γκL γκM γκN γκT γκP γκQ γκR γκU γκX γκY γκZ γκV γκD γκE γκF γκiS γκiL γκiM γκiN γκiT γκiP γκiQ γκiR γκiU γκiX γκiY γκiZ γκiV γκiD γκiE γκiF

δoS δoL δoM δoN δoT δoP δoQ δoR δoU δoX δoY δoZ δoV δoD δoE δoF δoiS δoiL δoiM δoiN δoiT δoiP δoiQ δoiR δoiU δoiX δoiY δoiZ δoiV δoiD δoiE δoiF

διS διL διM διN διT διP διQ διR διU διX διY διZ διV διD διE διF διiS διiL διiM διiN διiT διiP διiQ διiR διiU διiX διiY διiZ διiV διiD διiE διiF

δS δL δM δN δT δP δQ δR δU δX δY δZ δV δD δE δF δiS δiL δiM δiN δiT δiP δiQ δiR δiU δiX δiY δiZ δiV δiD δiE δiF

δκS δκL δκM δκN δκT δκP δκQ δκR δκU δκX δκY δκZ δκV δκD δκE δκF δκiS δκiL δκiM δκiN δκiT δκiP δκiQ δκiR δκiU δκiX δκiY δκiZ δκiV δκiD δκiE δκiF
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2.4. Grading of elements of ML when used to represent unit multivector elements of Cl3,1(R)

Elements of ML can be assigned to represent unit multivector elements for Cl3,1(R) as follows:

Unit Scalar: S
Unit spatial vectors: X, Y, Z
Unit temporal vector: T
Spatial bivectors: L,M,N
Space/time bivectors: D,E,F
Spatial trivector: U
Space/time trivectors: P,Q,R
Pseudoscalar: V

3. Electroweak sector

TL subloops with have identical participation for elements subscripted ι,  and κ are shown in table 5.

Table 5. Unit elements for spatially equivalent sedenion-type subloops

σo σι σ σκ λo λι λ λκ µo µι µ µκ νo νι ν νκ αo αι α ακ βo βι β βκ γo γι γ γκ δo δι δ δκ

Γ0 � � � � � � � � � � � � � � � �
A0 � � � � � � � � � � � � � � � �
B0 � � � � � � � � � � � � � � � �
Σ0 � � � � � � � � � � � � � � � �
Σ1 � � � � � � � � � � � � � � � �
Σ2 � � � � � � � � � � � � � � � �
Σ3 � � � � � � � � � � � � � � � �

If elements subscripted ι,  and κ are excluded, the automorphism group for the unit imaginary
octonions that remain, [λo, µo, νo, αo, βo, γo, δo], is G2. Including the ι,  and κ elements breaks that
symmetry, but some symmetry remains. Σ1,Σ2 and Σ3 are related by a quaterionic symmetry, so the
automorphism group for their complexification can be SU(2)⊗ U(1).

Most unification models using the octonions[6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19]
[20] [21] [22] [23] [24] [25] [26] include quarks and gluons. However, G2 has been used in modelling the
electroweak/lepton sector alone by Carone and Rastogi[27] [28], extending the SU(3) model for
electroweak unification proposed by Dimopoulos and Kaplan[29].

As noted in [3], the αo element of TL and the unit imaginary of ML have unique status. This suggests
identifying them with unit imaginary elements of a complex doublet for the Brout-Englert-Higgs
mechanism[30][31][32]. Σ1,Σ2 and Σ3 include αo, αι, α, ακ, whereas Σ0 does not. This suggests
assignment of Σ1,Σ2 and Σ3 to electroweak vector bosons that gain mass by the Brout-Englert-Higgs
mechanism, and Σ0 to a vector boson that remains massless.

Having Σ0,Σ1,Σ2 and Σ3 assigned to electroweak vector bosons leaves A0, B0 and Γ0 available to be
assigned to electroweak fermions. This suggests assignation of one of these subloops to generate three
generations of one chirality of the neutrino family, and the other two subloops to generate three
generations of two chiralities of electron/muon/tau family.
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4. Fermions

4.1. Basis for the Dirac equation

In [3] spatially equivalent assignment of elements of TL were identified as ones for which the subloop
[σoσισσκ] of TL is aligned with the subloop [SLMN ] of ML. In this paper this concept is extended
by postulating that spatially equivalent application of elements of TL to unit multivector elements of
the space-time Clifford algebra generates an algebra, U with sublagebras which can be used to
represent graded multivector-type subalgebras for “unphysical” transverse coordinates for excitations
of quantum fields.

For the complexified sedenionic-type subloop labelled Γ0, a possible spatially equivalent alignment
generates the loop of unit transverse multivector elements shown in table 6.

Table 6. Transverse multivector elements for a spatially equivalent Γ0 alignment

e0 e1 e2 e3 e4 e5 e6 e7 e8 e9 e10 e11 e12 e13 e14 e15 e16 to e31
σoS σιL σM σκN λoU λιX λY λκZ γoV γιD γE γκF δoT διP δQ δκR i × [e1 to e15]

If elements [e1..e15] are graded according to the grading of their ML components when M4(C) is
assigned to represent the complexified space-time Clifford algebra, the result shown in Table 7.

Table 7. Grading for transverse multivector unit elements for a Γ0 alignment

scalar vector bivector trivector pseudo

spatial t spatial spatio-t spatio-t xyz scalar

σoS λιX λY λκZ δoT σιL σM σκN γιD γE γκF διP δQ δκR λoU γoV

The even multivector components in table 7 could also be generated by imaginary counterparts of the
vector elements as shown in Table 8.

Table 8. Grading for alternative spatially equivalent transverse multivector unit elements

scalar vector bivector trivector pseudo

spatial t spatial spatio-t spatio-t xyz scalar

σoS λιiX λiY λκiZ δoiT σιL σM σκN γιD γE γκF διiP δiQ δκiR λoiU γoV

This suggests assembly of a version of the Dirac equation for this alignment using λι, λ, λκ, δo instead
of the gamma matrices. This assembly can be labelled Γλδ0γ , with the subscript indicating the TL
element applied to the pseudoscalar, the first superscript indicating the TL elements applied to the
spatial vectors and the second superscript indicating the TL element applied to the time-like vector.

For the space-time Clifford algebra multivector, Hestenes [?] uses the unit pseudoscalar as a
substitute for the unit imaginary, generating a version of the Dirac equation for one handing of a
fermion. Comparing this with [σoS, σιL, σM,σκN, γιD, γE, γκF, γoV ], for all elements except the
scalar there is a reversal of signature and commutation/anticommutation properties, and Lie brackets
are interchanged with Jordan brackets. This means that the equivalent of the pseudoscalar, [γoV ],
anticommutes with the bivector elements and squares to the positive scalar. an alternative way to
assemble spinors could be to use odd multivector components, as
[λιX,λY, λκZ, δoT ] × γoV = [διP, δQ, δκR, λoU ]. This suggests that similar equations to those
obtained by Hestenes can be generated from each of Γ0γ , Γ0δ, Γ0λ, corresponding different flavors for
one chirality for type of fermion.
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4.2. Three generations for families of fermions

For combined TL ⊗ML subloops, rotations and reflections with respect to unit vectors of Cl3,1(R)
correspond to permutations of ι →  → κ subscripts. Permuting λoικ → γoικ → δoικ reorientates
subloops with respect to grading, but not with respect to spatial orientation.

For the spatially equivalent transverse multivector subloops based on each of the Γ0, A0 and B0

subloops of TL, ignoring rotations and reflections, there are 6 possible spatially equivalent
orientations. They can be grouped in sets which share the same even multivector components, as
shown in tables 9 and 10.

The families of fermions are:
1 chirality for the neutrino family
2 chiralities for the electron/muon/tau family
2 chiralities x 3 colors for the up/charm/top quark family
2 chiralities x 3 colors for the down/strange/bottom quark family
As noted in [3], this, together with the observation that sets of three subloops can, as a combination,
display spatial equivalence, suggests assignment of subloops to families of fermions as follows:
Γ0 to 1 chirality for the neutrino family
A0 to one chirality and B0 to a second chirality for the electron/muon/tau family
A1−6 to one chirality with 3 colors two families of quarks
B1−6 to a second chirality with 3 colors for two families of quarks

Distinct representations for different generations within these families can be found when these TL
subloops are combined with ML subloops in different spatially equivalent alignments and are to
represent a type of multivector for transverse coordinates for an unphysical space. The notation for
elements of UL, unit elements of U is set out in table 5.

Table 9. Graded spatially equivalent Γ0 orientations

Ref scalar vector bivector trivector pseudo

spatial t spatial spatio-t spatio-t xyz scalar [e16 to e31]

Γλδ0γ σoS λιX λY λκZ δoT σιL σM σκN γιD γE γκF διP δQ δκR λoU γoV i × [e1 to e15]

σoS λιiX λiY λκiZ δoiT σιL σM σκN γιD γE γκF διiP δiQ δκiR λoiU γoV i × [e1 to e15]

Γδλ0γ σoS διX δY δκZ λoT σιL σM σκN γιD γE γκF λιP λQ λκR δoU γoV i × [e1 to e15]

σoS διiX δiY δκiZ λoiT σιL σM σκN γιD γE γκF λιiP λiQ λκiR δoiU γoV i × [e1 to e15]

Γλγ0δ σoS λιX λY λκZ γoT σιL σM σκN διD δE δκF γιP γQ γκR λoU δoV i × [e1 to e15]

σoS λιiX λiY λκiZ γoiT σιL σM σκN διD δE δκF γιiP γiQ γκiR λoiU δoV i × [e1 to e15]

Γγλ0δ σoS γιX γY γκZ λoT σιL σM σκN διD δE δκF λιP λQ λκR γoU δoV i × [e1 to e15]

σoS γιiX γiY γκiZ λoiT σιL σM σκN διD δE δκF λιiP λiQ λκiR γoiU δoV i × [e1 to e15]

Γγδ0λ σoS γιX γY γκZ δoT σιL σM σκN λιD λE λκF διP δQ δκR γoU λoV i × [e1 to e15]

σoS γιiX γiY γκiZ δoiT σιL σM σκN λιD λE λκF διiP δiQ δκiR γoiU λoV i × [e1 to e15]

Γδγ0λ σoS διX δY δκZ γoT σιL σM σκN λιD λE λκF γιP γQ γκR δoU λoV i × [e1 to e15]

σoS διiX δiY δκiZ γoiT σιL σM σκN λιD λE λκF γιiP γiQ γκiR δoiU λoV i × [e1 to e15]
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Table 10. Graded spatially equivalent A0 and B0 orientations

Ref scalar vector bivector trivector pseudo

spatial t spatial spatio-t spatio-t xyz scalar [e16 to e31]

Aµδ0β σoS µιX µY µκZ δoT σιL σM σκN βιD βE βκF διP δQ δκR µoU βoV i × [e1 to e15]

σoS iµιX iµY iµκZ iδoT σιL σM σκN βιD βE βκF iδιP iδQ iδκR iµoU βoV i × [e1 to e15]

Aδµ0β σoS διX δY δκZ µoT σιL σM σκN βιD βE βκF µιP µQ µκR δoU βoV i × [e1 to e15]

σoS iδιX iδY iδκZ iµoT σιL σM σκN βιD βE βκF iµιP iµQ iµκR iδoU βoV i × [e1 to e15]

Aβµ0δ σoS βιX βY βκZ µoT σιL σM σκN διD δE δκF µιP µQ µκR βoU δoV i × [e1 to e15]

σoS iβιX iβY iβκZ iµoT σιL σM σκN διD δE δκF iµιP iµQ iµκR iβoU δoV i × [e1 to e15]

Aµβ0δ σoS µιX µY µκZ βoT σιL σM σκN διD δE δκF βιP βQ βκR µoU δoV i × [e1 to e15]

σoS iµιX iµY iµκZ iβoT σιL σM σκN διD δE δκF iβιP iβQ iβκR iµoU δoV i × [e1 to e15]

Aδβ0µ σoS διX δY δκZ βoT σιL σM σκN µιD µE µκF βιP βQ βκR δoU µoV i × [e1 to e15]

σoS iδιX iδY iδκZ iβoT σιL σM σκN µιD µE µκF iβιP iβQ iβκR iδoU µoV i × [e1 to e15]

Aβδ0µ σoS βιX βY βκZ δoT σιL σM σκN µιD µE µκF διP δQ δκR βoU µoV i × [e1 to e15]

σoS iβιX iβY iβκZ iδoT σιL σM σκN µιD µE µκF iδιP iδQ iδκR iβoU µoV i × [e1 to e15]

Bνγ0β σoS νιX νY νκZ γoT σιL σM σκN βιD βE βκF γιP γQ γκR νoU βoV i × [e1 to e15]

σoS iνιX iνY iνκZ iγoT σιL σM σκN βιD βE βκF iγιP iγQ iγκR iνoU βoV i × [e1 to e15]

Bγν0β σoS γιX γY γκZ νoT σιL σM σκN βιD βE βκF νιP νQ νκR γoU βoV i × [e1 to e15]

σoS iγιX iγY iγκZ iνoT σιL σM σκN βιD βE βκF iνιP iνQ iνκR iγoU βoV i × [e1 to e15]

Bβν0γ σoS βιX βY βκZ νoT σιL σM σκN γιD γE γκF νιP νQ νκR βoU γoV i × [e1 to e15]

σoS iβιX iβY iβκZ iνoT σιL σM σκN γιD γE γκF iνιP iνQ iνκR iβoU γoV i × [e1 to e15]

Bνβ0γ σoS νιX νY νκZ βoT σιL σM σκN γιD γE γκF βιP βQ βκR νoU γoV i × [e1 to e15]

σoS iνιX iνY iνκZ iβoT σιL σM σκN γιD γE γκF iβιP iβQ iβκR iνoU γoV i × [e1 to e15]

Bγβ0ν σoS γιX γY γκZ βoT σιL σM σκN νιD νE νκF βιP βQ βκR γoU νoV i × [e1 to e15]

σoS iγιX iγY iγκZ iβoT σιL σM σκN νιD νE νκF iβιP iβQ iβκR iγoU νoV i × [e1 to e15]

Bβγ0ν σoS βιX βY βκZ γoT σιL σM σκN νιD νE νκF γιP γQ γκR βoU νoV i × [e1 to e15]

σoS iβιX iβY iβκZ iγoT σιL σM σκN νιD νE νκF iγιP iγQ iγκR iβoU νoV i × [e1 to e15]

For each of Γ0, A0 and B0 three sets of four of alignments share common even multivector
components, suggesting that the even transverse multivectors for each set correspond to a spinor for a
fundamental fermion. The Jordan bracket for their subalgebra matches the Lie bracket for the even
Cl+3,1 subalgebra, so this may be consistent with Hestenes version of the Dirac equation[33].

For the assignment of A0 to one chirality and B0 to the opposite chirality, inspection of table 10
reveals that, for the change to the opposite chiralities, [x, y, z, t] transverse vectors are factored by
unit octonions from a quaternionic subloop, e.g. for:

Aµδ0β ↔ Bνγ0β and Aδµ0β ↔ Bγν0β : [xyzt] are factored by λo

Aµδ0β ↔ Bγν0β and Aδµ0β ↔ Bνγ0β : [xyzt] are factored by αo
For these subloops vectors are factored by either αo or λo from the [σo, λo, αo, βo] subloop, and for:

Aβµ0δ ↔ Bβν0γ : [xyz] are factored by σo, [t]× λo
Aβµ0δ ↔ Bνβ0γ : [xyz] are factored by γo, [t]× δo
Aµβ0δ ↔ Bνβ0γ : [xyz] are factored by λo, [t]× σo
Aµβ0δ ↔ Bβν0γ : [xyz] For these subloops vectors are factored by δo, [t]× γo
vectors are factored by elements from the [σo, λo, γo, δo] subloop.
Subloops for all such chirality changes include λo, so it is associated with a chirality operator
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5. Strong nuclear sector

Elements subscripted ι,  and κ, when complexified, can be associated with rotations in in three complex
dimensions, for which SU(3) is applicable symmetry group. When [σo, ιo, o, κo] are multiplied by αo,
the result is a loop of unit octonions. So, if αo is fixed the associated automorphism group becomes the
SU(3) subgroup of G2.

5.1. Colored fermions - quarks

In section 4.2 subloops A1..6 and B1..6 were assigned to quarks. Inspection of table 2 suggests that they
can be combined in sets of three so that spatial equivalence is achieved for the combination, as elements
subscripted ι,  and κ would be included in a balanced way. Also, whilst a single subloop representing
a single color quark would be unbalanced with respect to these subscripted elements, in a combination
with a subloop representing its antiquark the imbalance can be eliminated.

5.2. Colored Bosons - Gluons

Subloops Σ4,Σ5 and Σ6 do not feature internal spatial equivalence, so are associated with a single color,
and are subject to the strong nuclear force. For a given subloop/color, their σoικ, λoικ, µoικ, νoικ,
αoικ, βoικ, γoικ,and δoικ contents all match each other, so gluons are not subject to the electroweak
force.

5.3. Flavor/Colored bosons - U bosons

With respect to subloops Σ4,Σ5 and Σ6, subloops Σ7 to Σ15 have a similar relationship to that for
subloops Σ1,Σ2 and Σ3 with respect to Σo. This suggests that they will acquire mass by a Brout-
Englert-Higgs type mechanism generating bosons similar to the lepto-quark bosons featuring in Pati-
Salam models[34].

5.4. Higgs Boson

An algebra assembled as [S, T, U, V ]⊗ [σo, λo, µo, νo]⊗ [σo, iσo, αo, iαo] has only scalar components with
respect to the spatial dimensions for CL3,1(R) so could accommodate a subalgebra repesenting the
Higgs boson.

6. Charge

In [3], charge was postulated as being associated with the proportion of [βι, β, βκ] present. This was
dictated by the assignment of A0 and B0 to the electron/muon/tau family and Γ0 to the neutrino
family. However, this rule only confers charge for one electroweak boson subloop. A rule that
generates charge assignments that are consistent with the fermion families’ charges, and which confers
charges for two electroweak boson subloops, is: to associate neutrality with the proportion of
[λι, λ, λκ] present.

For this rule, the Γ0, Σ0 and Σ2 families are neutral, the A0 and B0 families have unit charge, the A1..3

families and B1..3 families have 1/3 charge and the A4..6 families and B1..3 families have 2/3 charge.
The Σ1..3 subloops would also have 1/3 charge, but this need not prevent these subloops from being
used for gluons, as gluons are combinations of colors with anticolors, so combinations can have zero
electric charge.

7. Supersymmetry

For each fermionic subalgebra, there is a bosonic subalgebra with the same [σoικ, λoικ, µoικ, νoικ]
content, but inverted [αoικ, βoικ, γoικ, δoικ] content. This suggests a form of supersymmetry. The
bosonic subalgebra Σ0 is left without a supersymmetric partner.
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8. Dark matter

U does not offer subalgebras that could represent fermionic dark matter. This suggests that the bosonic
subalgebras postulated as representing U bosons may be responsible for the existence of dark matter,
possibly combining to create bosonic dark matter particles in a similar way to that in which gluons can
combine to create glueballs.

9. Measurement/collapse

For a model based on a non-associative algebra, it may be possible to ascribe the phenomenon of
quantum measurement/collapse to its non-associativity. For a model based on T ⊗ Cl3,1(C), this
suggests a universe propagating as a Huygens wave for a conformal space embedded in five dimensions
with a Cl0,5(R) ∼= Cl3,1(C) multivector combined with absolute time. Between measurements particle
trajectories would be deterministic, but, because handings and order of algebraic operations could
differ for different points of observation, calculations of trajectories between events would be
ambiguous. As a result, any attempt to predict events could only be probabilistic. Events would be
loci for which calculations for all points of observation generate a consistent but not necessarily
identical result, some latitude being possible subject to limits imposed by the Heisenberg uncertainty
principle. Loci with inconsistent results would be occupied by “quantum foam”. A theory based on
this approach may require application of the principles of chaos theory.

10. Conclusion

It seems reasonable to suppose that, in the tradition of the periodic table and Bohr’s model of the
atom, there might be a simplistic mathematical pattern with a structure similar to that of the
standard model. Just such a pattern can be found for U. This may be a coincidence, but the
similarities are striking, so the speculative analysis presented in this paper may assist in finding a
path to a deeper understanding of the basis of reality.
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Appendix A. Cayley tables for ML and TL

A.1. Cayley tables

The Cayley tables of both M4(C) and T can be assembled as normalised latin squares with elements
ordered so that bit-wise ‘exclusive or’ (XOR) of binary representations of two elements’ numbering
generates the numbering of their product. As a result, if the sign of products is ignored, their Cayley
tables are the same and, for subalgebras that include the negative of the identity, their subalgebra
inventory is the same. To detail a scheme of ultra-complexification of M4(C), notation such as
e0, e1....e31 could be used for its elements. However, as one requirement for a unification algebra is
consistency with respect to the principle of equivalence of spatial dimensions, an alternative approach
to labelling unit elements has been adopted.

A.2. Notation for M4(C) unit elements

Table 11. Notation used to label 4× 4 unit matrices

S =


1 0 0 0

0 1 0 0
0 0 1 0

0 0 0 1



R =


0 0 −1 0

0 0 0 −1

−1 0 0 0
0 −1 0 0

 P =


−1 0 0 0

0 −1 0 0

0 0 1 0
0 0 0 1

 M =


0 0 −1 0

0 0 0 −1

1 0 0 0
0 1 0 0



Y =


0 −1 0 0
−1 0 0 0

0 0 0 −1

0 0 −1 0

 E =


1 0 0 0
0 −1 0 0

0 0 1 0

0 0 0 −1

 T =


0 −1 0 0
1 0 0 0

0 0 0 −1

0 0 1 0



D =


0 0 0 1

0 0 1 0
0 1 0 0

1 0 0 0

 X =


0 0 1 0

0 0 0 −1
1 0 0 0

0 −1 0 0

 N =


0 0 0 −1

0 0 1 0
0 −1 0 0

1 0 0 0



F =


0 −1 0 0

−1 0 0 0

0 0 0 1
0 0 1 0

 Z =


−1 0 0 0

0 1 0 0

0 0 1 0
0 0 0 −1

 L =


0 −1 0 0

1 0 0 0

0 0 0 1
0 0 −1 0



U =


0 0 0 −1

0 0 −1 0

0 1 0 0
1 0 0 0

 V =


0 0 1 0

0 0 0 −1

−1 0 0 0
0 1 0 0

 Q =


0 0 0 1

0 0 −1 0

0 −1 0 0
1 0 0 0


Note: the forms of these matrices differ from those used in previous papers by this author[35][2].
Positive forms have been chosen to allow [S,L,M,N ] to represent unit elements for a right isoclinic
quaternion algebra HR, and [S, T, U, V ] to represent unit elements for a left isoclinic quaternion
algebra HL, as used by Van Elfrinkhof[36].
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The multiplication table for M4(C) using these labels is shown in Table 12.

Table 12. Labels and Cayley table for M ∼= M4(C)

e0 e1 e2 e3 e4 e5 e6 e7 e8 e9 e10 e11 e12 e13 e14 e15 e16 e17 e18 e19 e20 e21 e22 e23 e24 e25 e26 e27 e28 e29 e30 e31

S L M N T P Q R U X Y Z V D E F iS iL iM iN iT iP iQ iR iU iX iY iZ iV iD iE iF

S +S +L +M +N +T +P +Q +R +U +X +Y +Z +V +D +E +F +iS +iL +iM +iN +iT +iP +iQ +iR +iU +iX +iY +iZ +iV +iD +iE +iF

L +L −S −N +M +P −T −R +Q +X −U −Z +Y +D −V −F +E +iL −iS −iN +iM +iP −iT −iR +iQ +iX −iU −iZ +iY +iD −iV −iF +iE

M +M +N −S −L +Q +R −T −P +Y +Z −U −X +E +F −V −D +iM +iN −iS −iL +iQ +iR −iT −iP +iY +iZ −iU −iX +iE +iF −iV −iD
N +N −M +L −S +R −Q +P −T +Z −Y +X −U +F −E +D −V +iN −iM +iL −iS +iR −iQ +iP −iT +iZ −iY +iX −iU +iF −iE +iD −iV
T +T +P +Q +R −S −L −M −N +V +D +E +F −U −X −Y −Z +iT +iP +iQ +iR −iS −iL −iM −iN +iV +iD +iE +iF −iU −iX −iY −iZ
P +P −T −R +Q −L +S +N −M +D −V −F +E −X +U +Z −Y +iP −iT −iR +iQ −iL +iS +iN −iM +iD −iV −iF +iE −iX +iU +iZ −iY
Q +Q +R −T −P −M −N +S +L +E +F −V −D −Y −Z +U +X +iQ +iR −iT −iP −iM −iN +iS +iL +iE +iF −iV −iD −iY −iZ +iU +iX

R +R −Q +P −T −N +M −L +S +F −E +D −V −Z +Y −X +U +iR −iQ +iP −iT −iN +iM −iL +iS +iF −iE +iD −iV −iZ +iY −iX +iU

U +U +X +Y +Z −V −D −E −F −S −L −M −N +T +P +Q +R +iU +iX +iY +iZ −iV −iD −iE −iF −iS −iL −iM −iN +iT +iP +iQ +iR

X +X −U −Z +Y −D +V +F −E −L +S +N −M +P −T −R +Q +iX −iU −iZ +iY −iD +iV +iF −iE −iL +iS +iN −iM +iP −iT −iR +iQ

Y +Y +Z −U −X −E −F +V +D −M −N +S +L +Q +R −T −P +iY +iZ −iU −iX −iE −iF +iV +iD −iM −iN +iS +iL +iQ +iR −iT −iP
Z +Z −Y +X −U −F +E −D +V −N +M −L +S +R −Q +P −T +iZ −iY +iX −iU −iF +iE −iD +iV −iN +iM −iL +iS +iR −iQ +iP −iT
V +V +D +E +F +U +X +Y +Z −T −P −Q −R −S −L −M −N +iV +iD +iE +iF +iU +iX +iY +iZ −iT −iP −iQ −iR −iS −iL −iM −iN
D +D −V −F +E +X −U −Z +Y −P +T +R −Q −L +S +N −M +iD −iV −iF +iE +iX −iU −iZ +iY −iP +iT +iR −iQ −iL +iS +iN −iM
E +E +F −V −D +Y +Z −U −X −Q −R +T +P −M −N +S +L +iE +iF −iV −iD +iY +iZ −iU −iX −iQ −iR +iT +iP −iM −iN +iS +iL

F +F −E +D −V +Z −Y +X −U −R +Q −P +T −N +M −L +S +iF −iE +iD −iV +iZ −iY +iX −iU −iR +iQ −iP +iT −iN +iM −iL +iS

S +iS +iL +iM +iN +iT +iP +iQ +iR +iU +iX +iY +iZ +iV +iD +iE +iF −S −L −M −N −T −P −Q −R −U −X −Y −Z −V −D −E −F
L +iL −iS −iN +iM +iP −iT −iR +iQ +iX −iU −iZ +iY +iD −iV −iF +iE −L +S +N −M −P +T +R −Q −X +U +Z −Y −D +V +F −E
M +iM +iN −iS −iL +iQ +iR −iT −iP +iY +iZ −iU −iX +iE +iF −iV −iD −M −N +S +L −Q −R +T +P −Y −Z +U +X −E −F +V +D

N +iN −iM +iL −iS +iR −iQ +iP −iT +iZ −iY +iX −iU +iF −iE +iD −iV −N +M −L +S −R +Q −P +T −Z +Y −X +U −F +E −D +V

T +iT +iP +iQ +iR −iS −iL −iM −iN +iV +iD +iE +iF −iU −iX −iY −iZ −T −P −Q −R +S +L +M +N −V −D −E −F +U +X +Y +Z

P +iP −iT −iR +iQ −iL +iS +iN −iM +iD −iV −iF +iE −iX +iU +iZ −iY −P +T +R −Q +L −S −N +M −D +V +F −E +X −U −Z +Y

Q +iQ +iR −iT −iP −iM −iN +iS +iL +iE +iF −iV −iD −iY −iZ +iU +iX −Q −R +T +P +M +N −S −L −E −F +V +D +Y +Z −U −X
R +iR −iQ +iP −iT −iN +iM −iL +iS +iF −iE +iD −iV −iZ +iY −iX +iU −R +Q −P +T +N −M +L −S −F +E −D +V +Z −Y +X −U
U +iU +iX +iY +iZ −iV −iD −iE −iF −iS −iL −iM −iN +iT +iP +iQ +iR −U −X −Y −Z +V +D +E +F +S +L +M +N −T −P −Q −R
X +iX −iU −iZ +iY −iD +iV +iF −iE −iL +iS +iN −iM +iP −iT −iR +iQ −X +U +Z −Y +D −V −F +E +L −S −N +M −P +T +R −Q
Y +iY +iZ −iU −iX −iE −iF +iV +iD −iM −iN +iS +iL +iQ +iR −iT −iP −Y −Z +U +X +E +F −V −D +M +N −S −L −Q −R +T +P

Z +iZ −iY +iX −iU −iF +iE −iD +iV −iN +iM −iL +iS +iR −iQ +iP −iT −Z +Y −X +U +F −E +D −V +N −M +L −S −R +Q −P +T

V +iV +iD +iE +iF +iU +iX +iY +iZ −iT −iP −iQ −iR −iS −iL −iM −iN −V −D −E −F −U −X −Y −Z +T +P +Q +R +S +L +M +N

D +iD −iV −iF +iE +iX −iU −iZ +iY −iP +iT +iR −iQ −iL +iS +iN −iM −D +V +F −E −X +U +Z −Y +P −T −R +Q +L −S −N +M

E +iE +iF −iV −iD +iY +iZ −iU −iX −iQ −iR +iT +iP −iM −iN +iS +iL −E −F +V +D −Y −Z +U +X +Q +R −T −P +M +N −S −L
F +iF −iE +iD −iV +iZ −iY +iX −iU −iR +iQ −iP +iT −iN +iM −iL +iS −F +E −D +V −Z +Y −X +U +R −Q +P −T +N −M +L −S

A.3. Notation for T unit elements

As for M4(C), for T an alternative approach to labelling unit elements has been adopted. Greek
letters with greek subscripts have been chosen. The subscripts relate unit elements in sets in a scheme
similar to that relating sets of unit elements for M4(C) to the set chosen to represent a right isoclinc
quaternion algebra as used by Van Elfrinkhof. The usual labelling for T, as used by Cawagas et al,
features the labels e0, e1...e31. Those unit elements have been relabelled as shown in table 13.

Table 13. Labels for T basis elements

e0 e1 e2 e3 e4 e5 e6 e7 e8 e9 e10 e11 e12 e13 e14 e15
σo σι σ σκ λo λι λ λκ µo µι µ µκ νo νι ν νκ

e16 e17 e18 e19 e20 e21 e22 e23 e24 e25 e26 e27 e28 e29 e30 e31
αo αι α ακ βo βι β βκ γo γι γ γκ δo δι δ δκ
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The multiplication table for T using these labels is shown in Table 14.

Table 14. Labels and Cayley table for T basis elements

e0 e1 e2 e3 e4 e5 e6 e7 e8 e9 e10 e11 e12 e13 e14 e15 e16 e17 e18 e19 e20 e21 e22 e23 e24 e25 e26 e27 e28 e29 e30 e31

σo σι σ σκ λo λι λ λκ µo µι µ µκ νo νι ν νκ αo αι α ακ βo βι β βκ γo γι γ γκ δo δι δ δκ

σo +σo +σι +σ +σκ +λo +λι +λ +λκ +µo +µι +µ +µκ +νo +νι +ν +νκ +αo +αι +α +ακ +βo +βι +β +βκ +γo +γι +γ +γκ +δo +δι +δ +δκ

σι +σι -σo +σκ -σ +λι -λo -λκ +λ +µι -µo -µκ +µ -νι +νo +νκ -ν +αι -αo -ακ +α -βι +βo +βκ -β -γι +γo +γκ -γ +δι -δo -δκ +δ

σ +σ -σκ -σo +σι +λ +λκ -λo -λι +µ +µκ -µo -µι -ν -νκ +νo +νι +α +ακ -αo -αι -β -βκ +βo +βι -γ -γκ +γo +γι +δ +δκ -δo -δι

σκ +σκ +σ -σι -σo +λκ -λ +λι -λo +µκ -µ +µι -µo -νκ +ν -νι +νo +ακ -α +αι -αo -βκ +β -βι +βo -γκ +γ -γι +γo +δκ -δ +δι -δo

λo +λo -λι -λ -λκ -σo +σι +σ +σκ +νo +νι +ν +νκ -µo -µι -µ -µκ +βo +βι +β +βκ -αo -αι -α -ακ -δo -δι -δ -δκ +γo +γι +γ +γκ

λι +λι +λo -λκ +λ -σι -σo -σκ +σ +νι -νo +νκ -ν +µι -µo +µκ -µ +βι -βo +βκ -β +αι -αo +ακ -α -δι +δo -δκ +δ -γι +γo -γκ +γ

λ +λ +λκ +λo -λι -σ +σκ -σo -σι +ν -νκ -νo +νι +µ -µκ -µo +µι +β -βκ -βo +βι +α -ακ -αo +αι -δ +δκ +δo -δι -γ +γκ +γo -γι

λκ +λκ -λ +λι +λo -σκ -σ +σι -σo +νκ +ν -νι -νo +µκ +µ -µι -µo +βκ +β -βι -βo +ακ +α -αι -αo -δκ -δ +δι +δo -γκ -γ +γι +γo

µo +µo -µι -µ -µκ -νo -νι -ν -νκ -σo +σι +σ +σκ +λo +λι +λ +λκ +γo +γι +γ +γκ +δo +δι +δ +δκ -αo -αι -α -ακ -βo -βι -β -βκ

µι +µι +µo -µκ +µ -νι +νo +νκ -ν -σι -σo -σκ +σ -λι +λo +λκ -λ +γι -γo +γκ -γ +δι -δo -δκ +δ +αι -αo +ακ -α +βι -βo -βκ +β

µ +µ +µκ +µo -µι -ν -νκ +νo +νι -σ +σκ -σo -σι -λ -λκ +λo +λι +γ -γκ -γo +γι +δ +δκ -δo -δι +α -ακ -αo +αι +β +βκ -βo -βι

µκ +µκ -µ +µι +µo -νκ +ν -νι +νo -σκ -σ +σι -σo -λκ +λ -λι +λo +γκ +γ -γι -γo +δκ -δ +δι -δo +ακ +α -αι -αo +βκ -β +βι -βo

νo +νo +νι +ν +νκ +µo -µι -µ -µκ -λo +λι +λ +λκ -σo -σι -σ -σκ +δo -δι -δ -δκ -γo +γι +γ +γκ +βo -βι -β -βκ -αo +αι +α +ακ

νι +νι -νo +νκ -ν +µι +µo +µκ -µ -λι -λo +λκ -λ +σι -σo +σκ -σ +δι +δo -δκ +δ -γι -γo -γκ +γ +βι +βo -βκ +β -αι -αo -ακ +α

ν +ν -νκ -νo +νι +µ -µκ +µo +µι -λ -λκ -λo +λι +σ -σκ -σo +σι +δ +δκ +δo -δι -γ +γκ -γo -γι +β +βκ +βo -βι -α +ακ -αo -αι

νκ +νκ +ν -νι -νo +µκ +µ -µι +µo -λκ +λ -λι -λo +σκ +σ -σι -σo +δκ -δ +δι +δo -γκ -γ +γι -γo +βκ -β +βι +βo -ακ -α +αι -αo

αo +αo -αι -α -ακ -βo -βι -β -βκ -γo -γι -γ -γκ -δo -δι -δ -δκ -σo +σι +σ +σκ +λo +λι +λ +λκ +µo +µι +µ +µκ +νo +νι +ν +νκ

αι +αι +αo -ακ +α -βι +βo +βκ -β -γι +γo +γκ -γ +δι -δo -δκ +δ -σι -σo -σκ +σ -λι +λo +λκ -λ -µι +µo +µκ -µ +νι -νo -νκ +ν

α +α +ακ+αo -αι -β -βκ +βo +βι -γ -γκ +γo +γι +δ +δκ -δo -δι -σ +σκ -σo -σι -λ -λκ +λo +λι -µ -µκ +µo +µι +ν +νκ -νo -νι

ακ +ακ -α +αι +αo -βκ +β -βι +βo -γκ +γ -γι +γo +δκ -δ +δι -δo -σκ -σ +σι -σo -λκ +λ -λι +λo -µκ +µ -µι +µo +νκ -ν +νι -νo

βo +βo +βι +β +βκ +αo -αι -α -ακ -δo -δι -δ -δκ +γo +γι +γ +γκ -λo +λι +λ +λκ -σo -σι -σ -σκ -νo -νι -ν -νκ +µo +µι +µ +µκ

βι +βι -βo +βκ -β +αι +αo+ακ -α -δι +δo -δκ +δ -γι +γo -γκ +γ -λι -λo +λκ -λ +σι -σo +σκ -σ -νι +νo -νκ +ν -µι +µo -µκ +µ

β +β -βκ -βo +βι +α -ακ +αo +αι -δ +δκ +δo -δι -γ +γκ +γo -γι -λ -λκ -λo +λι +σ -σκ -σo +σι -ν +νκ +νo -νι -µ +µκ +µo -µι

βκ +βκ +β -βι -βo +ακ +α -αι +αo -δκ -δ +δι +δo -γκ -γ +γι +γo -λκ +λ -λι -λo +σκ +σ -σι -σo -νκ -ν +νι +νo -µκ -µ +µι +µo

γo +γo +γι +γ +γκ +δo +δι +δ +δκ +αo -αι -α -ακ -βo -βι -β -βκ -µo +µι +µ +µκ +νo +νι +ν +νκ -σo -σι -σ -σκ -λo -λι -λ -λκ

γι +γι -γo +γκ -γ +δι -δo -δκ +δ +αι +αo +ακ -α +βι -βo -βκ +β -µι -µo +µκ -µ +νι -νo -νκ +ν +σι -σo +σκ -σ +λι -λo -λκ +λ

γ +γ -γκ -γo +γι +δ +δκ -δo -δι +α -ακ +αo +αι +β +βκ -βo -βι -µ -µκ -µo +µι +ν +νκ -νo -νι +σ -σκ -σo +σι +λ +λκ -λo -λι

γκ +γκ +γ -γι -γo +δκ -δ +δι -δo +ακ +α -αι +αo +βκ -β +βι -βo -µκ +µ -µι -µo +νκ -ν +νι -νo +σκ +σ -σι -σo +λκ -λ +λι -λo

δo +δo -δι -δ -δκ -γo +γι +γ +γκ +βo -βι -β -βκ +αo +αι +α +ακ -νo -νι -ν -νκ -µo +µι +µ +µκ +λo -λι -λ -λκ -σo +σι +σ +σκ

δι +δι +δo -δκ +δ -γι -γo -γκ +γ +βι +βo -βκ +β -αι +αo -ακ +α -νι +νo -νκ +ν -µι -µo -µκ +µ +λι +λo -λκ +λ -σι -σo -σκ +σ

δ +δ +δκ +δo -δι -γ +γκ -γo -γι +β +βκ +βo -βι -α +ακ +αo -αι -ν +νκ +νo -νι -µ +µκ -µo -µι +λ +λκ +λo -λι -σ +σκ -σo -σι

δκ +δκ -δ +δι +δo -γκ -γ +γι -γo +βκ -β +βι +βo -ακ -α +αι +αo -νκ -ν +νι +νo -µκ -µ +µι -µo +λκ -λ +λι +λo -σκ -σ +σι -σo
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