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Abstract: The Lie algebra associated with the Lorentz group O(3,3) is investigated. Six classes of
algebras are defined. It is found that algebras in the d, s, and b classes are related to algebras in the u, c,
and t classes by SU(2) x U(1) symmetry plus a rotation.
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1. Introduction

The Lorentz group O(3,3) can be associated with a six-dimensional mathematical space containing three
space dimensions and three time dimensions [1]. The corresponding Lie algebra is SO(3,3) in which the
symmetry of time and the symmetry of space are isomorphic.

This article investigates some aspects of symmetry associated with the O(3,3) mathematical space. We
consider six SU(2) x SU(2) subalgebras and combine these in three-algebra combinations resulting in six
classes of combinations, labelled d, s, b, u, ¢, and t. A specific type of algebra is defined, a mixed algebra,
and symmetry relationships between these algebras are investigated. It is found that mixed algebras in the
d, s, and b classes are related to mixed algebras in the u, ¢, and t classes by SU(2) xU(1) symmetry plus a
rotation . Mixed algebras in the d, s, and b classes are not related to each other by SU(2) xU(1) symmetry,
which is also true of mixed algebras in the u, ¢, and t classes.

In section 3, the three-algebra classes are constructed. In section 4, the symmetry relationships between
algebras in these classes are investigated.

2. Materials and methods

This article adopts the convention that roman indices can assume any value from 1 to 3.

The article uses the notation in reference [2] for the generators of the Lie algebra SO(3,3):

J;  :three space rotation generators (D)
Ty : three time rotation generators
Ky :nine boost generators

The related commutation relations for complexified SO(3,3) are then [2]:
[Tj> Tk] =1 €jkm Tm [Jj> Jk] =1 €jkm Jm [Tja Jk] =0 (2)

[TJ, iKkn] =1 €ikm len [Jja 1I<nk] =1 €jkm iKnm
[iKin, iKia] = 1€t T [iKuj, iIKai] = 1 € Tn



The article defines an SO(4) Lie algebra using the following notation [3]:

[aja ak] = 1 €jkm am (3)
[by, b] = 1 €km anm
[aja bk] = 1 €jkm bm

It also defines the direct product SO(3) x SO(2) using the notation [3]:

[Wj, Wk] =1 €jkm Wm (4)
[Wo, Wi] 0

We note that SU(2) and SO(3) have the same Lie algebra, and that U(1) and SO(2) are isomorphic [4].

Reference [2] also defines two families of SO(4) subalgebras:

label a; a, a3 b, b, b; %)
€1 Jl J2 J3 iKll iK12 iK13
(S5 Jl J2 J3 iKzl iK22 iK23
€3 Jl Jz J3 iK31 iK32 iK33
m Tl Tz T3 iKll iK21 iK31
m, Tl Tz T3 iKlz iKzz iK32
mj T1 T2 T3 iK13 iK23 iK33

In the SO(4) = SU(2) x SU(2) basis these become:

label | Y2(a;+by) Y2(ayt+b,) Y2(aszths) Y2(a—by) Y2(ar-b,) Y2(a3—bs) (6)

e V() HK ) H(JFiK) | Va(J5HK ) V(1=K ) V21K ) 7a(J5-iK3)
e V()1 +iKyp) H(JHiKy) | Va(J3HiKys) V(1 1=1Ky)) V2(J-iKy,) Va(J5-1Ky3)
€3 V()1 +iKsp) (I iKs) | Va(J3H+iKs3) 72(J-1K31) Va(J-iKs3,) /2(J5-1K33)

m; | AT HKy) | A(TotKy) | A(TsHKs) | AT =K | A(T-Ky) | Ya(T-1Ks))
m, | (T +HK) 72(To+iKy,) 72(T3+iKs) (T =K, ) 72(Tr-1Ky)) 72(T5-1K3))
my | AT +HKg) | A(TrHKy) | Va(Ts+Kss) | AT =Ks) | 7a(TriKays) | Va(Ts-iKss)

We define a chiral-pair of algebra components as the sum and difference of a rotation generator and a
boost generator. For example, the components Y2(J;+iK;;) and 2(J;—iK,) are defined to be a chiral-pair
and may be written together as Y2(J+iKy,).

Finally, we define a mixed algebra as a six component algebra containing three chiral-pairs, where each
chiral-pair is associated with a different SU(2) x SU(2) subalgebra. For example, in the following array of
components, the components in each column form an SU(2) x SU(2) algebra and the components in each

row form a mixed algebra:



€ m, m, (7
(LK) | A(TEKy) | 7%(T#HK )
H(JtiK ) | Va(To#iKyy) | Va(ToEiKy,)
HK3) | A(Ta#iKsy) | Va(Ts+iKsy)

3. Classes and sub-classes of mixed algebras

If we consider the six SU(2) x SU(2) algebras of the e-family and m-family as a set, then there are twenty
three-algebra combinations. The combinations {m;, m,, m;} and {e;, e,, e;} have been addressed
previously [2]. The remaining eighteen combinations can be organized into classes and sub-classes:

class | sub-class | combination class | sub-class | combination (®)
d d {er, m;, my} u {er, &5, my}
dy {er, m;, ms} u, {er, &, my}
ds {el, my, ms} u; {er, e, m3}
S1 {e,, my, my} Ci {ei, €3, my}
S2 {e,, my, ms} C {ei, €3, my}
S3 {e;, my, my} c {ei, es, m3}
b b, {e;, m;, my} t {es, €3, my}
b, {es, my, ms} t {e,, €3, My}
bs {es, my, ms} %) {e,, €3, m3}

Here, each combination of three SU(2) x SU(2) algebras, gives rise to a sub-class containing twenty-seven
unique mixed algebras. For example, the mixed algebras in the d; sub-class are:

d; mixed algebra

d; mixed algebra

{Y2(J, 1K), Ya(THK ), AT £K ) )

16

{2(Ji£1K ), Ya(Ts+iKs)), Va(TotiKy,) )

{V2(J,%1K,), Va(TotiKyy), Ya(ToEiKy) )

17

{V2(J,£1K0), Ya(T 1K )), Va(T5HKs)) }

3| 10K ), YA(T5HKs)), A(TiKsn) ) | [18] (40K 3), Ya(ToHiKsy), YA(T K )}
4| 10 %K), HTHEK), A(TK)) | [19] {40 %K), A(ToEKs,), A(T K )}
5| (404K ), B(THKy), AT HK ) | [20] 404K ), A(TsiKs)), V(T £iKa) )

{V2(J5£1K3), Va(T51Ks)), Yo(ToEiKy) )

21

{72(J541K3), Y2(T£1K ), Va(Ts£iKs)

7| {40 EKy), AT HEKY), HTEK) | [22] {40 FK,), A(ToEiKy)), VA(TEiKs))
8 | {14 4K o), A(THKy)), (TxiKs) | [23] {4(041K ), Ya(TsiKs)), V(T %K)}
9 | 115K 3), A(T5HKs)), A(TEKD)Y | [24] {40EK ), BHTHK), V(T Ko}
10| {40 =K,)), A(T+iKy)), AT K | [25] {40 %K), A(TAiK)), VA(T£iKa))
11] {40:5K ), AT =K, ATEKn) | [26] {40:%K ), VA(TEiKs)), Va(TEiKs) !

12

{V2(J5£1K3), Va(TotiKyy), Ya(T5+iKs) )

27

{2(J5£1K3), Ya(T 1K )), Ya(T 1 #K )}

13

{a(J, 1K), Va(Ts+Ks)), Ya(Ts+Ks))

©



14

{V2(J,£1K ), Va(T1#K ), VAT EK )

15

1V2(J5£1K3), Va(TotKy)), Ya(ToEiKy) )

These are all the possible six component algebras that contain one chiral-pair from e;, one chiral-pair
from m; and one chiral-pair from m;.

4. SU(2) x U(1) symmetry

Nine SO(3) x SO(2) algebras of interest are:

Wy Wy W3 Wo
Jl iKlz iK13 Tl
I 1K, K53 T,
5 1K, K3 T;
Jz iK13 iKll Tl
Jz iK33 iK31 T3
J3 1Ky Ky, T
I3 1Ky, 1Ky, T,
J3 iK31 iK32 T3

If we consider the first algebra

Wi W, W3 Wy

Ji iKp iKy; T,

then with a change of basis we may obtain the algebra

1/2(W1 + Wz) 1/Z(W() + W3)

£ 1K) | AT +1K3)

(10)

(11)

(12)

We note that the generators J; and iK,, are associated with the SU(2) x SU(2) algebra e,. Rotating Y2(w, =

W) in the associated e; vector space gives:

Va(wit wy)' | Va(WoE ws)

s+ 1Ky5) | (T +1K3)

(13)

We conclude that the two chiral-pairs /2(J; + iK;3) and 72(T; £ iK,3) are related by SU(2) x U(1) symmetry
plus a rotation.

Applying this procedure to all nine SO(3) x SO(2) algebras of interest, gives the following SU(2) x U(1)
partnered chiral-pairs:



I/Z(Jlil:iK“) g I/Z(Tlﬂ:iKll)
I/Z(Jzﬂ:iKlz) g I/Z(Tlﬂ:iKlz)
1/2(]3:|:iK13) > 1/2(T1:|:iK13)

1/2(]1:|ZiK21) g 1/2(T2:':iK21)
1/2(]22|ZiK22) g I/Z(Tzﬂ:iKzz)
Va(J3£1Ky3) > Va(To+iK3)

1/2(J1iiK31) g 1/2(T3Z|ZiK31)
1/2(]22|:iK32) g 1/2(T3Z|ZiK32)
1/2(J3Z|ZiK33) > 1/2(T3Z|:iK33)

(14)

Using these relationships, we may find the SU(2) x U(1) partners of a sub-class of mixed algebras. For
the d; family this gives:

d; mixed algebra SU(2) x U(1) partner algebra sub-class
1| (40K ), ATy, TR} o] (AT K, Vs £iKay), Vas £iK )}
2 | {72(JEiK ), Va(TotiKy,), Va(ToEiKy)} [« ] {A(TiEHK,,), 2(J: $Ky)), o), +iKy) |
3 | UA0siK ), Va(TsEiKs), Va(TsiKs,) ) [«f 17(T 14K 3), Vo) £1Ks)), Va(Jr£iKsy)
4 | {20 F1K ), V(T Ky, Va(TsEiKsy) ) || {VA(TiEK, ), (0 $Ky), o, +1Ks)) | Ci
5| UAULEK ), Va(TotiKyy), Va(T#K )} (] 172(T#iK ), o)1 +1Ky1), Va(Jr £1K,) } u,
6 | {12(J5£i1K3), Ya(Ts+iKy)), Ya(TyxiKy)} |«o| {YA(T 11K 3), Yol £iKs:), Ya(Jr £1Ks))} t3
7 | {201 %K ), (T Ky )), Ya(TiKy)} |«o] {Y(T 1K), Yol £iKyy), Ya(Jo £1Ky)} u;
8 | UAaEiK ), Va(TotiKyy), Va(TstiKay) ) (] 112(T#1K ), Vo)1 1K), Va(Jr £1Ks)) } t
9 | {2(J£1K 3), Va(Ts4iKs:), V(T iEiK )} || {VA(TiEK3), VoI $1Ksy), o, +iKip) | C3
10| {A(J+iK ), Ya(TyHiKs), (T 1+iKn)} [« {Y4(T 1K), Y £iKs)), Y £iK p)} Ci
11| {V2(J,+1K ), Va(T 1K), Va(TotiKy)§ |« {72(T£1K ), Vo) K1), 72(J2 1K)} u,
12| {V2(J5£1K 3), Va(ToEiKy,), Va(Ts+1Ksn) |« {72(T £iK3), Ya(J; +1Ky)), 72(Jr +1Kss) } t3
13| {20, %1K ), V2(Ts4Ks:), Ya(TsEiKsy) ) [«| {A(TiEK ), 20 $Ksy), o), +iKs) |
14 ((0,5K ), V(T K, ), Va(TEK ) Y o] 1T K ), Y, £iKyy), YadsHK )}
15| {V(5K ), Yo(ToiKor), Va(TokiKon)} || {VA(T K ), Va1 £iKor), Va(Jo £iKo)t
16| {"2(J 1K), Va(Ts£iKs:), Va(TotiKy) ) || 172(T 14K y), Vo) £1Ks)), Va(Jr 1K)} t
17| {72(J%1K ), 72(T 4K ), Va(TsEiKsy) ) || {A(TiEK,,), 20 $HK ), o), +iKs)) | C
18] {2(Js+iK3), Va(ToEiKy), Va(T K )} || 17(T 14K 3), Vo) £1Ky)), Va(Jr£iKp) | U3
19| {2(J,&1Ky), Va(TotiKy), V(T iEiK )} || {VA(TiEK, ), (0 $1Ky)), o, +iKp) | u;
20| {(J£iK ), Ya(Ts#iKsyy), Ya(TxiKyy)} [«o| {Y4(T %K), Ya(J; £iKsy), (), +1Ks,)} t,
21| {A(J3£iK ), Ya(T %K), Ya(TiKsy)} [«o] {4(T%iKy3), Yol £1Kyy), (), +1Ks,)} C3
22| {V2(J Ky, Va(ToEiKyy), Va(TatiKsy) ) |« {4(T1+1Ky), Vo £1Ky)), Va(J 1K)} t
23| {Va(J4iK ), Va(TsEiKsy), V(T K )} |« {4(T1+1K,), Vol £1Ks)), V(T +1K o)} [
24| {A(J3£1K ), V(T #iKy ), Ya(TxiKyy)} [«o| {Y4(T£iKy3), Ya(J; £iKyy), Ya(J, +1Ks,)} U3
25| (021K y), VA(To2iKay), VA(TotiKan)} o] {VA(T Ky, Vol £iKay), Va(Jo £iKon)}
26| {2(Jp+1K o), Va(T3+iKsy), 72(TsEiKsy) ) [«f {VA(T 11K ), Vo)1 £1Ks1), Ya(J, +1Ks,) §
27| {2(JsEiK3), Va(T K y), VAT K ) b o AT HK ), a0 +1Ky), o 1K o)}

We conclude that mixed algebras in the d; sub-class are related by SU(2) x U(1) symmetry plus a
rotation, to mixed algebras in the u;, u,, us, ¢y, s, C3, 1, to, and t; sub-classes. Investigation of the other

sub-classes finds the following relationships:

(15)



class | sub-class | SU(2) x U(1) partners class | sub-class | SU(2) x U(1) partners
d d; Uy,Up,U3,C1,C2,C3,t1,10,13 u u di,d>,d3,51,52,83,b1,b2,b3
d, Uy,Up,U3,C1,C2,C3,t1,10,13 u di,d>,d3,51,82,83,b1,b2,b3
d3 ul3u23u33C19C23C39t19t23t3 U3 dl9d29d39S19S29S39b19b29b3
S Sl ul3u23u33C19C25C39t19t23t3 C Cl dl9d29d39S19S29S39b19b29b3
Sz U3,Up,U3,C1,C2,C3,t1,1,13 C di,d2,d3,51,82,83,b1,b2,b3
S3 U;,Up,U3,C1,C2,C3,t1,10,13 C3 d,d>,d3,51,52,53,b1,b2,b3
b bl ul3u23u33C19C25C39t19t23t3 t tl dl9d29d39S19S29S39b19b29b3
b2 ul3u23u33C19C23C39t19t23t3 t2 dl9d29d39S19S29S39b19b29b3
b3 u1,uz,u3,C1,C2,C3,t1,t2,t3 t3 dl9d29d39S19S29S39b19b29b3
On the level of classes this gives:

u c t

X X A

v A\ 4 A

d S b

Conclusion

Figure 1 : SU(2) x U(1) class relationships

(16)

The article has investigated some aspects of symmetry in the mathematical space O(3,3). In particular we

find:

1) Thed, s and b classes of mixed algebras are related to the u, ¢ and t classes by SU(2) x U(1)

symmetry plus a rotation.
2) Thed, s and b classes of mixed algebras are not related to each other by SU(2) x U(1) symmetry.

This is also true of the u, ¢ and t classes.
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Appendix:

Complexified SO(3,3) commutation table:

Tl TZ T3 J1 J2 J3 iI<11 iKlZ iI<13 iKZl iI<22 iK23 iK}l iI<32 iK33
T, iT; | -iTs ’Ks; | i’Kso | 17Kz |-7Ka [ -7Kas |-7Kos
T, | -iT; iTy -i’Kai | -°Kan | 17K P’Kip | i’Kiz | K
T; | iT, | AT, Koy | 1Ky | 1Koy |-Kiy | 7K | -7Ki3
Ji iy | il i’Kis [-°Ki i’Kas [-'Kaz i’Ks [-i°Ksa
. . 2 .2 ) 2 22 2
Jz -1J3 lJl -1 K13 1 K11 -1 K23 1 K21 -1 K33 1 K31
. . .2 .2 .2 .2 .2 .2
J3 lJz -1J1 1 K12 -1 K11 1 K22 -1 K21 1 K32 -1 K31
. .2 .2 .2 2 . . . .
1K11 1 K31 -1 K21 1 K13 -1 KIZ 1J3 -1]2 1T3 -1T2
. .2 .2 .2 .2 . . . .
lKlz 1 K32 -1 K22 -1 K13 1 K11 -1J3 1J1 1T3 -sz
: 2 2 2 2 . . . .
1K13 1 K33 -1 K23 1 KlZ -1 K11 lJz -1J1 1T3 -sz
: 2 2 2 2 . . . .
1K21 -1 K31 1 K11 1 K23 -1 K22 -1T3 1J3 -lJz lTl
. ) ) ) ) . . . .
1K22 -1 K32 1 KlZ -1 K23 1 K21 -1T3 -1.]3 1.]1 lTl
. .2 2 .2 2 . . . .
1K23 -1 K33 1 K13 1 Kzz -1 K21 -1T3 1J2 -1]1 1T1
. 2 .2 2 2 . . . .
1K31 1 K21 -1 K11 1 K33 -1 K32 1T2 -1T1 1J3 -1]2
. 2 .2 .2 2 . . . .
1K32 1 Kzz -1 K12 -1 K33 1 K31 sz -1T1 -1]3 1J1
. .2 .2 .2 .2 . . . .
1K33 1 K23 -1 K13 1 K32 -1 K31 1T2 -1T1 lJz -1J1




SO(3,3) commutation table:

T, T, Ts i 1 Js Kin | K | Kis | Ko | Ko | Kos | Ky | Ko | Ky3
T, iT; | AT, Kz | iKs, | 1Ks; | -1Kyy | -iKs, | -1Kys
T, | -iTs iT, -iK5y | -iKs, | -1KGs iKy | 1Ky, | 1Ky;
T; iT, | -1Ty Ky | 1Ky | 1Kys | -1Kyy | -1Kyp | -1Kys
I s | -, K5 | 1Ky, 1Ky | -Ky, iKs; | -iK5
I -1J5 i || -1Ki3 1Ky | -1Ky; 1Ky | -1Ks; K3
I3 i, | - Ky, | -iKy, Ky, | -iKy iKs, | -iK5
Ky iKs | -1Ky iKy5 |-1Kp -1J; | 1)y | ATs iT,
K, iKs | -1Ky, | -1Ks Ky || s -], -1T; iT,
Kis iKs; | -Kos | 1Ky, | -1Ky -, | 1], -iT; iT,
Ky f-iKs5 Ky iKys | -iKyp || 1T; -iJ; | i) | AT
Ky §-iKs, Ky | -iKy; Ky, T iJ; -], -1T,
Ky §-iKs; iKy; | 1Ky | -iKy iT; | -J, | 1y -Ty
K Ky | -1Ky iKss |-iK5 || -T2 1T, -1J; | 1),
Ki 1Ky | -iKp -1Ks3 K3, -1T, iT, J; -1,
K Ky | -1Kys iKs | -1K5 -1T, T, | ), | 1y






