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1 Introduction

Classical theories, such as Newtonian Mechanics, Maxwell's Electrodynamics are theories that
do not have complete generality. So, Classical Mechanics cannot describe mechanical systems in
the entire range of speeds with which these systems can move. It describes mechanical systems
that move at speeds, the magnitude of which is so much less than the speed of light that the
speed of light can be considered an infinitely large value. As you know, mechanics, which has
complete generality, since it describes mechanical systems over the entire range of speeds with
which these systems can move, are called relativistic mechanics, and was created by Einstein.
Classical Electrodynamics does not have complete generality, since it cannot describe the
electromagnetic field in the entire four-dimensional space. It becomes an internally inconsistent
theory in the field surrounding a point elementary charged particle. Indeed, when tending to the
point at which a point charged particle is located, the electric field according to Coulomb's Law
will tend to infinity. Consequently, the field energy, and hence the mass corresponding to this
energy, will also tend to infinity. The physical meaninglessness of this result is the essence of
this contradiction. This immediately implies the need to create electrodynamics with complete
commonality. However, before creating such electrodynamics, one should get rid of the
contradiction, which can be done only by refusing to consider elementary particles as point
particles. Moreover, we now know that elementary particles are not so elementary; they have a
very complex internal structure. So, protons, neutrons, and a number of other particles consist of
quarks, then, if they are considered point particles, not only do we neglect their size, but also
their complex internal structure.

Refusing to consider elementary particles to be point particles, we must consider them
particles having finite sizes. But if we consider them particles having finite sizes, then we must
know the law by which the shape of the surface of the particles will change, because we cannot
consider particles to be absolutely solid bodies, which is prohibited by the basic principles of the
theory of relativity, working for electrodynamics. And we will know this law if we know the
nature of the mass of elementary particles. To reveal the nature of the mass of elementary
particles, we will use a hint. During the interaction of a particle and its antiparticle that is during
the annihilation reaction, the particle and antiparticle disappear and gamma quanta appear, which
are electromagnetic waves. Electromagnetic waves, in their turn, are vibrations of electric and
magnetic fields. Therefore, it is natural to assume that the nature of the mass of an elementary
particle and its antiparticle also has an electromagnetic character. Having accepted this idea that
mass is a specially formed electromagnetic field, we can begin to create electrodynamics with
complete generality, which can describe the electromagnetic field in the entire four-dimensional
space.

2 Method

Obviously, such electrodynamics should be created using curvilinear coordinates. But here we
have a problem of how to connect the electromagnetic field with some curvilinear coordinate
system. Unlike the gravitational field, which is directly related to the space-time metric, the
electromagnetic field does not have such a direct connection. To overcome this problem, we will
use one more hint. We know that electric and magnetic fields can be represented in the form of
force lines, and if we direct the coordinate axes of a curvilinear coordinate system along the
force lines of an electromagnetic field, then this problem can be solved. But this is only an idea;
to make it work, it is necessary to find a mathematical expression of this idea. And here we have
a clue — we know that if a vector field is specified in three-dimensional space, then the equations
describing the lines of a given vector field can be found as follows: taking the vector of a given
vector field at an arbitrary point of this field, and multiplying it vectorially by the radius vector
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element and equating the result to zero, we obtain a system of equations describing the lines of
this vector field. Moving on to four-dimensional space, if we consider electromagnetic fields in
four-dimensional space, and if the magnitude of the electromagnetic field is determined by the
second-rank antisymmetric tensor and, using the analogy with three-dimensional space, we must
therefore find another antisymmetric second-rank tensor in four-dimensional space that would
describe some geometric object defined in this space. And we do have such an antisymmetric
tensor of the second rank which describes a two-dimensional surface defined in four-dimensional
space. Based on these two antisymmetric second-order tensors, a number of quantities can be
compiled, starting from a scalar, that is a zero-rank tensor, and ending with two second-rank
tensors. Considering these two second-rank tensors in rectangular coordinates (in four-
dimensional non-curved space they are called Galilean Coordinates), we see that each of these
two tensors can be represented as the sum of a symmetric and antisymmetric tensor. The
importance of this result is that the symmetric tensor for each of these two tensors of the second
rank is the metric tensor of the four-dimensional non-curved space. Thus, we have found the
connection of the electromagnetic field with the space-time metric using two tensors of the
second rank compiled on the basis of two antisymmetric tensors of the second rank, one of which
describes the electromagnetic field, while the second describes a two-dimensional surface.

3.1 Harmonized electromagnetic field

The trace of the stress-energy tensor of the electromagnetic field is zero: T} = 0, therefore, the
scalar curvature of space-time R in the presence of a single electromagnetic field is also zero [1].
Thus, it may be concluded that the electromagnetic field has no connection with the space-time
metric, in contrast to the gravitational field, where the metric tensor g;, plays the role of
‘potentials’. Therefore, to describe the electromagnetic field in curvilinear coordinates, we must
first match the electromagnetic field with a system of curvilinear coordinates. Coordination is an
operation that resembles the introduction operation for a vector field F, defined in three-
dimensional space, of vector lines using differential equations describing these same vector lines:
F X dr = 0, where r is a radius vector. Moving to a four-dimensional space and having an
antisymmetric tensor of the second rank Fj;, describing an electromagnetic field, we take an
antisymmetric tensor of the second rank

df* = dxtdx™® — dx*dx", (1.1)

describing an infinitesimal element of a two-dimensional surface x! = x‘(u, v), where u and v
will be considered as curvilinear coordinates on the specified surface. We choose these
coordinates so that the four-dimensional vectors dx‘ and dx® are tangent vectors to the
coordinate lines u and v, respectively. This allows writing expression (1.1) as follows: df% =
f*dudv, where
fik = a_xla_xk — a_xka_x‘
ou ov  du ov’

Using the tensors F;;, and £ | we construct two tensors of the second rank A% and B :
Al = il _ i okl (1.2)
Bik = Fifkl 4 prifkt, (1.3)
where the pseudo-tensors F**, £** and accordingly the tensors F** and f% are dual to each

other. We show that tensors (1.2) and (1.3) can be written as the sum of a symmetric tensor and
an antisymmetric tensor. To do so, we write them in Galilean coordinates. The quantities
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considered in Galilean coordinates will be distinguished by the index T'. Thus, in the Galilean
coordinates we have:

Ak = %Argfk + al¥, (1.4)
B = %Brgf'k + af'k, (1.5)

where Ap = AL;, By = BL,. The tensor a¥* and pseudo-tensor a;™* are dual to each other. The

correctness of the equalities (1.4) and (1.5) can be verified by direct calculation, which gives the
values to which are included in these equalities:

Ar = 4(Erfr — Hrsy), (1.6)
BF = 4(E[‘SF + H[‘f[‘), (17)

where Er and Hy are electric and magnetic field tension vectors,

fr = (f°1,£92,£03), (1.8)
SF = (f23l f31' le), (19)
where, for instance,
for _ ct0x _ dxoct (110
Juov oJuoadv’

and so on; ct, x Cartesian coordinates.

The components of the antisymmetric tensor of the second rank a¥ are components of the two
vectors:

a = EF X Sr + Hl" X fl", (111)
b = E[‘Xf[‘_H]"XS]", (112)
where
0 Qy a, a,

-a, 0 —b, b,
-a, b, 0 —b,
—a, —b, by 0

The connection of the tensor component A written in curvilinear coordinates x* with the
tensor component A% written in Galilean coordinates is given by the law of transformation:

i .k
B Ox' Ox %m
- 1 m '
Oxp. 0xr

N (1.13)

Substituting the right side of the equation (1.4) instead of the tensorA¥™, we take into account
that the components of the tensors g** and g¥, a’* and a¥* are also connected by the same
transformation law (1.13) as the components of the tensors A*and A¥. Thus, after the
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substitution, we obtain that the tensor A% can be represented as a sum of symmetric and
antisymmetric tensors:
. 1 . .
Alk =—A ik + lk.
) rg a
Simplifying this equation and taking into account the antisymmetric nature of the tensor a'*, we
find: Al = Ar. Denoting A = A}, we have a relation stating that the value of A remains

unchanged in any coordinate system: A = Ar. From here we finally obtain the following for the
equation considered:

A =~ Agk + alk, (1.14)
Similarly, we find:
B =~ Bg + a*, (1.15)
where
B =B} =B

3.2 Equations of motion

Starting to find the equations to which the values under consideration are subjected, we pay
attention to the antisymmetric character of the tensors a'* and a***. It implies the equation to
zero of the double covariant derivatives of the indicated tensors:

alf. =0, (1.16)

ailk = 0. (1.17)

In this article, we consider only the electromagnetic field, which, as mentioned above, is not
related to the space-time metric, therefore, any coordinate transformations considered in the
article should not change the space-time metric. Such infinitesimal coordinate transformations
are determined by the so-called Killing equations [1] % + &kt = 0, where &' are small values
that describe the transformation from the coordinates x‘ to coordinates x’* = x* + &, Killing
equations mean that with the specified coordinate transformations the variation of the metric
tensor is zero: 8g™ = 0. From here it is easy to get that the Jacobians of such coordinate
transformations are equal to one. To do so, we consider the indicated transformation from the
Galilean coordinates xj to the curvilinear coordinates x‘ = x%+ & . With this coordinate
transformation, the components of the metric tensor are transformed according to the law:
_a_xla_xk Im
 Oxlox™ gr-

We first find the determinant from the left and right side of this transformation law, which leads
to the following relation:

gik

dxt

I
oxr

1

NE=r

where g = |g;,| is a determinant of the metric tensor g;,. Killing's equations in Galilean
coordinates are as follows: &vF + &t = 0. Simplifying them, we get the following: fll = 0.

z1+{ii,
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Thus, in Galilean coordinates we have \/—_g =1, as it should be. It will be proved below that
this equality holds not only in Galilean coordinates, but also in curvilinear coordinates describing
spherically symmetric systems (1.62).

Taking into account this condition, twice covariantly differentiating between the left and right
parts of equations (1.14) and (1.15) and considering equations (1.16) and (1.17), we obtain
equations resulting from the matching of the electromagnetic field and the curvilinear coordinate
system (x9, x1, x2, x3):

0 . 0A . (1.18)
ik — ik
dxt (g 6x"> itie
0B (1.19)

d . :
— k
7 (9" 5r) = 45l

In electrodynamics, considered in curvilinear coordinates, the equations (1.18) and (1.19) play
the role of equations of motion.

3.3 Variational problem

Considering an electromagnetic field in a four-dimensional space-time, limited neither in
space nor in time.
We write the law of transformation connecting the components of the tensor F} f*¢, given in

the curvilinear coordinates x¢, and the components of the tensor Ft £, given in the Galilean
coordinates xi. We write the law of transformation connecting the components of the
tensor F(il)l f(’% given in the curvilinear coordinates xél), and the components of the same tensor

FL,f¥, given in the Galilean coordinates xt. Since the left sides of the relations obtained are
equal, we equate the right sides of these relations and then, simplifying them, we get [2]:

F(1)ikf(i1k) = Fyf*. (1.20)

We multiply the left side and the right side of equation (1.20) by the value dudv. Then,
integrating over an arbitrary domain S lying on a two-dimensional surface x‘(u.v), we get the
following equation:

ff F(l)l-kf(ilk)dudv = ff Fl-kfikdudv. (1.21)
S S

We transform from the curvilinear coordinates x* to the curvilinear coordinates xél) = x' + &,
where &' means small values. Substituting x{,, = x* + &* in left part of the equation (1.21) and
decomposing the integrand in a series of powers &¢, we get after reduction:

5 f f Fuf* dudv = 0. (1.22)
S



When matching the electromagnetic field with a curvilinear coordinate system, the components
of the tensor F;, should be considered as functions of the coordinates x*: Fy, = Fj,(x%). Thus,
from the equation (1.22) we get the following variational problem:

6ff A(x', xY, xL) dudv = 0, (1.23)
S
where
_ ik _ ik ; _ox! ; _ox!
A= 2 i/ = Fexyxy Xu = ou’ Xy = Frk

Performing the variation in the left-hand side of the equation (1.23), we arrive at the Euler
equation and the natural boundary conditions

dA RN 02/ —0 (1.24)
ox  Qudxl, odvoxi, '

d [ OA ) d [ 0A .

ff — _oxt )| 4+ — _5xt || dudv = 0. (1.25)
du \0ox}, v \ox},

¢ , ,

Substituting the value A in the Euler equation and performing differentiation, we find:

Figt + Fryyi + Fiie = 0.

This is the first pair of Maxwell’s equations. It follows that the Euler equation is carried out
automatically.

We consider the natural boundary conditions for an infinitely small section AS of a two-
dimensional surface. Its area will tend to zero, therefore, in the first approximation, this area can
be considered flat and we can apply the Green formula to the integral (1.25), written for the
section AS, we get:

$,. ( ai?; Sxidy — a‘%aﬂm) =0 (1.26)
where AC is a closed loop covering AS. We introduce another system of curvilinear
coordinates x'%, x, x?,x3, the first two coordinates of which are coordinates on the two-
dimensional surface under consideration x'° = u, x'* = v. The two remaining coordinates will
be denoted as x'? = w, x'3 = n . The () sign was used only once in the formula (1.1), so its new
use should not cause any confusion. The tangent vectors to the coordinate lines w and n are
denoted by:

i
W

l f—

_oxt . ot

Xy = .
w' 7T on
We imagine the variation §x* as a sum:

Sxt = axfu +,80xf;, +)/6x_l;,v + eax_;, (1.27)
g = s k. p OV s k., _OW s k. g_ 0N ok
where: a—axk5x ; B —axkdx ,y—axk8x ;0 —akax )
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Substituting these values into (1.27), we obtain:

Substituting the value A in the integral over the closed contour AC (1.26) and the right-hand
side of the equation (1.27) for the variation §x*, we get:
i .k i Lk Kk i K i (1.28)
[A(adv — pdu) + Fy (yxyxpdv + 0xx5dv — yxi,xy,du — Hx,nx,‘udu)] = 0.
AC

Since a, B,y, 0 are arbitrary values, the integral (1.28) can be divided into four integrals and be
considered independently of each other [2]. From here we get:

a==0 (129)
and
Fiextyxk = Fyoxl,x% = Fyxlx¥ = Fyxbxh = 0. (1.30)

The closed contour AC, like C, has an arbitrary shape, so when considering the four integrals
(1.28), one should consider options for which the main contribution to the integral can be
summed either by the coordinate u, or by the coordinate v. Condition (1.30) can be rewritten as
follows:

Fiy = Fis = Fly = Fly = 0, (131)

if we consider that the components of the electromagnetic field tensors F;;, and Fj,, considered in
the curvilinear coordinates x* and x'¢, are related by the following transformation law:

dxt dxk )
kA = Fi (132)

But a and £ describe that ‘part’ of the variation that lies in the tangent plane to the two-
dimensional surface x!(u, v). Therefore, the condition (1.29) implies that the variation along the
two-dimensional surface is zero. This means that the variation does not change the distance
between any two points on the surface x!(u, v), i.e., the surface behaves like an incompressible
and inextensible film. Such changes that occur with the surface are called deformations in
mathematics.

Thus (1.31), in the curvilinear coordinates x'¢, the electromagnetic field tensor only two
components Fy; and F,5; are nonzero. For the component Fy,, the transformation law (1.32) can
be written as follows:

1 - , 1 ; ,
> uf ™= Fgy or EFFikfFlk = Fo1, (1.33)

if we write the transformation law (1.32) connecting the components of the tensors Fr;;, and Fy,

considered in the Galilean coordinates x- and the curvilinear coordinates x'?, respectively. From

the obtained equations we find:
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Fiy =7 A. (1.34)

Now we consider the value iBF. Since B = B! = B, we will do all calculations in Galilean
coordinates. It is easy to verify that

Fracft™ = Fracft", (1.35)
but
1 * [ * a L a k I*
;Frikfrlk = Frik foroﬁx,rl = Fo1. (1.36)
Thus, we get:
1
» =-=B. 1.37
=7 (L37)

3.4 Two-dimensional spaces

We return to the condition (1.29) and its corollary: the surface x!(u, v) is an incompressible
and inextensible film, and the changes that occur with the surface when it is varied are
deformations. All this suggests that the surface x!(u,v) can be considered a two-dimensional
space, which has certain properties and preserves them with variation. Indeed, with variation, the
distances between any two points of the surface, and hence the two-dimensional space, remain
constant. When bending, the Gaussian curvature at each point of the surface x‘(u, v), and
therefore at every point of two-dimensional space, remains unchanged. Additional confirmation
of the above can be obtained by considering the following calculations. We write the first pair of
Maxwell’s equations in curvilinear coordinates x' taking into account the condition (1.31):

i — ! ! — ! —
F01,2 - F01,3 _F23,0 _F23,1 = 0.

It follows there from that Fj, = F;(x'%, x'1), i.e. this component is a function of the
coordinates x'® =u and x'! = v, and F,; = F,;5(x'?, x'3), i.e. this component is a function of
the coordinates x'2 = w and x' = n. Thus, we find that in the curvilinear coordinates x'* each
of the two nonzero components of the electromagnetic field tensor depends on a strictly
individual set of coordinates consisting of only two curvilinear coordinates. This fact is another
confirmation of the fact that we are dealing with two two-dimensional spaces. One of them is
formed by a two-dimensional surface x!(u, v); the second two-dimensional space is formed by a
two-dimensional surface x!(w,n). Since these surfaces are coordinate surfaces of four-
dimensional curvilinear coordinate system (u, v, w, n), therefore, their geometry, and hence, the
geometry of two-dimensional spaces, is determined by metric tensors [3]:

Oxk oxk

Jap = FT¥ I Irik, (1.38)
, dxk dxk
Yap = 9x'a mgrik' (1.39)

where a, b,...= 0,1; @b, ... = 2,3.



Each of these tensors is obviously connected with the metric tensor of a curvilinear coordinate
system (u, v, w, n):

l m
, _ Oxp Oxr
ik = %% ox'k grim-

Using the calculation of Riemannian spaces [3], it is arguable that the surface x‘(u,v) is a two-
dimensional space with a metric tensor (1.38). It is clear that all this can be repeated for a two-

dimensional space with the metric tensor g;;. In each of these two-dimensional spaces,
respectively, one can enter the tensor of the electromagnetic field:

o _ ( O F(;l) FI _ ( O F2,3>
WoN\=Fy 0 7@ TR 0
and write accordingly the following tensor equation:
F/ — 12 ! Frcd — l( 12 12 _ 12 12 )F/cd
ab = YacYba 7 YacIpa ~ Yaa9bc ,

’ ’ ’ 1éd 1 ’ ' ’ ’ 1ed
Fap = 9ae9paF ' =5 (9ac95a — 92a95:)F .
From here we get:

F, = qF'°%, (1.40)
Fl, = §F'?3, (1.41)
where
q = goo9d11 — 9oi = det[ggp], (1.42)
4 = 952943 — g% = det[g;]. (1.43)

The formulas (1.40) and (1.41) establish a connection between the covariant and contravariant
components of the electromagnetic field in the corresponding two-dimensional space. We note
that if two-dimensional surfaces are represented as planes and viewed in Galilean coordinates,
then for the values (1.42) and (1.43) we will have the following values: ¢ = —1 and g = 1.
Substituting these values in (1.40) and (1.41) we arrive at a well-known connection between the
various types of components of the tensor of the electromagnetic field, given in Galilean
coordinates.

3.5 The law of stress-energy tensors equality

For further calculations, we consider the stress-energy tensor of the electromagnetic field, and
then we write it in Galilean coordinates as follows:

1
ATy = —FroFrié + ZgrikFrlmFrlm- (1.44)

We prove that for a given tensor the equation is true:
Try = 7}(;2 \ (1.45)
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where

* * * 1 * *
47TT1“(1'12 = —FruFri + Zgl"ikFFlmFFlm' (1.46)

To do this, we substitute the right-hand sides of the calculations (1.44) and (1.46) in the equation
(1.45), after multiplying the left and right sides of equation (1.45) by 4m. Considering that
1 % *lm 1 im 2 2
_EFI‘lmFF = EFFlmFF = Hr — Ef,
we get:
FraFri = FruFric = (Hf — Ef)gri. (1.47)

The validity of tensor equation (1.47) can be checked directly for each of its components. That
proves the validity of the equation (1.45). Next, applying the transformation law connecting the
components of the tensor Ty, given in the Galilean coordinates x-, with the components of the
tensor Tj, given in curvilinear coordinates x‘, and applying the same law respectively for the

tensors TF(;)” and Tigc*), to the left and right sides of equation (1.45), we obtain:
Ty = TS, (1.48)

The validity of this equation follows from the validity of equation (1.45). The form of the stress-
energy tensors of the electromagnetic field, which are in the equation (1.48), can be established
by using the laws of transformation given above. Substituting in their right-hand side,
respectively, the values of Tt or Tr(l*,z found from the calculations (1.44) and (1.46), and taking
into account that their values are related by the same transformation laws, we get:

1 * * vk 1 * *
4Ty = —FuFy + 3 GucFrimFi™, 4Ty = —FF + 9P e

Simplifying these calculations and taking into account that the trace of the stress-energy tensor

(i

of the electromagnetic field is zero, and from (1.48) it follows that T, ** = 0, we find.:

FikFik = FrlmFlma FiZF*ik = FFlmeklm-

Considering these equalities, we can write down the calculations of the stress-energy tensors of
the electromagnetic field in the system of curvilinear coordinates x! in the following form:

1 * * * 1 * *
ATy = —FyFy + ; GucFunF™, 4Ty = —FiF + 7 uicFimF™™,

where all members of these calculations are expressed in the same coordinate system x‘. Once
again applying the transformation law now to the left and right side of the tensor equation (1.47),
we get:

FyFi — FiFy' = (Hf — Ef) gy (1.49)

The validity of this formula follows from the validity of formulas (1.47) and (1.48). Note that
formula (1.49) can also be obtained by substituting the calculations of the stress-energy tensors
11



of the electromagnetic field in the equation (1.48), considered in the curvilinear coordinates x:.
The equation (1.48) extends our understanding of the properties of electromagnetic fields,
therefore, to emphasize this, it can be called the law of stress-energy tensor equality, composed
of the electromagnetic field tensors dual to each other.

3.6 Field in two-dimensional spaces

Since the formula (1.49) is another form of writing the law the law of stress-energy tensor
equality of an electromagnetic field, therefore, writing down the formula (1.49) in curvilinear
coordinates x'* and taking into account

99" = i, (1.50)

we write the formulas (1.49) and (1.50) in the components. In order not to give all thirty-two
equations, which are obtained by writing the formulas (1.49) and (1.50) in the components, we
restrict ourselves to the minimum number of equations necessary to demonstrate the method of
calculations. From (1.49) we have in curvilinear coordinates x':

g'°°(Fg5 — Fgi?) = (HE — E})g11, 9'°* (F3% — Fgi?) = —(HE — E&) g¢4,
9'02(F61F2'3 — FyiF3) = (ng - E%)Qi&
9’03(F61F2’3 — FoiF3) = —(ng - E%)g{z.

Multiply the first equation by gq,, the second equation by g4, the third equation by g, and the
fourth equation by the value gg5. From (1.50) we have:

100 101 102

9009"° + 9019”1 + 9029"°% + 9039 = 1.

We substitute here the values of the components from the left-hand side of this equation, which
can be found from the four equations obtained after multiplying by the components of the metric
tensor. Performing similar calculations for the other components of the formulas (1.49) and
(1.50) and taking into account the calculations (1.42) and (1.43), we arrive at the following

equation:
q(Fot — For?) = q(Fs3 — F33), (1.51)

Considering the condition ,/—g’ = 1, we can write for a pseudo-tensor given in curvilinear

coordinates, Fj; = %eiklmF’lm. Hence, using the equations (1.40) and (1.41), we find:

FI

Fi=——=, (1.52)
FI

Fy = —%. (1.53)

Substituting (1.52) and (1.53) in (1.51), we finally get:
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12 12
F01 _ F23

= (1.54)
q q
From (1.34) it follows that
0 F, 0 0
, —Fj; 0 0 0
F), = 0 0 0 FL (1.55)
0 0 —Fj; 0

The components of the tensor (1.55) F,; = 0 that are equal to zero are connected with the
components F'bof the tensor F'ik by the relation:

from which it follows that F'#? = 0, therefore

( 0 q 1F,, 0 0 \
—a-1F!
Frik — q~ For 0 8 0 i (1.56)

0 0 q'Fp3
\ 0 0 —q'F; 0 /

From (1.54), (1.55) and (1.56) we find:

! 1 ! 121
For =5 [FiF g =0, (1.57)
1 —
Fia =3 [FiF = 0. (158)

These equations determine the electromagnetic field in two-dimensional spaces. The equations
(1.57) defines an electromagnetic field in a two-dimensional space (u, v), and the equation (1.58)
defines a field in a two-dimensional space (w, n), and establishes a relationship between the
electromagnetic field and determinants of the metric tensors (1.38) and (1.39) that define the
two-dimensional spaces.

3.7 Spherically symmetric systems
We show that the formula (1.57) is the Coulomb law written in curvilinear coordinates. To do

this, we write the formula (1.57) in three-dimensional space in orthogonal coordinates. Using the
formulas [1]:

, 9oado

VaB = _ga[)’ + Oa/ Oﬁ' a'ﬁ =123, (159)
Joo

—9' = JooV (1.60)
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where y = det[yaﬁ] is a determinant of the metric tensor y,p, and taking into account that in

orthogonal coordinates y = y11¥22¥33 » as well as the equation ,/—g' = 1, we obtain for the

determinant (1.42):

1
= — . (1.61)
a Y22V33

The electric field, which is considered in the Coulomb law, is spherically symmetric. Such a
field is most conveniently viewed in spherical coordinates. Therefore, to determine y,, and y53,
we write the square of the element of length in spherical coordinates

dS? = dr? + r2d9? + r?sin®9d ¢?.

But in this form it is impossible to use this equation to determine the components of the three-
dimensional metric tensor. The fact is that the spherical coordinates ¥ and ¢ enter it non-
symmetrically and, moreover, they are dimensionless.

To eliminate these shortcomings, one should consider an infinitely small neighborhood of a
point with the spherical coordinates (p, ,94,¢,). Then we draw through this point a tangent plane
to a sphere of the radius p,. Let us introduce on this plane a rectangular coordinate system (%,y)
with the origin at a point (py,99,9,) SO that the coordinate axis X is tangent to the coordinate line
9, and the coordinate axis y is tangent to the coordinate line ¢. In an infinitely small
neighborhood of the point, we have:

dX = podd; dy = pysindyde = pysindde.
From here, we get:

dS? = dr? + = dx? + 2 dj? (1.62)
I I ' '

From (1.62), we have the following values for the components of the three-dimensional metric
tensor in an infinitely small neighborhood of the point (p, ,9¢,90):

T.Z

Y22 = V33 = /? (1.63)

For the transformations x’* = x* + &' considered in the article, from (1.27), (1.29) we have
85x% = 6x1 = 0. Therefore, for the variation of the metric tensor, we obtain:

_ 0k ¢l _ 9Gik ¢..2 |, 99ik o3
6 = - 1 0% =5 3 6x° +—6x°.

Hence, if the components g;, depend only on the coordinates x°, x*, for example, as in the
spherically symmetric system (1.62), then in this system §g;;, = 0. Let us construct a tensor g;,
satisfying the above conditions. We find the component g,, from (1.60). The components g,z

are determined from (1.59). They will depend on % (1.63) and on the components gq, =

Joa (x%, x1). It is easy to check that the determinant of this tensor is —1. Let us find the values of
the diagonal components of the metric tensor g;;, given in curvilinear coordinates x*. We neglect

4 B . .
the terms ;—4g§a, which have a higher order of smallness. Using xf = x* — &*, we get:
0
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oo =1- 25,%: g1 =1+ 25,11i g2z = -1+ ZS(,%} g3z =—1+ 2633

In Galilean coordinates, the values of the diagonal components of the metric tensor on the left
side of these equalities will be as follows: 1, —1,—1, —1. Hence, we obtain that the derivatives
on the right-hand side of these equalities will be equal to zero. This is one more proof that the
equality fll = 0 holds in Galilean coordinates. Now let us consider the curvilinear coordinates

x* describing a spherically symmetric system. As mentioned above, such a system should be
considered in the tangent plane to a sphere of radius p, in an infinitesimal neighborhood of the
point of tangency (po,ﬁo,goo) of the plane with the sphere. In an infinitely small neighborhood
of this point, we can erte — =~ 14§, where § is a small quantity, therefore, for the diagonal

components of the metric tensor of a spherically symmetric system, we have:
9oo =1—46; 911 = =1, g2 = g33 = -1 - 26.
Comparing these values with the previously obtained ones, we find:
0=268¢81=0¢3=¢3=-6.

From this, we see that for a spherically symmetric system f‘l =0.
Substituting (1.63) into (1.61) and the result of this substitution into (1.57), we arrive at the
formula:

Fop == |=Fl Frie f” (1.64)

2
Considering that A = Ar, the equation (1.36) and the calculation (1.6), we find Fy; = Epfp —
Hrsr. But we consider only the electric field, therefore Hr = 0. In the absence of any movement
and change, time remains unchanged, therefore u = x'° = x2 = ct. Thus, everything comes
down to the transformation of spatial coordinates: the rectangular Cartesian coordinates
x,v,zand the curvilinear coordinates v,w,n, which naturally should be taken as spherical
coordinates. So, for instance, v = r, and for the electric field we have E, = E; Ey = E, = 0. It
follows that Ep = E(sindcosg, sindsing, cosd). From (1.8), (1.10), etc., we obtain: fp =
(sindcosg, sindsing, cosd). Considering the above, we arrive at this value Fy; = Epfr = E.
Now the formula (1.64) can be written as follows:

1 pé
EZE _FikF lkr—z.

From this formula it follows that a physical value equal to

2meopd |~ FiF',

is an electric charge e, where &, — electric constant. Thus, we get the formula E = m;rz which
0

completely coincides with Coulomb’s law.
Now we will consider the formula (1.58) in a three-dimensional space in spherical
coordinates. To do this, we again use the formulas (1.59), (1.60) and again we take into account

that ,/—g’ = 1. Thus, after the transformation, we obtain the determinant (1.43):
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93 93
g = - - 1.65
q V22V33 Y11Y22 Y11V33 ( )

where g, = — f% [1]. Substituting in this expression the values of the components of the three-
00

dimensional metric tensor (1.63), as well as y;; = 1, see (1.62), we arrive at the following
formula:

. ph
q =p—g—r—2(9§+g§ : (1.66)

We multiply the left side and the right side of the formula (1.66) by the value ;—z. Then, denoting

r2

X= we represent (1.66) as a cubic equation
0
x*—qx—93—95=0 (1.67)
Its solution is three roots:
¢ rZ i
=X = "3 X3=—35.
Lpd e ng

These roots satisfy the following relations:

XiX2 + X2x3 + X3x1 = —@. (1.69)
X1X2X3 = g% + 93%- (1.70)

Raising the left side of the equation (1.68) to the square and taking into account (1.69), we get:

Tty s

(1.71)
2p5

q=

We divide the left side of the equation (1.69) by the left side of the equation (1.70) and,
accordingly, the right side of the equation (1.69) by the right side of the equation (1.70), and
thus, we find:

i= 02t =+ )2+ D) (1.72)
q_ pO le rzz 7"32 gZ 93' '

From (1.72) it follows that the value § is formed by three separate ‘particles’ with relative
charges as follows:

Their total relative charge is equal to the relative charge of the proton. Taking the relative charge
of the proton equal to unity, from (1.72) we obtain the relationship between the coefficient and
the free term of equation (1.67): § = —g% — g2. Obviously, only quarks can be such ‘particles’.
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It is easy to verify as for quarks forming a proton and having charges of g;g; —%the relation

(1.68) is really fulfilled: % + % — % = 0. From these simple considerations, it follows that the two-

dimensional space (w,n) has finite dimensions and it, in fact, is what we call an elementary
particle, for example, a proton.
Here is one more proof of the correctness of the theoretical calculations and the conclusions

made on their basis. From (1.57) and (1.58), we find:

Fps _ |4

Fyq q

For the proton § = —g3 — g%, and from (1.60) and (1.61) we have q = —g},. If we use these
values, by means of (1.66), we obtain:

r
Fos _ 15
Fél TZ
I-=
Po
2 , 2 )
At r—z -0, F2—3 - 0; at r—z -1, @ — oo, This result proves that formula (1.58) describes a strong
Po Fo1 Po Fo1

interaction acting in a finite region of space, the magnitude of which is determined by the radius
Po- And in this region of space, the magnitude of the strong interaction grows with the increasing
radius r.

3.8 Evidence

The solution to equation (1.67) was obtained for § > 0. This inequality is fulfilled in the
region of four-dimensional space, which in spherical coordinates is defined as follows: p, < r <
oo, It is in this region that the quark nature of an elementary particle is manifested. This can be
explained by the fact that two invariants § and F}, F'* (their invariance follows from the equality
to unity of the Jacobian transformation, since \/—_g = 1) in Galilean coordinates decompose into
three invariants of Lorentz transformations [2]. For example,

2 2 . 2 2 . 2 2
HFx - Ein HFZ - EFy' HFy - EFZ

which behave like independent entities. But in curvilinear coordinates, these three invariants will
no longer be invariants. Therefore, their complete independence is impossible. Because of this,
quarks are not particles in the usual sense. In the absence of a magnetic field

F}F'* = —2E% < 0,

and in the indicated region of space, a complex quantity appears in equality (1.58), which is
unacceptable. Therefore, Equality (1.58) is inapplicable in this region of four-dimensional space.
Equality (1.58) will consist of real values for § < 0. This inequality holds in the region defined
as 0 < r < py. This is easy to prove if we notice that it is in this region of the four-dimensional
space that Equation (1.67) has one more solution. Substituting the equal value § = —g2 —
g3 into Equation (1.67) instead of the free term, we find
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Hence it follows that for y < 1 we have § < —oo. It can be seen that the indicated solution is
obtained for y~1, when |g| > x3, therefore y3 in the equation can be neglected. Note, that in
the region 0 < r < p, the electromagnetic field radically changes its dependence on the spatial
coordinates (1.58) and completely coincides with the dependence that is observed for the strong
interaction.

4 Conclusions

Summing up, it must be said that in electrodynamics, considered in curvilinear coordinates,
the second pair of Maxwell’s equations can be obtained using the antisymmetric character of the
electromagnetic field tensor. From this antisymmetry it follows: FiX = 0. If we mark

L

as a four-dimensional vector of current density, we obtain the second pair of Maxwell’s
equations in a known form, and from the equation Fﬁ"k = 0, taking into account the introduced
notation, we get the continuity equation. So, classical electrodynamics which neglects the
internal structure of elementary particles can be called a macroscopic theory that considers
electromagnetic fields on the scale of the macro-world.
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