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Abstract
In this paper, we present two identities involving Fibonacci numbers and Lucas numbers.
The first identity generalizes Vajda’s identity, which in turn generalizes Catalan’s identity,
while the second identity is a corresponding result involving Lucas numbers. Binet’s for-
mulas for generating the nth term of Fibonacci numbers and Lucas numbers will be used
in proving the identities.
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1 Introduction

The Fibonacci numbers, commonly known as F,,, form a sequence, called the Fibonacci
sequence, such that each number is a sum of the two preceeding ones, starting from 0 and
1. The Fibonacci sequence is denoted as

F, = n—1+Fn—2>nZ 2aF0:O7F1 = 1.
The first few Fibonacci numbers are given by:
1,1,2,3,5,8,13,21,34,55,89, 144,233, ...

The Lucas numbers, just like the Fibonacci numbers, but commonly known as L,,, form a
sequence, called the Lucas sequence, such that each number is a sum of the two preceeding
ones, starting from 2 and 1. The Lucas sequence is denoted as

Ln = Ln—l -+ Ln_27n 2 2,L0 = 27L1 =1.
The first few Lucas numbers are given by:

1,3,4,7,11, 18,29, 47,76, 123, 199, ...
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In 1680, Cassini discovered without proof that
Fo 1 Fpy — F2 = (—-1)", (1.1)

which was later independently proved by Robert Simson in 1753. Jeffrey R. Chesnov([3],
P.29) proved (1.1) using the matrix method. In 1879, Eugene Charles Catalan discovered

and proved that
F? —F,  Fop = (—1)""F? (1.2)

which generalizes Cassini’s identity. Ashwini Panwar, Kiran Sisodiya, G. P. S. Rathore[1]
and Alongkot Suvarnamani[2] proved (1.2) using Binet’s formula for generating nth Fi-
bonacci number. Another identity which generalizes Cassini’s identity

Fan+1 - Fm+1Fn - (—1)nFm_n, (13)

was discovered by Philbert Maurice D’Ocagne. In 1989, Steven Vajda[5] published a book
on Fibonacci numbers which contains the identity

Fn+iFn+j - FnFn+i+j = (_1)nFle (1'4)
A variant of Vajda’s identity which states that
FonF, — merFerr = <_1)m7TFan+r7ma (15)

was proved by Michael Z. Spivey[4] using the matrix method.
In section 2, we state our main results and give their proofs in section 3.

2 The Main Results

Identity 1: If n,7, 7, k, x,y, 2z are integers, then

n+z+y7kFi+k*y*ZFj+k+zfx (2'1)

Fn+i+xszn+j+y+z - Fn+x+y7an+i+j+k = <_1)
From (2.1), we can see that setting x =y = z = k = 0, we get

n+m+y—kF

Fn+i+x—an+j+y+z - Fn+m+y—an+i+j+k - (_1) i+k—y—sz+k+z—z

H+O*O*OF

Fotito—0Fntjr0+0 — Fatoro—o0Fntitjro = (—1) i+0+0—0Lj+0+0-0

Fn+iFn+j - FnFn+i+j = (—1)nFiFj (2-2)
Now, we can see that (2.2) is equal to (1.4)

Also, we can see that setting i = 1,7 = m — n in (2.2), we get
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Fn+iFn+j - FnFn+i+j = (_]-)n-FzF}
Fn+1Fn+m—n - FnFn+1+m—n = (_1)nF1Fm—n

Fn+1Fm - FnFm+1 - (—1)nFm,n (23)
Also, we can see that (2.3) is equal to (1.3)

Identity 2: If n,1, 7, k, x,y, z are integers and

= Ln+i+mszn+j+y+z7 (2-4)
61 - Ln+$+y—kLn+i+j+k7 (25)
Y= (1) L yoe + (1)L ik (2.6)
then
ar — B =m. (2'7)

3 The Proofs

Proof of identity 1: We know from Binet’s formula for generating nth Fibonacci number

that if
¢_1+\/5 1-5
T Ty YT T
then
Fn:¢—<p

V5

where F,, is the nth Fibonacci number.

From (2.1), let

a = Fotita—Fotjiytz (3.1)
B = Fn+x+y*an+i+j+k (3'2)
T S (33)



Therefore, we have
a—f=x
We can see that to prove (2.1), it suffices to show that (3.4) is true.

Also, let
¢2n+i+x+j+y 2n+itz+j+y ¢n+i+xfz n+j+y+z
p=%Y— "~ p=2 "~ p-= L
1 — 9 2 — ) 3 — 9
) 5) 5)
¢n+j+y+z S0n+i+acfz ¢n+x+yfkspn+i+j+k ¢n+i+j+k(pn+m+yfk
P4 = ) P5 = ) P6 =
5) 5) )

_ itk—y—z, jtzt+k—=x _ g Jtztk—x, itk—y—z _ 2k+itj—x—
P7_¢ Y ij 7P8_¢] 2 Y 7P9_¢ / ya
_ 2k+itj—x— _
Pyo=¢ ! v, P = in+kfysz’j'+k+zfz-

From (3.1), we see that

a = Fn+i+x—an+j+y+z

. ( ¢n+i+a:—z . (pn—‘ri—i-z—z) (¢n+j+y+z _ Q0n+j+y+z)
V5 V5

¢2n+i+a}+j+y (bn—&-i—}—z—zgpn—}—j—&-y—&—z ¢n+j+y+z¢n+i+z—z S0271—&-1'—i—ac-l—j—i—y

) ) 5 * >

«

Oézpl—Pg—P4+P2
From (3.2), we see that

6 = Fn+x+y—an+i+j+k

¢n+x+yfk _ s07”L+z+yfk ¢n+i+j+k _ SDn+i+j+lc
(=) —%—)

¢2n+i+$+j+y ¢n+z+y—kgpn+i+j+k ¢n+i+j+k€0n+$+y—k 902n+i+w+j+y

8=

B

) ) 5 * )

f=P—-PF—F+D
Deducting (3.6) from (3.5) gives

a—B=(P5+F)— (Ps+ Py)

From (3.7), let
Vi=—(Ps+ F))
Vo = (Ps + Fs)
then

I

(3.4)

(3.5)
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<¢@)n+x+y—k ( ¢n+i+:c—zgpn+j+y+z ¢n+j+y+z90n+z’+x—z )

(¢§0)n+x+yfk 5 + 5

n+it+r—z, ,n+j+y+z n+j+y+z, ,nti+xr—=z
Vo= (¢ © J+y Qg J+y © )
1= —

‘/1:_

¢n+i+mfz n+j+y+z ¢n+j+y+z n+i+r—z
Vv, = __((¢ >n+x+yfk) ¥ + ¥
1 5 ¢n+z+y—k Spn—&w—i—y—k ¢n—|—z+y—k Spn—&-x—i—y—k

1 - i+k—y—z, _jt+z+k—z j+z2+k—z, i+k—y—z
Vi = =2 (@) (@R it i)

Note that
Pp = —1

So
1
Vi= —3((—1)”””"“)(}77 + R)

Also,

5 i 5

((bgp)n—&-:c—f—y—k: ( <én-l—:c—i—y—k;Son-i-i—l—j—i-k (bn-&-i-l-j-&-kgon-i-a:—i—y—k )

(¢¢)n+m+y7k 5 + 5

n+x+y—=k, ~n+i+j+k n+i+j+k, n+x+y—k
Vo= <¢ YRt grttR ety >
5 =

‘/2:

¢n+x+yfk n+i+j+k ¢n+i+j+k n+x+y—k
Va = 2 ((¢p) =) - -
2 5 ¢n+x+y—k (pn—l—az—&—y—k ¢n+x+y—k (pn—l—x—&—y—k

1 - i+j—x— i+j—r—
(e [ A

1 n+r+y— i+j—x— i+i—x—
‘/2 — 3(@590) +x+y k)(¢2k+ +J Y 4 902k+ +J y)
Note that
pp = —1

So
1
Vy = 5((—1)%“‘”%)(3) + Pro)

Now, we see from (3.7) that
Q—B:(P5+P6)—(P3+P4)
a0 B=Vi+Vp
1
o — ﬁ = g((—l)nJerryik)(Pg — P7 — Pg + PlO)

From (3.3), we see that



Y= (_1)n+x+y_kﬂ+k—y—zﬁ}+k+z—z

v = (=) (Py) (3.9)
But

Pll = E+k—y—zﬁ}+k+z—m

PH _ <¢i+kyz _ (piJrkyz) (¢j+k+zx _ (pj+k+z:p>
V5 V5

(¢i+k—y—z . ('Di-i—k—y—z)(qu—i-k-‘rz—z . gOj-l-k—l-z—;r)

1

P11=g

_ 2k+i+j—x—y i+k—y—z, jt+z+k—x +z+k—x, i+k—y—=z 2k+i+j—x—y
Pu=2(¢ —¢ @ —¢’ p + )

1
PIIZE(PQ_P7_P8+P10) (310)
So, putting (3.10) in (3.9) gives
1
v = 5((_1)n+$+y_k)(P9_P7—P8+P10) (3.11)

Since (3.8) equals (3.11) then, (3.4) is true which completes the proof.

Proof of identity 2: We know that the formula for generating nth Lucas number is,

if
s L Vi 1=
A
then
Ln = ¢n + Son
where L,, is the nth Lucas number.
Let

Ql — ¢2n+i+:p+j+y, Q2 — (p2n+i+x+j+y’ Q?) — ¢n+i+mfz(pn+j+y+z,

Q4 — ¢n+j+y+z(pn+i+mfz Q5 — ¢n+x+y7k(pn+i+j+k7 Q6 — ¢n+i+j+k¢n+x+y7k'

)

From (2.4), we see that

ayp = Ln+i+x—an+j+y+z



o] = (¢”+i+$*2 + gpn+i+mfz)<¢n+j+y+z 4 g0n+j+y+z)

ap = ¢2n+i+w+j+y+¢n+i+$—z n+j+y+z+¢n+j+y+z n+i+x—z+ 2n+it+x+j+y

' v '

o =Q1+ @3+ Qs+ Q2 (3.12)
From (2.5), we see that

B1 = Lntary—rLntvivjrk
ﬁl — (¢n+z+y—k + 90n+x+y_k)(¢n+i+j+k + (pn+i+j+k)

_ i 2n+titxtjty n+xz+y—k, n+it+jt+k n+i+j+k, _ntzt+y—k 2n+i+x+j+y
=09 +¢ ¥ +¢ T

¥

fi=0Q1+ Qs+ Qs+ Qo (3.13)
Deducting (3.13) from (3.12) gives
ap — f1 = (Q3 + Qs) — (Q5 + Qs) (3.14)
From (3.14), let
Up = (Q3+ Qa)
Uz = —(Q5 + Qs)
then
Ul — gbn—i—i—l—z—zgon—l—j—l—y—i-z + ¢n+j+y+z€0n+i+m—z
_ (¢¢)n+j+y+z nt+it+xr—z, nt+jt+y+z n+j+y+z, n+ti+r—=z
Ul—(W<¢ EITITVTE 4+ @I )
) n+i+x—z , n+j+y+z n+j+y+z , nt+itr—=z
Ul —_ ((¢¢)n+]+y+z) ¢ : ¥ : ¢ : 2 :
¢n+J+y+z ¢n+j+y+z ¢n+j+y+z (pn+J+y+z
Ul _ (((bsp)n—i-j—i-y—i-Z)(¢i+x—j—y—2z + ¢i+$_j_y_2z)
Note that
pp =—1
So '
Ur = (~1)"™ ) Loy
Also,

Uy = _(¢n+i+x—z¢n+j+y+z + ¢n+j+y+z(pn+i+x—z)



U, — — (ﬁbSO)nJrHHk <¢n+x+y—k n+i+j+k+¢n+i+j+k n+x+y—k)
2= (pp)rritith ¢ ¥

nt+z+y—k , nt+it+j+k n+i+j+k  ntzt+y—k
Uy = —((p)"THH7TH) ¥ ¥
2 prtitith ontititk T gntitith ontitith

Uy = _((¢(p)n+i+j+k>(¢x+y7ifj—2k + SOeryfifijk)
Note that
pp = —1
So
Uz = —((=1)"" ) Loyimjoon
Uy = ((_1)n+i+j+k+1>L$+y—i—j—2k

Now, we see from (3.14) that

oy — B = (Q3+ Q4) — (@5 + Qs)
ap — B =U + U
ay — 51 = ((_1)n+j+y+z)Li+x—j—y—22 + ((_1)n+i+j+k+1)L:c+y—i—j—2k: (315)

Since (2.6) equals (3.15) then, (2.7) is true which completes the proof.

4 Conclusion

In this paper, we have stated and proved two identities which involve Fibonacci numbers
and Lucas numbers. Binet’s formulas for generating nth Fibonacci number and nth Lucas
number were used in proving the identities.
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