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Abstract 

Assessment of the Hubble parameter as an indicator of the inflation rate of the  

 Universe holds a central position in the field of astronomy . 

From its initial estimate of about 500 km   , this value had been steadily  

amended as the observational tools became more accurate and precise.  

Despite of this, a gap remained between the value of observations relating to local and  

nonlocal estimations of the Hubble parameter that gave rise to what became known as  

the Hubble tension .  
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1.Introduction  

The ɅCDM model which represents standard cosmology had a remarkable success in 

matching the theoretical predictions of the 6- parameter model to the observational  

findings.   

However, there had been many recent challenges to the integrity of this model  

in the form of local estimations of the Hubble parameter [1],[2],[3],[4] 

which have statistically significant difference from those values estimated by non-local  

measurements, mainly through CMB observations [5],[6] 

In addition, the presence of enhanced lensing amplitude whose value exceeds the  

theoretical prediction (  > 1 )  [ 7 ] , [  8 ]   is interpreted as an indication of a closed  

universe – in contradiction to the basic assumption of the ɅCDM model of a flat   

cosmology. 



 

 

 Here we will try to address those two questions concerning the Hubble tension and the  

curvature tension which were tackled previously [9] using degree of freedom approach,  

but this time the Friedmann equations would be employed. 

 

 

2. Hubble parameter – radius of the universe (  ) relationship 

The Hubble parameter is related to the universe radius via the scalar factors as follows 

	 a(t)                                                                                                                          (1-2) 

   ,    denote the radius of the universe at any time (t) and at present time ( ) 
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3.Decelerating pressure-less universe   

This analysis is based on a model for quanton fields [10] ,which are space and 

 time varying, when interacting they generate inflationary and gravitational interactions  

of space fabric which are at origin of dark energy and dark matter. 

Here , the standard form of Friedmann equations will be tackled , while later on a  

slightly modified version will be introduced. 

Friedman acceleration equation is written as 

		
= -	
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 )                                                                                                             (1-3) 

where mass density is define d as   = 
	

                                                                        (2-3) 

  :  energy density = 
	

    ,   =                                                                    (3-3) , (4-3) 

    ,     : constants of proportionality  [9] 

For the case of pressure-less fluid this reduces to  
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Given that  =     ,  =  
	
 =         ,        	  	             (5-3 ) , (6-3) , (7-3) 



 

 

Substituting with this equivalent value for     	 

=  - 
		
  = - 
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t = 	      ,   = (  		                                                                                                         (9-3) 

substituting in (8-3)  with value of    and integrating w.r.t   	 
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 Given that 
		 	 	

		
		
	
 =                                                                                                             

		 		

		 	 		
 =   = 

		
 +constant                                                                                          (15-3) 

The constant of integration equals 
	

 , which is the usual form of Friedmann equation.  

If the curvature term is small enough to be neglected in comparison to density term  

(  	 	 	
	 =   

	 			

			 				
                                                                                                               (16-3) 

Which is the first Friedmann equation of Einstein desitter model for flat matter dominated  

universe this time with a closed cosmology  

Now the Hubble parameter H= 
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Back to the first Friedmann equation and from before  
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The closed inflationary model of the nature    =      of a four dimensional  



 

 

energy density translates into 3 dimensional mass density of the type   =  

As for the three dimensional universe, the four degrees of freedom of expanding energy  

density are the result of adding three degrees of freedom for the qunanton volume in  

addition to one degree of freedom due to quanton splitting [9] , and when considering  

length , its   degrees of freedom are the result of adding  one degree of freedom of the 

 quanton and 	 degrees of energy freedom as a result of quanton splitting.  

In this closed inflationary model , the energy density plays the pivotal role due to its  

relationship with the energy degree of freedom as this was the major parameter which  

controlled the inflationary process and contributed to the uniformity and the  

homogeneity of space fabric as it is today. 

Despite of being a closed model, it had a clear matter density term dominance over  

curvature term especially in the earliest part of inflationary history.  

The relative ratio between the density  term  ( 
		
)  and the curvature term  (  )  

 is as follows 

  RR = 
		

	
=   

	 	 	
 * 

		 			
 =  

	 	 	
                                                                      (21-3) 

The inflationary process of the universe started with a dominant density term in  

comparison to the curvature term with a relative ratio RR of  almost  1 : 2x  

 ( at t=  ) 

Gradually the curvature term assumed greater relative importance, and this gradual loss 

 of dominance for the density term can be understood as energy density expansion is  

expressed as  	    in other words energy density inversely proportional to true time  

squared ( )  , while the radius of curvature is put as     =     as the curvature  

term (  )  is inversely proportional to ( . 

The dominance of density term is manifested as a decelerating inflationary regime which  

weakens as time progresses, and gradually both terms converge. 

In fact for very small values of (t) the curvature term can be disregarded and this closed 



 

 

inflationary model can be viewed as very similar to flat model. 

 

 

4. Transition time and afterwards 

The inflation of the universe was accompanied by a reduction of the energy density  

which led to a decelerating effect with regard to the rate of change of its radius ( 	) 

the deceleration came to a halt as the rate   approached the value of ( c ) . 

This happened as the space fabric whose constituent quantons must expand 

in a degree of freedom manner or in other words   = c ,where    denotes the outer  

radius of the universe. 

From this point on, the universe radius is expressed in terms of the equivalent sphere  

whose radius equals   ( which is also equal to Hubble radius )  , outer and inner radii   

  ,   of a shell. 

The transition from sphere to shell shaped universe is the result of a universe volume  

  being smaller than volume encompassed by the outer shell   , since the rate of  

generation of this volume     is smaller than the rate of increase of the outer sphere 

 [9]. 

The quantons now forth behave as a quantum relativistic (photon like) gas (keeping in 

 mind that photons were defined as relativistic quantons ) [10] which obeys the  

relationship 3 p =  =   [11] , [12]                                                                                        (1-4) 

Friedmann’s acceleration equation  

		
= -  (  + 

	
 )                                                                                                                 (2-4) 

During post transition era, the pressure has an accelerating effect which nullifies the  

decelerating gravitational effect of density term. 

In other words  
	

 = -                                                                                                        (3-4) 

And consequently   
		
			

 = zero ,  or  	   =zero                                              (4-4) 

Which leads to     = constant = c 



 

 

Under such conditions the second Hubble equation becomes 

 = 	    ,   : the equivalent radius of the universe                                                     (5-4) 

At present an equivalent universe radius equals 1.36 x  meters and can by expressed  

as   = c       ∶	Hubble time                                                                                          (6-4) 

This relationship is valid for   t  ˃                                     

The following Fig.1 represents the transition from a decelerating fluid (the higher curve  

on the right) to a relativistic fluid (the lower curve on the right) where the transition  

time is the instance when the Hubble parameters of the two flow regimes were  

momentarily equal  

           

Fig.1 representation of Hubble parameter transition from pressure-less  

Fluid of the nature      to the relativistic fluid of the nature   =  

 

5. Local Hubble parameter  

Possible explanations for the inconsistency between the local and the universal values  

of the Hubble parameter, apart from systematic errors, range from early dark 

 energy [13],[14], acoustic dark energy  [15],modified gravitation[16] , Dynamic dark  

energy [17], and neutrino physics [18]. 

This model proposed an inflationary scenario that transits from sphere to shell 

 shaped universe [9], under such a model the Hubble parameter can have a local  



 

 

value, while its universal value can still be assessed via non local phenomena like CMB. 

Previously, the values of the Hubble parameter were obtained in terms  of the outer ) ,  

inner radius ) , and their rates of change with time , the same methodology can be  

elaborated further to allow for the determination of the Hubble parameter at any 

 radius  ( ). 

Remembering that  c (t- ) + 	     ,   = c                                                ( 1-5), (2-5) 

 : transition time  

     	 	                                                                                                            (3-5) 

 = ( -   )    ,   =    = c                                                                              (4-5) 

Now for the Hubble parameter an any point on the radius  

Given that       ˃   ˃     

And x=  
	

	
                                                                                                                          (5-5) 

 = x (  )+   = -(1-x) ( )                                                                                      (6-5) 

After rearrangement   

 = x  +( 1-x )                                                                                                                     (7-5) 

When differentiating w.r.t time  

 = x  + (1-x)                                                                                                                   (8-5) 

And the local Hubble parameter  

H(x) =  = 
	 	 	 	

                                                                                       (9-5) 

H(x)  =  
	 	 	 	

	 	 	 	
 = 

	 	 	 	

	 	 	 	 		
                                                                                       (10-5) 

The following Fig. 2 charts the variation of the Hubble parameter along the radial  

distance    

 



 

 

               

     Fig.2   representation for the variation of the local value of the Hubble  

parameter along  the radial direction     ,   ˃   ˃           

          

6. Newtonian interpretation of the transition time 

Based on the Newtonian concept of gravitation [19],[20] an illustration about the 

 physical meaning of each of Friedmann equations, given that the mass of the universe 

  , the second Newton law is written as 

=-
	

                                                                                                                      (1-6) 

After multiplying both terms by 
	

	   and integrating , the energy equation is obtained 

 
	

	 =
	 	  +U                                                                                                          (2-6) 

Where the density term represents the gravitational potential energy and the constant (U)  

represents the total energy of the universe, while the time derivative term represents the 

 kinetic energy. 

For the case of the symmetrically expanding universe the mass can be expressed as  

  when dividing by  . 

In pre-transition era the kinetic energy equaled the gravitational decelerating potential,  

while in post transition world the total energy of the universe is represented by the  



 

 

kinetic energy as there was no decelerating potential. 

The kinetic energy of the universe is transformed from being equal to the  

gravitational potential to being equal to the total energy in the universe in the post  

transition era. 

  

7. The dual nature of density term 

The motivation behind the following analysis is to study how the cosmological transition 

took place given that it must had been a smooth one between the two epochs. 

The condition of such smoothness is that both the density and the curvature terms must   

momentarily be equal at the instant of transition. 

Previously, it was shown that the density term had a relative dominance in magnitude 

over the curvature term. 

The curvature term approaches the density term but not at any point the universe’s  

inflationary history did both terms become equal. 

Under such conditions the cosmological transition took place under a modified  

gravitation. 

Here we make the distinction between the energy density spatial expansion (which is  

uniform throughout the inflationary history of the universe),and the volumetric expansion   

which is altered at the transition instance.  

The spatial expansion is based on Hubble parameter of the discrete quanton fields 

( in contract to the non-quantized space-time ) 

Given that the quanton fields (free and constrained) expand in a degree of freedom  

Manner [10] 

  = ct                                                                                                                                      (1-7) 

v= =c                                                                                                                                   (2-7) 

  : effective radius – other than    which defines the decaying manner of the quanton  

fields [10]    

The spatial expansion based Hubble parameter(   can then be found as follows 

=   =    =                                                                                                                        (3-7) 



 

 

t : true time  

Now the modified Friedmann equation becomes  

 =  = 
		
                                                                                                                      (4-7) 

This equation remains time invariant. (pre-and post-transition) , and this is  

understandable as the expansion nature of quanton fields remains constant irrespective  

of the inflationary nature of the universe . 

While the Friedman equation for the volumetric expansion in a pre-transition world now  

becomes  

 =  	=   
		
                                                                                                         (5-7) 

 : Hubble parameter for the volumetric expansion 

And the ratio between the volumetric and spatial expansion Hubble parameters for the  

pre-transition era   

  =                                                                                                                                 (6-7) 

This ratio between the volumetric and the spatial expansion Hubble parameters ( as  

well as the ratio between Hubble time and true time) was a constant one during the pre- 

transition era as it was a case of inflation into a spherically shaped universe.  

In pre-transition time the density term played both roles, namely volumetric and spatial  

expansion, however this duality came to an end with the advent of the transition and  

afterwards, as the curvature term assumed the role of volumetric expansion while the  

density term maintained the role of spatial expansion  

the ratio between the two in post transition era is no longer a constant as it was  

  = 
	 	 		 				

	

	
   =         

              =
	 	

	 		 			
                                                                                                                   (7-7)                       

	                                                                 

Where  the universe volume is defined as     =  		 	[9]                                              (8-7) 

and its equivalent radius     = 	 		 		 			                                                                  (9-7) 



 

 

and the volumetric Hubble parameter of the post-transition world now becomes 

 =                                                                                                                                    (10-7) 

Previously the value of the vacuum energy density and the total energy content of the  

universe was provided based on empirical data [22],[23] 

Now more refined value for both can be determined based on (4-7) ,which yields the  

following values of vacuum energy density and total energy content of the universe  

respectively 

  	    = 
	

 = 8.45x   J 			, 	8.9x   joules                                     (11-7),(12-7) 

Equation (4-7) allows for the following  

	  =                                                                                                                             

 = 
	

                                                                                                                                  (12-7) 

For a closed universe  spatially symmetric universe , 	 
	

	
                                      (14-7) 
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       =                                                                                  (15-7) 

Substituting with value of   from (10-7) 

  = 
∗ 	

∗ 	
 = 

	

	
                                                                                                       (16-7) 

 = 
	

	
                                                                                                                        (17-7) 

= 
	

                                                                                                                            (18-7) 

Equations (16,17,18-7) are very important as they relate the cosmological parameters  

in terms of the fundamental physical constants G, c in the absence of the related time  

constants (k’s). 

The concept of uniform density expansion of the form   
		

	
 =  allows for the 

development of more refined values of actual energy density, while maintaining the  

symmetries of the quanton, physical and cosmological ratio as illustrated in the  

supportive data. 

 table .2.  offers the modified version of the Friedmann equation for the spatial and  

volumetric expansion  



 

 

 

 

 

 

Table.2   The density term represents both the volumetric and the spatial expansion in  

the pre- transition Era while it represents only the spatial expansion in post transition  

era  

The value of Hubble time is greater than true time up till now, and consequently, 

the value of the term (  ) is bound to be greater than the value of the term (  )  , 

Therefore, the actual mass density is always greater than the critical density. 

Based on the previous conclusion the value of the curvature parameter can be obtained   

Ω  =  = 
	

 = 	 
.

.
	 =  1.09                                                                                     (19-7) 

Ω  = 1-Ω = -.09                                                                                                                      (20-7) 

 An explanation of the near zero value of the curvature parameter as a result of the  

 constraining of observational cosmological parameters [24] lies in the fact that this near  

zero curvature parameter (which is perceived as an evidence of a flat universe) belongs  

to a closed universe which is expanding at a rate that equals that of an open universe  

due to geometric degeneracy which allows various closed models to generate the same  

observational results as flat model, namely 

 	  ( perceived critical mass density )  	
		

                                                              (21-7) 

=                                ( actual expansion case ) 

Era Role expression 
Pre-transition Spatial  

expansion   

Volumetric 
expansion 

   = ( = 

∗  

Post transition  spatial 
expansion   

( the same as pre‐
transition ) 

volumetric 
expansion 

H=  

: equivalent 
spherical radius 



 

 

		
 =                                                                                                                        (22-7) 

 =   
		 		

		 		
                                                                                                                         (23-7) 

    

8.Effect of presence of normal matter 

8-a.Departure from parameter ratio symmetry with time  

Previously [9] the presented cosmological inflationary model which the quanton and  

the cosmological parameters were determined based on their energy degree of freedom. 

And the relative ratios of those parameters between the present day and the Planck Era  

(  ) were deduced in the form  

 =     = 
.

. 	
	    .                                                                           (8-1) 

Where   is the relative ratio between the value of the parameter (x) at the present day  

to its value at Planck time given its degrees of freedom (Dof ). 

That model was based on either the absence of the normal matter or considering it to be  

as diffusive as dark matter.  

In either case the result was ideal ratios that do not deviate from that of time relative  

ratio. 

But in reality the agglomerated, non-diffusive nature of the normal matter reduces its  

gravitational effect so allowing energy density further expansion and as a result the  

quanton and the cosmological parameter relative ratios are higher by two or 3  

hundredths from that ideal relative ratio of time. 

8-b.Underestimation of the energy density 

The extent of lensing of observational CMB radiation is affected by the matter  

distribution , as a result the observed curvature parameter (  Ω  = -0.04 )  is an  

underestimation of the actual space curvature while the ideal relationship  = 
		
 

provides an overestimation of the energy density. 

As a result of those effects, the actual curvature parameter is somewhere between the  

 observed value and the ideal value. 
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https://docs.google.com/spreadsheets/d/1fc0iVjZHgRcrN2RsezX6ySpjnxcpdRa3/edit#gid=626736170 
 

 

11. Discussion  

 Though this model adheres to the main outlines of the GR based standard cosmology  

but amendments were introduced which can be summarized as follows  

1-Distinction is being made between spatial and volumetric expansion of energy density  

due to the nature of quantized quanton space and time varying fields expanding in three  

dimensional space 

2- In the pre-transition era  

2-a.The Hubble parameter is represented by the modified density term only despite 

 being a closed model ( k≠ zero as density term is greater in magnitude than curvature  

term )  

2-b.As a result of this distinction between spatial expansion (on the quanton level ) 

And the cosmological level(volumetric) ,as a result a factor of ( ) was introduced to  

account for this difference when calculating the universal volumetric Hubble parameter.  

2- In post transition era , introduction of a locally varying Hubble parameter which seems 

 to be a departure from general principle of cosmology which necessitates that inflation  

is the same everywhere in the universe, but otherwise the reminder of that principle still 

holds since the degree of freedom expansion of the statistically distributed quanton  

densities as well as parameter synchronization ensured the space fabric uniformity and  

homogeneity. 



 

 

 

12. Conclusions 

1-Cosmic transition from decelerating pressure-less fluid to a relativistic fluid   

 allows Hubble parameter to be varied locally, while the universal Hubble parameter 

can be assessed in terms of curvature term of Friedman equation.  

2-Both density and curvature terms carry their own time imprints (true time and Hubble  

time) which express spatial and volumetric expansion of energy density respectively.   

3-The cosmic transition requires that the density and the curvature terms to be equal  

momentarily, this is possible only under modified gravitation. 
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