A NEW PROPOSITION OF FIBONACCI NUMBER

BLACKSKYJASON

ABSTRACT. C.A.Church and Marjorie Bicknell gave a version which was exponential
generating function for Fibonacci number, in 1973.
In this paper, I will give some results about the Fibonacci identities.

1. INTRODUCTION

Theorem 1.1. Suppose that m,n are any natural number, {F,}>° 4 and {L,}>2, are Fibonacci
Sequence and Lucas Sequence, respectively. Then we have

> FraLms = (n+1)Fpy, (1.1)
a-t+b=n
and
n n
Z ) FmaLmb = 2" Fr. (1.2)
a+b=n

Proof. From Binet Formula, we know that

1 n_ an
P = —(a" =) (1.3)
and
L,=a"+ 3" (1.4)

where n be arbitrary natural number,

_1+V5 1-5

5 and B = 5 (1.5)
Hnece,
Z FoaLmp = 7 Z ( mn 5mn + amaﬂmb o ambﬁma) (1.6)
a+b=n b=n
and .
> Furlna= 2 3 (0 = B 4 B - o) (17)
a+b=n a+b=n
Since,
Z szszb = Z FmbLma- (1'8)
a+b=n a+b=n
We can conclude the first identity Likely first identity, we have
Z FraLmp = \f Z ( ) mn ﬁmn + amaﬁmb - ambﬁma) (19)
a+b=n a+b=n
By the proposition,
n n
Z <a> FraLmp = Z (b) FropLima- (110)
a+b=n a+b=n
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We can get
> FrnaLmy = f > ( > mn_gmn . qmbgma _ gmagmb) (1.11)
a+b=n a+b=n
Combining the sums, we can get the second result. U

2. SOME FIBONACCI IDENTITIES

From paper whch written by C.A.Church and Marjorie Bicknell, we knew that

o(1) = = (exp at) = exp (31) = > ud (2.1)
and -
L,t"
h(t) = exp (at) + exp (Bt) = > - (2.2)
n=0 :

for all |t| < 1. Here is giving second proof for second identity

Proof. Beginning the proving, we product g( t) and h(t).

Z > ilgb £ (2.3)

n=0 a+b=n
And
ML
o) =3 e (24)
n=0 ’
Comparing the coefficient of ¢", conclude the result. O

Theorem 2.1. Suppose that n be arbitrary natural number, then
2
3 (2"> FaaLoy = 22" Fy, (2.5)
a+b=n a

Proof. Letting the generating functions are

N O |
g(t) = 7;) (22n)' = ﬁ(cosh (at) — cosh (Bt)) (2.6)
and
et L2nt2n
h(t) =) = (cosh (at) + cosh (Bt)). (2.7)
n=0 :

Making a convolution, then we have

gtht) =3 (S ;;;f;,;,w. (2.8)
n=0 aq+b=n ’ ’

In the other hand,

_LCOSQOZ — cosh? :Lcos at) — cos
g9(t)h(t) = \/5( h” (at) h” (5t)) 2\/5( h (2at) h (251)). (2.9)
In fact,
B 1 _1 e 22nF2nt2n
g(t)h(t) = %(Cosh (2at) — cosh (25t)) = 5 HZ:O el (2.10)
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2", we can conclude

2n _
g (2 >F2aL2b:22n P,
a

a+b=n

Comparing the coefficient of

In general, the identity can be rewritten by

2n _
Z <2a) FQmaLme = 22n 1F2mn
a+b=n

Next result was known with a period, and it is easily to show the result.

Corollary 2.2. Suppose that n be arbitrary natural number, then

Proof. We are starting from

Likely previous proving,

S o COS
gt = (25’(2(;)' +1 = cosh?(t) = h(22t)+1

n=1

And
g(t)* =

cosh(2t) +1 1 i 2
2 2

Consequently, getting the result.

Lemma 2.3. Suppose that n be arbitrary natural number, then

1 2 2(=1)
Z (3a)!(3b)!  3(3n)!

a+b=n
Proof. 1t is need to prove
Z <3n> 2 2(—1)n
otton 3a 3
enough. First, we consider
. 211
I+1)>" 4+ (1 +w)’ + (14w where w= exp(%)7

getting the

a+b=n a+b=n

Hence

3 (3;“) (1+ exp(@) + exp(

a+b=n

41?2')) S @Z)

a+b=n

> <3]:>(1+wk+w2k): 3 <3£>(1+exp(2k3m)+exp(4k37ri)).

(2.11)

O

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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And

1+ 1% + (1 +w)™ + (1 +w?)? = 23" + (1 +2\/§i)3" + (1 2\@)3”. (2.22)

In other words

1 . 1 3 .
o (LB (LB o feep(T 0 fexp (T 7 = 2 21, (223)
So that, concluding the result. O
Lemma 2.4. Assume the generating functions g(t) and h(t) are
t) = — " 2.24
9= (224)
and ,
> 1 230 (1),
h(t) = =) () 2.25
®) ;—:O(agb;n (3a)!(3b)!) HE_:O( 3(3n)! ) (225)
respectively. Then
1 27 4mi
9(t) = 3 (exp(t) + exp(exp(—7-)t) + exp(exp(—-)t)) (2.26)
and
h(t) = g(t)% (2.27)
Proof. Since, we knew that
> 2nme
? _ eXp( 3 ) n
exp(exp(~5-)t) = nz_% o) t", (2.28)
AT B exp(4nm) .
= 1
exp(t) = Z (— t". (2.30)
Combining all the infinite series, we have
1 271 4
9(1) = 3 (exp(t) + explexp(50)) + explexp(2)1). (2.31)
Similarly, making a convolution to g(t) to conclude the second result. (]

Theorem 2.5. Suppose that n be arbitrary natural number, then

3 23n 4 9(—1)"
Z < n) F3aL3p = ﬁF&r (2.32)

wiin 3a 3
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Proof. By the previous lemma 2.4, we have known that

ST
and
o Lon s _
> Gt = gt +9(8)
n=0 ’
Via lemma 2.4, hence
> FsoLgp 5, 1 1
,g(a;nm)ts = 7 (9(at)? — g(89°) = —=(h(at) = h(81)).

Comparing the coefficient of +3”, where

1 o, (2 2(=1)") B 3
75 (hlat) —(80) = (=g
As a result, we have
3n 237 1 2(—1)"
E <3 )FSaLSb = #an-
a 3
a+b=n

As before identity, we have a generalization

3n 237 4 2(—1)"

E FSmaLSmb = ( ) FSmn~
3a 3

a+b=n

3. APPLICATION

Corollary 3.1. Assume that q be arbitrary prime number which satisfy

q=2p+1

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(3.1)

where p be other prime number. Then q can be represented by Fibonacci Number and Lucas

Number, that is,

1
2p+1= Y FuL
2p a+b=2p

Proof. Taking m =1 and n = 2p to first identity, get the result.
Example 3.2. Letting ¢ = 5 which

5=2x2+1,
1 1
b=— Y FuLy=-(0xT+1x4+1x3+2x1+3x2)
Fy 3
a+b=4
Example 3.3. Letting g = 7 which
7T=2x3+1,
1 1
7:F Z FoLy=-(0x184+1x1141x74+2x443x3+5x1+8x2)
6
a+b=6

(3.2)
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