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The proposals that mass-energy is topological charge and topological charge is winding number are given.
The refractive index-mass relation using the decomposed form of refractive index is showed where we replace
mass with topological charge and winding number.

I. KINK, TOPOLOGICAL CHARGE AND WINDING
NUMBER

A kink is a topological soliton in one-dimensional
space, φ(x)1. Its energy density, at any given location,
does not vanish with time in the long time limit. By
definition, the kink is a map1

φ : Z2 → Z2 (1)

where Z2 denotes the group of integer with size or modulo
2. In general, Zp is group of integer with size or modulo
p. The elements of Zp are 0,±1, ..,±(p − 1). So, the
subscript 2 in Z2 of eq.(1) indicates the modulo of the
group of integer where the elements or members are 0
and ±12–4.

In the sine-Gordon model5, the topological charge is
given by6

Q =
φ(x = +∞) − φ(x = −∞)

2π
(2)

Refer to Skyrme7, the field configuration with boundary
conditions for the sine-Gordon model8 is given by

φ(x = +∞)− φ(x = −∞) = 2Nπ (3)

where N is the winding number.
If we accommodate the idea of Skyrme in eq.(3), by

substituting eq.(3) into (2), we obtain

Q =
2Nπ

2π
= N (4)

It means that the topological charge, Q, is equal to the
winding number, N9.
Topological charge is related to total energy10. The

total energy or mass11 of the kink (anti-kink)12 in the
sine-Gordon model is6

M = 8|Q| (5)

In harmony with the Skyrme’s idea7, if we treat the topo-
logical charge, Q, is equal to the winding number, N , ,
then eq.(5) becomes

M = 8|N | (6)

Here, we should remember that the mass of kink (anti-
kink), eq.(5) or (6), is the mass which is formulated in
the curved space.

II. THE REFRACTIVE INDEX AND MASS OF KINK

There exist the relationship between the refractive in-
dex and the mass in curved space, as below13

n(r) =

{
1− 2G

c2r
M

}−1
(7)

or

M = X
(
1− n−1

)
(8)

where X = c2r/2G.
By substituting eqs.(5), (6), into (7) we obtain the re-

lationship between the refractive index and the mass of
the kink (anti-kink) in the sine-Gordon model

n(r) =

{
1− 2G

c2r
(8|Q|)

}−1
=

{
1− 2G

c2r
(8|N |)

}−1
(9)

Eq.(9) show that the refractive index can be formulated
related to the topological charge and the winding num-
ber.

How about the linear refractive index formulation re-
lated to the topological charge and the winding number
in the sine-Gordon model? In case of the linear optics
for sine-Gordon model, we treat the refractive index as
the second rank tensor, and because G, c, r, m, λ are
scalars, so the topological charge and the winding num-
ber are the second rank tensors. Then, eqs.(9) become13

nµν =

{
1− 2G

c2r
(8|Qµν |)

}−1
=

{
1− 2G

c2r
(8|Nµν |)

}−1
(10)

It means that the mass of kink (anti-kink) in the sine-
Gordon model for the linear optics can be related with
the topological charge and winding number as

Mµν = 8|Qµν | = 8|Nµν | (11)

We see from eqs.(8), (9), (10), (11), then the refractive
index-mass of kink (anti-kink) relation can be written
explicitly as

Mµν = X
(
1− n−1µν

)
(12)

|Qµν | = X

8

(
1− n−1µν

)
(13)



..

|Nµν | = X

8

(
1− n−1µν

)
(14)

where14∣∣∣∣∂ν { c

ω
arccos

(
AU(1)
µ m̂U(1) − 1

g
m̂U(1) × ∂µm̂U(1)

)
a−1µ

+ ct}| = nµν (15)

nµν is the second rank tensor of refractive index, A
U(1)
µ is

the unrestricted electric (scalar) potential of U(1) group
and m̂U(1) is the restricted magnetic (vector) potential of
U(1) group.

We see from eqs.(12)-(15), there exist relation be-
tween the unrestricted electric (scalar) potential of U(1)

group, A
U(1)
µ , the restricted magnetic (vector) potential

of U(1) group, m̂U(1), with the mass, Mµν , the topolog-
ical charge, Qµν , and the winding number, Nµν , of kink
(anti-kink).
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