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Abstract. We give some series for the number  
Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
 , where Γ(𝑥) is the Gamma function. 

 

Introduction 

Recall that 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
= ∫

1

√𝑥(112 + 21𝑥 + 𝑥2)

4√7

0

𝑑𝑥 =
2

√7
4 ∫

1

√4 + 3√7𝑥2 + 4𝑥4

1

0

𝑑𝑥

=
2

√7
4 ∫

1

√4 + 3√7𝑥2 + 4𝑥4

∞

1

𝑑𝑥 =
1

√7
4  ∫

1

√4 + 3√7𝑥2 + 4𝑥4

∞

0

𝑑𝑥

=
1

4√2 √7
4  ∫ √√64 − 𝑥

2 − 3√7𝑥

𝑥

1

0

𝑑𝑥 =
√3

2
 ∫

1

√𝑥(252 + 63𝑥 + 4𝑥2)

∞

0

𝑑𝑥

=
√3

2
 ∫

1

√𝑥(4 + 63𝑥 + 252𝑥2)

∞

0

𝑑𝑥 = √3 ∫
1

√252 + 63𝑥2 + 4𝑥4

∞

0

𝑑𝑥

= √3 ∫
1

√4 + 63𝑥2 + 252𝑥4

∞

0

𝑑𝑥 =
1

√7
4  ∫

1

√(3√7 + 8𝑥)(𝑥2 − 1)

∞

1

𝑑𝑥

=
1

√7
4  ∫

1

√𝑥(8 + 3√7𝑥)(1 − 𝑥2)

1

0

𝑑𝑥 =
1

√7
4  ∫

1

√3√7 + 8 cosh 𝑥

∞

0

𝑑𝑥

=
1

√7
4  ∫ cosh−1 (

1 − 3√7 𝑥2

8𝑥2
)

(3−√7)/√2

0

𝑑𝑥 = 2∫
1

√112 + 21𝑥2 + 𝑥4

2 √7
4

0

𝑑𝑥

=
2

√7
4 ∫

1

√8 + 3√7 + 16(sinh 𝑥)2

∞

0

𝑑𝑥 =
2

√7
4 ∫

1

√16(cosh 𝑥)2 − 8 + 3√7

∞

0

𝑑𝑥

=
2

√7
4 ∫

1

√(8 + 3√7 + 16𝑥2)(𝑥2 + 1)

∞

0

𝑑𝑥 =
2

√7
4 ∫

1

√(16𝑥2 − 8 + 3√7)(𝑥2 − 1)

∞

1

𝑑𝑥

=
1

√7
4  ∫

1

√𝑥(1 − 𝑥)(2 − 𝑥)(8 + 3√7 − 3√7𝑥)

1

0

𝑑𝑥 
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Notations: 𝑖 = √−1 , 

The number Pi is defined by 

𝜋 = 4∑
(−1)𝑛

2𝑛 + 1

∞

𝑛=0

 

The Gauss hypergeometric function is defined by 

𝐹(𝑎, 𝑏, 𝑐, 𝑥) = ∑
(𝑎)𝑛(𝑏)𝑛
(𝑐)𝑛𝑛!

𝑥𝑛
∞

𝑛=0

 , |𝑥| < 1 

where (𝑎)𝑛 = 𝑎(𝑎 + 1)(𝑎 + 2)… (𝑎 + 𝑛 − 1) , (𝑎)0 = 1  

The Appell hypergeometric function is defined by 

𝐹1(𝑎, 𝑏, 𝑐, 𝑑, 𝑥, 𝑦) = ∑ ∑
(𝑎)𝑚+𝑛(𝑏)𝑚(𝑐)𝑛
(𝑑)𝑚+𝑛𝑚!𝑛!

∞

𝑛=0

∞

𝑚=0

 𝑥𝑚𝑦𝑛  , |𝑥| < 1, |𝑦| < 1 

The Gamma function is defined by 

Γ(𝑧) =
1

𝑧
∏

(1 +
1
𝑛)

𝑧

1 +
𝑧
𝑛

∞

𝑛=1

  , 𝑅𝑒 𝑧 > 0 

Other integrals 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
= 2√6 ∫

1

√63 + (cos 𝑥)4

tan−1√8/(3√7)

0

𝑑𝑥 = 2√6 ∫
1

√63 + (sin 𝑥)4

𝜋/2

tan−1√(3√7)/8

𝑑𝑥

= 2√6 ∫
cosh𝑥

√1 + 63(cosh 𝑥)4

sinh−1√8/(3√7)

0

𝑑𝑥 =
1

√7
4  ∫

1

√𝑥(2 + 𝑥)(8 + 3√7 + 8𝑥)

∞

0

𝑑𝑥

=
1

2√7
4  ∫

1

√1 − (
1
2 −

3√7
16 )

(sin 𝑥)2

𝜋/2

0

𝑑𝑥 =
√2(3 − √7)

√7
4 ∫

1

√1 + (8 − 3√7)
2
(cos 𝑥)2

𝜋/2

0

𝑑𝑥

=
2√2(3 − √7)

√7
4 ∫

1

√1 + (510 − 192√7)𝑥2 + 𝑥4

1

0

𝑑𝑥

=
1

√7
4  ∫

1

√𝑥(1 − 𝑥) (4 − (8 − 3√7)𝑥(1 − 𝑥))

1/2

0

𝑑𝑥 
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Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=

1

2√21
 𝐹1 (

1

2
,
1

2
,
1

2
,
3

2
,−

8

63 + 3√7 𝑖
, −

8

63 − 3√7 𝑖
) + √3 ∫

1

√4 + 63𝑥2 + 252𝑥4

1

0

𝑑𝑥 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=
1

√7
4  ∑

(−1)𝑛𝑎2𝑛+1

2𝑛 + 1

∞

𝑛=0

𝑃𝑛 (
3√7

8
) +

2

√7
4  ∫

1

√4 + 3√7𝑥2 + 4𝑥4

1

𝑎

𝑑𝑥 

where 0 ≤ 𝑎 ≤ 1  and 𝑃𝑛(𝑥) is the Legendre polynomials. 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=
𝜋(3 − √7)

√2 √7
4 −

1

2√7
4  ∫ sin−1((6√2 + 2√14)√1 −

1

𝑥2
)

6√2−2√14

1

𝑑𝑥 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7

= −
√2(3 − √7)(−1 + ln(6 − 2√7))

√7
4

+
1

√7
4  ∫ ln (1 − 3√7 𝑥2 +√1 − 6√7 𝑥2 − 𝑥4)

(3−√7)/√2

0

𝑑𝑥 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7

=
1

√21 + 8√7

+ ∫

(

 
 
−7 + 35√2

3
 (2646 + √−4630500 + (2646 +

27

𝑥2
)
2

+
27

𝑥2
)

−
1
3

∞

𝑠

+
1

3√2
3 (2646 + √−4630500 + (2646 +

27

𝑥2
)
2

+
27

𝑥2
)

1/3

)

 
 
𝑑𝑥 

where  𝑠 = 1/√2352 + 896√7 .  

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=
√2 (3 − √7)

√7
4  ∫

(sech 𝑥)2

√1 − (sech 𝑥)2 + 4(8 − 3√7)(sech 𝑥)4

∞

0

𝑑𝑥

=
2√2 (3 − √7)

√7
4  ∫

𝑒−𝑥

√1 + (510 − 192√7)𝑒−2𝑥 + 𝑒−4𝑥

∞

0

𝑑𝑥 
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Series for   
𝚪(𝟏/𝟕)𝚪(𝟐/𝟕)𝚪(𝟒/𝟕)

𝟖𝝅√𝟕
 

 

Entry 1. 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7

=
4√7
4

√168 + 42√7
∑(

2𝑛

𝑛
)

∞

𝑛=0

2−2𝑛 (
4 + 3√7

12 + 3√7
)

𝑛

∑(
𝑛

𝑘
)

𝑛

𝑘=0

(−1)𝑘 (
6√7

4 + 3√7
)

𝑘

∑ (
𝑘

𝑚
)

𝑘

𝑚=0

(4√7/21)
𝑚

2𝑘 + 2𝑚 + 1
 

Entry 2. 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=
1

√7
4 ∑(

2𝑛

𝑛
)

∞

𝑛=0

2−2𝑛

2𝑛 + 1
(2 −

3√7

4
)

𝑛

𝐹 (2𝑛 + 1, 𝑛 +
1

2
, 𝑛 +

3

2
,−1) 

Entry 3. 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7

=
2√7
4

√3
∑(

2𝑛

𝑛
)

∞

𝑛=0

(−1)𝑛2−2𝑛 (
√3

5 + 2√7
)

2𝑛+1

∑(
𝑛

𝑘
)

𝑛

𝑘=0

(√7/3)
𝑘

2𝑘 + 1
𝐹 (2𝑛 + 1,1, 𝑘 +

3

2
,
2√7

5 + 2√7
) 

Entry 4. 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=
8

√7
4 ∑(

2𝑛

𝑛
)

∞

𝑛=0

(−1)𝑛2−2𝑛(8 − 3√7)
2𝑛+1

𝐹 (1,2𝑛 + 1,
3

2
,

8

8 + 3√7
) 

Entry 5. 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=

2

√21 + 4√7
∑(

2𝑛

𝑛
)

∞

𝑛=0

(−1)𝑛2−2𝑛

4𝑛 + 1
(

4

4 + 3√7
)
𝑛

𝐹 (1, 𝑛 +
1

2
, 2𝑛 +

3

2
,
3√7

4 + 3√7
) 

Entry 6. 

Γ (
1
7) Γ (

2
7) Γ (

4
7)

8𝜋√7
=
2√2 √7

4
 √14√7 − 37

3
× 

∑(
2𝑛

𝑛
)

∞

𝑛=0

(−1)𝑛2−2𝑛 (
14√7 − 37

9
)

𝑛

𝐹1 (1, 𝑛 +
1

2
, 𝑛 +

1

2
,
3

2
,
2√7

5 + 2√7
,

4√7

11 + 4√7
) 

Entry 7. 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=

𝜋

√7
4
 (3 + √7)

∑(
2𝑛

𝑛
)
2∞

𝑛=0

2−4𝑛(24√7 − 63)
𝑛
 𝐹 (

1

2
, 𝑛 +

1

2
, 𝑛 + 1,

1

2
) 
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Entry 8. 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=

𝜋

√7
4
 (3 + √7)

 𝐹1 (
1

2
,
1

2
,
1

2
, 1,
1

2
,
3√7

8 + 3√7
) 

Entry 9. 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=

𝜋

√2√3√7
∑(

2𝑛

𝑛
)

∞

𝑛=0

(
4𝑛

2𝑛
) (−1)𝑛2−6𝑛63−𝑛 

Entry 10. 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=

𝜋

4√7
4 ∑(

2𝑛

𝑛
)
2∞

𝑛=0

2−4𝑛 (
8 − 3√7

16
)

𝑛

 

Entry 11. 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7

= 2√
2

21
∑(

2𝑛

𝑛
)

∞

𝑛=0

(−1)𝑛2−2𝑛 (
8

3√7
− 1)

𝑛

∑(
𝑛

𝑘
)

𝑛

𝑘=0

1

4𝑘 + 1
𝐹 (2𝑛 + 1,2𝑘 +

1

2
, 2𝑘 +

3

2
,−1) 

Entry 12. 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7

=
1

2√21
 𝐹1 (

1

2
,
1

2
,
1

2
,
3

2
,−

8

63 + 3√7 𝑖
, −

8

63 − 3√7 𝑖
)

+
4√3

71
∑(

2𝑛

𝑛
)

∞

𝑛=0

(−1)𝑛

4𝑛 + 1
(
63

20164
)
𝑛

𝐹 (2𝑛 + 1,1,2𝑛 +
3

2
,
63

71
) 

Entry 13. 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=
2√2(3 − √7)

√7
4  ∑

1

(2𝑛+2
𝑛+1

)(𝑛 + 1)

∞

𝑛=0

∑(−1)𝑘

[𝑛/2]

𝑘=0

(
2𝑛 − 2𝑘

𝑛 − 𝑘
) (
𝑛 − 𝑘

𝑘
) (16(8 − 3√7))

𝑘

 

Entry 14. 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7

=
4(3 − √7)

√7
4  ∑

2−3𝑛

(2𝑛+2
𝑛+1

)(𝑛 + 1)

∞

𝑛=0

∑(−1)𝑘

[𝑛/2]

𝑘=0

(
2𝑛 − 4𝑘

𝑛 − 2𝑘
)
2

(
2𝑘

𝑘
) (

𝑛

𝑛 − 2𝑘
)
−1

(16(8 − 3√7))
2𝑘

 

Entry 15. For 𝑎 = 255 + 180√2 − 96√7 − 68√14  , we have 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=

4√2 √𝑎

√7
4
 (3 + √7)(1 + 𝑎)

 𝐹1 (1,
1

2
,
1

2
,
3

2
,
1

1 + 𝑎
,
𝑎

1 + 𝑎
) 
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Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=

4√2

√7
4
 (3 + √7)

 √
𝑎

1 + 𝑎
 𝐹1 (

1

2
,
1

2
,
1

2
,
3

2
,
1

1 + 𝑎
, 1 − 𝑎) 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=

4√2

√7
4
 (3 + √7)√1 + 𝑎

 𝐹1 (
1

2
,
1

2
,
1

2
,
3

2
, 1 −

1

𝑎
,
𝑎

1 + 𝑎
) 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=

4√2

√7
4
 (3 + √7)√𝑎

 𝐹1 (1,
1

2
,
1

2
,
3

2
,−
1

𝑎
, 1 −

1

𝑎
) 

Entry 16. 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7

=
1

√42
 ∑ (

2𝑛

𝑛
)

∞

𝑛=0

(−1)𝑛2−4𝑛3−2𝑛7−𝑛

4𝑛 + 1
 𝐹 (1,2𝑛 + 1,2𝑛 +

3

2
,
1

2
)

+
√6

8 + 3√7
 ∑ (

2𝑛

𝑛
)

∞

𝑛=0

1

2𝑛 + 1
(
6072√7 − 16065

2
)

𝑛

 𝐹 (1,2𝑛 + 1, 𝑛 +
3

2
,
3√7

8 + 3√7
) 

Entry 17. 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=
√2 (3 − √7)

√7
4  ∑ (

2𝑛

𝑛
)

∞

𝑛=0

(−1)𝑛

2𝑛 + 1
(
8 − 3√7

2
)

2𝑛

 𝐹 (1,2𝑛 + 1, 𝑛 +
3

2
,
1

2
) 

Entry 18. 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7

=
√3

√91
 ∑ (

2𝑛

𝑛
)

∞

𝑛=0

(−1)𝑛2−2𝑛

4𝑛 + 1
(
36

91
)
𝑛

 𝐹 (1, 𝑛 +
1

2
, 2𝑛 +

3

2
,
9

13
)

+
1

√33
 ∑ (

2𝑛

𝑛
)

∞

𝑛=0

(−1)𝑛2−2𝑛

4𝑛 + 1
(
28

99
)
𝑛

 𝐹 (1, 𝑛 +
1

2
, 2𝑛 +

3

2
,
7

11
) 

Entry 19. For 𝑎 = 1 − √3√7(8 − 3√7) , we have 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7

=
4√𝑎

√21
 ∑(−1)𝑛
∞

𝑛=0

2−2𝑛63−𝑛∑(−1)𝑘
𝑛

𝑘=0

(
2𝑛 − 2𝑘

𝑛 − 𝑘
) (
2𝑘

𝑘
) (
63𝑎

2
)
𝑘

∑ (
4𝑛 − 4𝑘

𝑚
)

4𝑛−4𝑘

𝑚=0

(−1)𝑚𝑎𝑚

2𝑘 + 2𝑚 + 1
 

Entry 20. 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=

2

3√7
4  ∑ 3−𝑛

∞

𝑛=0

∑2−2𝑘
𝑛

𝑘=0

3−𝑘(8 − 3√7)
𝑘
(
𝑛 + 𝑘

𝑛 − 𝑘
) (
2𝑘

𝑘
) ∑ (

𝑛 − 𝑘

𝑚
)

𝑛−𝑘

𝑚=0

(−2)𝑚

2𝑘 + 2𝑚 + 1
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Entry 21. 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=

2

√3 √7
4
 √1 + √7

∑(
2𝑛

𝑛
)

∞

𝑛=0

(−1)𝑛12−𝑛

(1 + √7)
𝑛 ∑(

𝑛

𝑘
)

𝑛

𝑘=0

22𝑘

4𝑘 + 1
𝐹 (𝑛 +

1

2
, 1,2𝑘 +

3

2
,
7 − √7

6
) 

Entry 22. 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7

=
2√2

√7
4
 √10 + 3√7

∑(
2𝑛

𝑛
)

∞

𝑛=0

2−2𝑛 (
18√7 − 23

37
)

𝑛

∑(
𝑛

𝑘
)

𝑛

𝑘=0

(−1)𝑘 (
2

4 + 3√7
)
𝑘

∑ (
𝑛 + 𝑘

𝑚
)

𝑛+𝑘

𝑚=0

(−2)𝑚

2𝑚 + 1
 

Entry 23. 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7

=
2

√7
4
 √3 + 3√7

∑(
2𝑛

𝑛
)

∞

𝑛=0

(−1)𝑛2−2𝑛

(3 + 3√7)
𝑛∑(

𝑛

𝑘
)

𝑛

𝑘=0

22𝑘

2𝑛 + 2𝑘 + 1
𝐹 (𝑛 +

1

2
, 1, 𝑛 + 𝑘 +

3

2
,
3√7 − 1

3 + 3√7
) 

Entry 24. 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=

2

√7
4
 √4 + 3√7

 ∑ (
2𝑛

𝑛
)

∞

𝑛=0

(−1)𝑛

4𝑛 + 1
(4 + 3√7)

−𝑛
 𝐹 (𝑛 +

1

2
, 1,2𝑛 +

3

2
,
3√7

4 + 3√7
) 

Entry 25. 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=
√2 (3 − √7)

√7
4
 

 ∑
1

2𝑛 + 1

∞

𝑛=0

 𝐹 (−𝑛, 𝑛 + 1, 𝑛 +
3

2
, 4(8 − 3√7)) 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=
√2 (3 − √7)

√7
4
 

 ∑
(12√7 − 31)

𝑛

2𝑛 + 1

∞

𝑛=0

 𝐹 (−𝑛,
1

2
, 𝑛 +

3

2
,−
12√7 − 16

47
) 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=
√2 (3 − √7)√12√7 − 31

√7
4
 

 ∑
(12√7 − 31)

𝑛

2𝑛 + 1

∞

𝑛=0

 𝐹 (2𝑛 +
3

2
,
1

2
, 𝑛 +

3

2
, 4(8 − 3√7)) 

Entry 26. 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=

1

8√7 sin (
3𝜋
7 )
(7 ∙ 2−1/7𝐹 (

5

7
,
1

7
,
8

7
,
1

2
) +

7

2
∙ 2−2/7𝐹 (

6

7
,
2

7
,
9

7
,
1

2
)) 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=

1

8√7 sin (
5𝜋
7 )
(7 ∙ 2−1/7𝐹 (

3

7
,
1

7
,
8

7
,
1

2
) +

7

4
∙ 2−4/7𝐹 (

6

7
,
4

7
,
11

7
,
1

2
)) 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=

1

8√7 sin (
6𝜋
7 )

(
7

2
∙ 2−2/7𝐹 (

3

7
,
2

7
,
9

7
,
1

2
) +

7

4
∙ 2−4/7𝐹 (

5

7
,
4

7
,
11

7
,
1

2
)) 
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Entry 27. For 𝑎 = √3√7 (8 − 3√7)  , we have 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7

= √
2

21
 𝜋 𝐹1 (

1

2
,
1

2
,
1

2
, 1, −

𝑖

3√7
,
𝑖

3√7
)

− 2 √
2

21
 ∑ (

2𝑛

𝑛
)

∞

𝑛=0

2−2𝑛∑(
𝑛

𝑘
)

𝑛

𝑘=0

(−63)−𝑘 ∑ (
𝑘

𝑚
)

𝑘

𝑚=0

(−1)𝑚𝑎2𝑛+2𝑘+2𝑚+1

2𝑛 + 2𝑘 + 2𝑚 + 1
 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7

= √
2

21
 𝜋 𝐹1 (

1

2
,
1

2
,
1

2
, 1, −

𝑖

3√7
,
𝑖

3√7
) − 2 √

2

21
 ∑

𝑎2𝑛+12−2𝑛

2𝑛 + 1

∞

𝑛=0

∑ (
2𝑛 − 4𝑘

𝑛 − 2𝑘
)

[𝑛/2]

𝑘=0

(
2𝑘

𝑘
) (−

4

63
)
𝑘

 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7

= √
2

21
 𝜋 𝐹1 (

1

2
,
1

2
,
1

2
, 1, −

𝑖

3√7
,
𝑖

3√7
)

− 2 √
2

21
 ∑ (

2𝑛

𝑛
)

∞

𝑛=0

2−2𝑛𝑎2𝑛+1

2𝑛 + 1
 𝐹 (

1

2
,
2𝑛 + 1

4
,
2𝑛 + 5

4
,−
𝑎4

63
) 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7

= √
2

21
 𝜋 𝐹1 (

1

2
,
1

2
,
1

2
, 1, −

𝑖

3√7
,
𝑖

3√7
)

− 2 √
2

21
 ∑ (

2𝑛

𝑛
)

∞

𝑛=0

2−2𝑛(−1)𝑛63−𝑛𝑎4𝑛+1

4𝑛 + 1
 𝐹 (

1

2
, 2𝑛 +

1

2
, 2𝑛 +

3

2
, 𝑎2) 

Entry 28. 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7

=
4√2 (3 − √7)

√21
 ∑ (

2𝑛

𝑛
)

∞

𝑛=0

2−2𝑛∑(
𝑛

𝑘
)

𝑛

𝑘=0

(−63)−𝑘 ∑ (
3𝑘

𝑚
)

3𝑘

𝑚=0

(−1)𝑚 (8(8 − 3√7))
𝑛−𝑘+𝑚

2𝑛 − 2𝑘 + 2𝑚 + 1
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Endnote 

 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=

𝜋2

7Γ(3/7)Γ(5/7)Γ(6/7)
 

Γ(1/7)Γ(2/7)Γ(4/7)

8𝜋√7
=
𝐵(1/7,2/7)

8√7 sin (
3𝜋
7 )

=
𝐵(1/7,4/7)

8√7 sin (
5𝜋
7 )

=
𝐵(2/7,4/7)

8√7 sin (
6𝜋
7 )

 

where  𝐵(𝑥, 𝑦) is the Beta function 

𝐵(𝑥, 𝑦) =
Γ(𝑥)Γ(𝑦)

Γ(𝑥 + 𝑦)
= ∫ 𝑡𝑥−1(1 − 𝑡)𝑦−1

1

0

𝑑𝑡   , 𝑥 > 0, 𝑦 > 0 
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