Equiprobability for any non null natural integer of having
either an odd or even number of prime factor(s) counted
with multiplicity.

Nhat-Anh Phan

Abstract. Redefining the set of all non null natural integers N* as the union of infinitely
many disjoint sets, we prove the equiprobability for any integer of each said set to have either
an odd or even number of prime factor(s) counted with multiplicity. The thus established
equiprobability on N* allows us to use the standard normal distribution to establish that

L(N
lim M = 0, L(N) the summatory Liouville function. Recalling the Dirichlet series for
N—+oo /N
the Liouville function we deduce that CC((Q:)) , § = o +1it, is analytic for o > %, ¢(s) the Riemann

zeta function. Consequently the veracity of the Riemann hypothesis is being established.

Introduction

On the topic of the probability of the parity of the number of prime factor(s)
counted with multiplicity, we have not come across any article nor book that
deals directly with the matter in a fashion that is similar to that of the present
article.

Indeed by introducing a novel approach, we have been able to prove the
equiprobability for any non null natural integer of having either an odd or even
number of prime factor(s) counted with multiplicity. The equiprobability of
which does in turn have remarkable implications.

LEMMA 1. Considering an infinite number of probability spaces defined
by : Vi € N et <.Qz = Wwj UE,.FZ = {@,wi,wﬁ, QZ},R N [0, 1]>, with
P(w;) = a,a €[0,1], Pi(w;) =1 — a, w; and w; being both non-empty countable
sets while one or both being possibly infinite, be the probability space uniquely
indexed by i € N.

If Qu = Uien$2 and Vi,j € Nji # 5,02, 01 2; = ) and Vi € N,
Pi(wi) = a, then on the probability space (Qy = Ujenywi U U;jen@is Fu =
{0,Uienwis Usen @i, 20}, Py - Fu — [0, 1]) we have :

PU(Uz‘eN wi)=a
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Proof

Let t € {2y be an outcome of {2y then by definition : ¢ € J,cywi & F a
unique j € N such that ¢ € w;.

That is to say that for a given outcome t € 2, the event |, wi € Fy has
occurred iff for that same outcome t € 2y, 3 a unique j € N such that the event
wj € Fj has occurred. Given that Vi € N, Pi(w;) = a, therefore Py (lJ;cywi) =
Pj(w;) = a; then by considering the complementary event of | J;,cywi € Fu :
Py(Ujen®i) = Pj(@j) =1—a and Py(2v) = Pu(U;eywi) + Po(U;en@i) = 1.

LEMMA 2. Considering a finite number of probability spaces defined by :
Vi,V e N, Vi € [O7V], let <QZ =w; Uw;, F; = {(Z),wi,@, Ql},PZ Fi = [0, 1]>,
with P;(w;) = a,a € [0,1], Pi(w;) = 1 — a, w; and w; being both non-empty
countable sets while one or both being possibly infinite, be the probability space
uniquely indexed by i € [0,V].

If Oy = UiE[O,V] 2; and Vi, j € [0,V],i # 5,2, N 2; =0 and Vi € [0,V],
P;(w;) = a, then on the probability space (2 = Uie[o,v} w; U Uie[oy] w;, Fy =
{0, Uico,vy wis Uico v @i 2vE Py 2 Fv — [0,1]) we have :

PV(UiG[O,V] wi) =a

Proof

Let t € {2y be an outcome of {2y then by definition : ¢ € Uie[oy] w; & da
unique j € [0, V] such that ¢t € w;.

That is to say that for a given outcome t € (2, the event Uie[O,V] wj
€ Fy has occurred iff for that same outcome ¢ € 2y, 3 a unique j € [0, V]
such that the event w; € F; has occurred. Given that Vi € [0, V], P;(w;) = q,
therefore Py (UU;¢(9,ywi) = Pj(w;) = a; then by considering the complementary
event of Ucjoyywi € Fv i Pv(Uigp vy @i) = Pj(@;) = 1 —a and Py(Q2y) =
Py (Uiep,vywi) + Pv(Uigovy@i) = 1.

LEMMA 3. For any integer n drawn randomly from N* it is equiprobable
that either n € {2k + 1 : k € N} orn € {2k : k € N*}. That is, consider-
ing the probability space (2n- = N* Fy- = {0,{2k+1 : k € N}, {2k : k €
N*}, 2n-}, Py« © F= — [0,1]), then :

Py-({2k+1:k eN}) = Py.({2k : k € N*}) = L.

Proof

Let us consider the random experiment consisting in drawing randomly any
integer n from N* in order to note as the outcome whether n € {2k +1: k €
N} or n € {2k : kK € N*}. The probability space associated with the latter
random experiment is : (2y+ = N* Fy. = {0,{2k +1 : k € N}, {2k : k €
N*}, Qn«}, Py« : Fy- — [0,1]).
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Vvl € N let us now consider the random experiment consisting in drawing
randomly any integer n from the set {20+1, 2]+2} in order to note as the outcome
whether n € {2k +1: k € N} or n € {2k : k£ € N*}. The probability space
associated with the latter random experiment is : (2, = {2l + 1,2l + 2}, F; =
{0, {201+ 1}, {2142}, 21}, P, - F; — [0,1]). Given that the set {20+ 1,2+ 2} has
only 2 elements that are equally likely to be picked, it is therefore obvious that
to draw randomly any integer n from the set {21+1,2]+2} then : P,({2l+1}) =
P({20+2})=1%and () =P({2l+1}u{20+2}) = +1=1

Noting that N* = (J,cy 2 and VI,I" € N,I # 1,0y N2y = 0 and VI € N,
P,({20 +1}) = %, by applying Lemma 1 we have : Py«({2k+1:k € N}) =
P({20+1}) = 1, Py-({2k : k € N*}) = P({20 +2}) = % and Py-(02y+) =
Py-({2k+1:keN}U{2k:keN}H=L14+1=1

LEMMA 4. For any integer n drawn randomly from N, it is equiprobable
that either n € {2k +1: k € N} orn € {2k : k € N}. That is, considering the
probability space (2 = N, Fy = {0,{2k+1:k € N}, {2k : k € N}, 2y}, Py :
Fn — [0,1]), then :

Py({2k+1:keN})=Py({2k: keN}) =1

Proof

Let us consider the random experiment consisting in drawing randomly any
integer n from N in order to note as the outcome whether n € {2k +1: k € N}
orn € {2k : k € N}. The probability space associated with the latter random
experiment is : (2y = N, Fy = {0,{2k+1:k € N},{2k : k € N}, 2y}, Py :
Fn — [0,1]).

Vm € N let us now consider the random experiment consisting in drawing
randomly any integer n from the set {2m, 2m+1} in order to note as the outcome
whether n € {2k +1: k € N} or n € {2k : k € N}. The probability space
associated with the latter random experiment is : (2, = {2m,2m + 1}, F,,, =
{0,{2m}, {2m+1}, 2}, P : Fi — [0,1]). Given that the set {2m, 2m+1} has
only 2 elements that are equally likely to be picked, it is therefore obvious that
to draw randomly any integer n from the set {2m,2m + 1} then : P, ({2m}) =
Pn({2m+1}) = % and Py (2,) = Pp({2m}u{2m+1}) =32+ 1 =1

Noting that N = (J,,cy 2m and Vm,m’ € N,;m # m/, 2, 0 2 = 0 and
Ym € N, P,({2m + 1}) = %, by applying Lemma 1 we have : Py({2k + 1 :
k€ N}) = Po({2m +1}) = %, Py({2k : k € N}) = P,({2m}) = % and
Pn(28)=Pnv({2k+1:keN}U{2k:keN})=14+1=1

1/ N* as infinitely many complementary disjoint sets

VYn € N*\ {1}, by the unique prime factorization theorem, there exists a
unique sequence (P1,P2, -, Piy--+,Pm)s P1 < P2 < ... <D < ..o < Py, M € N¥|
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p; € P, the set of all the prime numbers and a unique sequence (f1, fo,..., fi,. ..
, fm), fi € N* such that n = p{l X pé’" X ... xp{i X ...x plm (the latter notation
will be used for the entirety of the article).

Let us note that for the entirety of the article the adjectives odd or even
are employed in the classical definition of parity i.e. a natural integer is ”odd”
shall it be a member of {2k + 1 : k € N} and "even” shall it be a member of
{2k : k € N}. Thus 1 is the smallest odd number while 0 is the smallest even
number. Additionally let us note by Nj the set of all the odd natural integers
such that N; = {2k + 1 : k € N}, by Ny the set of all the even natural integers
such that Ny = {2k : k € N} and by N} the set of all the non null even natural
integers such that Nj = {2k : k € N*}.

Let us note for the entirety of the article by F', F € N, the number of prime
factor(s) counted with multiplicity of n € N* and by F’, F’ € {odd, even}, the
parity of F.

Additionally let us note for the entirety of the article by f/, i € [1,m] the
parity of each f;.

Let N* be as such :

N* = A1 UA Ul ene mso Bm

where :

A; ={2F: ke N}

Ay = Upep\{Q}{pk : k€ N*}, P\ {2} denoting the set of all the prime
numbers excluding {2};

Vm e N*’m z Q’Bm = UpielP‘,m<p2<...<pi<...<pm(UkmENlukmeNg(' : (
UkieNlukieNg(...(Uk2€Nluk2€N;{(p]fl X ph2 X X pfx L x phm) sk €
N*})...))...)), thus Vm,m’ € Nym,m' > 2,m #m/,B,, N B,,, = 0.

Let us note for the entirety of the article that for infinitely many given sets
Si, i € N* | we will be using the expression ”UieleeNg S;” in order to mean
"Usen, Si U UieN; Si7 ie. UieleeNg Si = Uien, Si U UieN; S;. Thus for infin-
itely many given sets S;;, 1,7 € N*, we have : UjeNlujeN;(UieNluieN; Sij)

UjeNlquN;(UieNl Sij U UieN; Sij) = Ujen, Uien, Sij U UieN; Sij) U
UjENg(UieNl Sij U UieN; Sij) = UjENl(UieN1 Sij) U UjENl(UieN;_§ Sij) U
UjeN; (Ui€N1 Sij) U UjeN; (UieN; Sij)-

Additionally, for the entirety of the article we will be using the expression

7 in order to mean "y,

” .,

2

Upi€PuP1<P2<...<pi<-n<pm 1,m],p; €P,p1<p2<...<pi<...<pm
the latter is to say : “the union for all m prime numbers such that p; < ps <
... <p; <...<py". For instance for infinitely many given sets Sp, »,, P1,P2 €
P and for m =2 we have (U, cp . <p, Sp1.02 = Up, pocP py<ps Op1,p2 Which is the
union of all the sets S, ,, for all couples of prime numbers pi,p2 € P, p; < pa.

Thus :
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A NAy =0

Ym € N*,m >2 A NB,, = 0;

¥Ym e N*,m >2,A, NB,, = 0;

Ym,m' € N* m,m’ >2,m#m',B,, NB,,, =

VD1, D23 Diyee s Pm € Pyp1 < pa < oo < pi < ooo < P, VDL, DY, -, DL

P E PP < ph < o< Pl < o< P, DL X P2 X o X P XX

Pm F Dy X Dy X .o X phX .oX ph, UkmeNlukmeN;('“(UkieNlukieN;‘("‘(
k k ki m . *

UkzeNlukzeN;{(pll X s X ..o X pitoxocox phmy ko€ NFP) L)L )N

k k ki
UkmeNlukmeNg("'(UkieNlukieNg("'( UkzeNlquGN;{(pll DX Py XL X Pt X

coox plhny ik € NFY) L)) L) = 0.

Let us remark that 1 =20 € A;.

Let us note that Vm € N*, m > 2, Vp1,p2,...,Diy--,Dm € P, p1 < p2 <
e <P < e < Py Yoy Ky R, Y€ [2,m], k; € NqUE; € N each of the
sets {(pN x ph2 x ... x pl x o x pbm) ckyp € NFY A and {pF k€ N*} C Ay,
Vp € P\ {2}, can be considered in a strictly increasing order that is being
conferred by the original strictly increasing order of N and N*.

2/ n belongs to A; or n belongs to A;

a. n belongs to A;

THEOREM 1. To draw randomly any integer n from Ay then the probability
that F being odd is equal to the probability that F being even which is % That is,
considering the probability space (24, = {n € A1 : F' € {odd}}U{n € Ay : F' €
{even}}, Fa, = {0,{n € Ay : F' € {odd}},{n € Ay : F' € {even}}, 24, }, Pa, :
Fa, —[0,1]) then :

Pa,({n €Ay : F' €{odd}}) = Pa,({n € Ay : F' € {even}}) = %

Proof

Since n € A;,A; = {2F : k € N}, it comes that the parity of F is given
by the parity of f; — let us note the special case of f; = 0 where n = 1 has 0
prime factor; 0 being considered as even, which is consistent with the Liouville
function as A\(1) = 1.

By the unique prime factorization theorem, it is clear that to any integer
n € Ay,n = 271, corresponds the unique integer f; € N, and vice versa to any
integer f; € N, corresponds the unique integer n € A;,n = 2f1. That is to say
that be a function f4, : A; — N such that for any n € A;,n = 211 we have
fa,(n) = f1, f1 € N, then f4, is a bijective function from A; toward N, whose
inverse function is f;ll : N — Ay, such that for any integer fi, f1 € N, we have

fal(f) =2 =nneA,.
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. —_ 9k . _ -1 .

Thus : Ay ={2": ke N} = {f, (k) : k € N}.

Thus each integer n in A ; necessarily has only but one corresponding integer
f1 that determines the parity of the number of prime factor(s) counted with
multiplicity of n, F'.

Let us now consider the random experiment consisting in drawing randomly
any integer n from A; in order to note as the outcome the parity f; of the
corresponding exponent f; given by fr, (n). The probability space associated
with the latter random experiment is (27, = {k’ : k' € {odd,even}}, Fr, =
291y Pr: Fpy — [0,1]).

Let us note by ey, € Fr, the event that f| is odd and €7, € Fr, the event
that f] is even.

Given Lemma 4, it is equiprobable for any integer drawn randomly from
N to be either odd or even, therefore Pr, (ef,) = Pr, (€7,) = 3.

It is clear that the total number of possible outcomes k', card(£2r,) is equal
to 2; thus Pr, (21,) = Pr,(ey, Uep;) = 5 + 3 = 1 indeed.

F is odd iff f{ is odd and F is even iff f; is even. Let us note by
Ap € Fr,,Ar = ez the event that F' is odd and Ap € ]:Tl’TF = ey, the
event that F is even. It comes that Pr, (Ap) = Pr,(Ar) = § with Pr, (27,) =
Pr,(Ar) + Pr,(Ar) = 1 indeed.

By definition Ap € Fp, is equivalent to {n € Ay : F/ € {odd}} € F4, and

Ap € Fr, is equivalent to {n € Ay : F' € {even}} € Fa,, therefore Theorem
1 is established.

b. n belongs to A,

THEOREM 2. To draw randomly any integer n from Ay then the probability
that F being odd is equal to the probability that F being even which is % That is,
considering the probability space (24, ={n € As : F' € {odd}}U{n € Ay : F' €
{even}}, Fa, = {0,{n € Ay : F" € {odd}},{n € Ay : F' € {even}}, 24,}, Pa, :
Fa, — [0,1]) then :

Pa,({fn € Ay : F' € {odd}}) = Pa,({n € Ay : F' € {even}}) =

Proof

Let p be any given prime number in P\ {2}.

When considering n € {p* : k € N*}, n = pf1, it comes that the parity of F'
is given by the parity of fi.

By the unique prime factorization theorem, it is clear that to any integer
n € {p* : k € N*},n = pfi, corresponds the unique integer f; € N*, and vice
versa to any integer f; € N*, corresponds the unique integer n € {p* : k €
N*},n = pfi. That is to say that be a function fr, : {p* : k € N*} — N* such
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that for any n € {p* : k € N*},n = p/, we have fr,(n) = f1,f1 € N*, then
fr, is a bijective function from {p* : k € N*} toward N*, whose inverse function
is fT_21 : N* — {p* : k € N*}, such that for any integer fi, fi € N*, we have
fr (f)=ph =nne{p*:keNy.

Thus : {p¥: ke N*} = {f;;(k) tk e N1}

Thus each integer n in {p* : k € N*} necessarily has only but one corre-
sponding integer f1 that determines the parity of the number of prime factor(s)
counted with multiplicity of n, F'.

Let us now consider the random experiment consisting in drawing randomly
any integer n from {p* : k € N*} in order to note as the outcome the parity f] of
the corresponding exponent f; given by fr, (n). The probability space associated
with the latter random experiment is (27, = {k’ : k' € {odd,even}}, Fr, =
2QT27PT2 : ‘FTQ - [07 ID

Let us note by ey, € Fr, the event that f{ is odd and e, € Fp, the event
that f{ is even.

Given Lemma 3, it is equiprobable for any integer drawn randomly from
N* to be either odd or even, therefore Pr,(eys,) = Pr,(ef;) = 3.

It is clear that the total number of possible outcomes k', card({2r,) is equal
to 2; thus Pr,(2r,) = Pr,(ey, Ugy;) = 3 + 3 = 1 indeed.

F is odd iff f{ is odd and F is even iff f] is even. Let us note by
Er, € Fry, Er, = ey, the event that F' is odd and Er, € Fr,, E1, = €7, the event
that F is even. It comes that Pr,(Er,) = Pr,(es,) = 3, Pr,(Er,) = Pr,(€f) =
% and PT2 (.QTQ) = PT2 (ETQ) —+ PT2 (EiTQ) =1 indeed.

* %k

Since Ay, = Upep\{2}{qk : k€ N*} and Vp,p’ € P\ {2}, p # ¢, {P" :
keNJIn{p*:keN}=0and Vp € P\ {2}, Pr,(Er,) = &, by applying
Lemma 1 we can deduce that : Pa,({n € Ay : F' € {odd}}) = Pr,(Er,) = 3,
Py,({n € Ay : F' € {even}}) = Pr,(Er,) = 1 and Pa,(24,) = Pa,({n € Ay :
F' € {odd}}) + Pa,({n € Ay : F' € {even}}) = 1 + 1 =1 which establishes
Theorem 2.

3/ n belongs to B,

LEMMA 5. Vpi,p2 € P, p1 < pa, to draw randomly any integer n from
Uk2eN1uk2€N; {pllCl X plgz : k1 € N*} then the probability that F being odd is

equal to the probability that F being even which is % That is, considering the

probability space (2p, = UkzeNlukzeNg{plfl x ph? ik e N*}, Fr, = {0,{n €
Q. F € {odd}},{n € 02, : F' € {even}}, 21}, Pr, : Fr, — [0,1]) then :
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Pr.({n€ Ry, : F' €{odd}}) = Pr,({n € 2, : F' € {even}}) = %

Proof

Let p1,p2,p1 < p2 be any 2 given prime numbers in P and let f; be any
given integer in N*.

When considering n € {p§* x pJ? : k1 € N*}, n = p]* x pgz, it comes that
the parity of F' is given by the compounding by additivity of the parity of f;
and the parity of f.

* ok

Given that py and fo being given and fixed, by the unique prime factor-

ization theorem, it is clear that to any integer n € {p]f1 xpy? ik € N} n =

p{l X pgz, corresponds the unique integer f; € N*, and vice versa to any integer

f1 € N*, corresponds the unique integer n € {pf* x pgz tk €N} n = p{l X p%c?.
That is to say that be a function fr, : {pr1 x py* + k€ N*} — N* such that
for any n € {pf* x pJ? : k; € N*},n = p'{l X pgz, we have fr,(n) = fi, f1 € N,
then fr, is a bijective function from {pf* x pJ* : k; € N*} toward N*, whose
inverse function is fT;l :N* — {p’f1 X pgz : k1 € N*}, such that for any integer
f1, f1 € N*, we have fT;l(fl) :p{1 X pgz =n,n € {ph x pl? : ky € N*}.

Thus : {p* x pJ* 1 ky € N*} = {fT_al(kl) tky € N*}L

Thus each integer n in {p’lCl x p3® : k1 € N*} necessarily has only but one
corresponding integer f; that determines the parity of the number of prime
factor(s) counted with multiplicity of n, F' (the parity f4 being given and fixed).

Let us now consider the random experiment consisting in drawing randomly
any integer n from {prl x p3? : k1 € N*} in order to note as the outcome the
parity fi of the corresponding exponent f; given by fr,(n). The probabil-
ity space associated with the latter random experiment is (2, = {k] : k| €
{odd, even}}, Fr, = 273 Pr, : Fr, — [0,1]).

Let us note by ey, € Fr, the event that f| is odd and €7, € Frp, the event
that f] is even.

Given Lemma 3, it is equiprobable for any integer drawn randomly from
N* to be either odd or even, therefore Pr, (es,) = Pr,(€7,) = 1.

It is clear that the total number of possible outcomes kf, card({2r;) is equal
to 2; thus Pr,(2p,) = Pp,(ey, Uey) = 3 + 3 = 1 indeed.

* ok k

For any given fo € Ny, let us now consider the following probability space :

(Q’T3 = {pr1 xpy? ik € N*},J-}3 ={0,{n € (25«3 : F' € {odd}},{n € Q}z :
F' € {even}}, Op }, P, « Fr, — [0,1]).
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f2 € Ny, fo being given and fixed, F is odd ¢f f f1 is even and F'is even if f
f1 is odd. Therefore we have : Pr, ({n € Q’ : F' € {odd}}) = PT3 () = 3,

Pﬁ({n S Q’Ts : F' € {even}}) = Pry(ef,) = 3 and PT (Q’Tg) H —|— ==1.

Then let us consider the following probablhty space :

(2% = Upen, 1" xp3? 1 ke e N}, F5 = {0,{n € 24 : F' € {odd}}, {n €
QL F' € {even}}, 24}, Py« Fy — [0,1]).

Since 25 = Upen, {PF' x P : k1 € N*} and Vfo, ff € Ny, fo # f1,
(P xpf? tky € N} {p" x pf by € N*} = 0 and Vfy € Ny, Pp({n €
(2, : F' € {odd}}) = 3, by applying Lemma 1 we can deduce that : Pj({n €
5 : F' € {odd}}) = Pp,({n € O, : F' € {odd}}) =1, Pi({ne 2:F ¢
{even}}) = Pr,({n € 2, : F' € {even}}) 1 and Pg(Q’) Pi({ne 24 :F ¢
{odd}}) + P{({n € £25 : F’ € {even}}) = 3 + % =1.

* %k

For any given fs € N3, let us now consider the following probability space :

(2f, = (P xp3?  kn € N}, Fy = {0,{n € 0, : F' € {odd}}, {n € Qf, :
F'e {even}},.(2%3},P7’13 : %3 — [0,1]).

f2 € N3, fo being given and fixed, F' is odd if f f1 is odd and F'is even if f
f1 is even. Therefore we have : Pp, ({n € 27, : F' € {odd}}) = Pr,(ey,) = 3,
P} ({n € 2, : F' € {even}}) = Pp,(ef,) = 5 and Py (24,) =5+ 5 =1.

k k k

Then let us consider the following probability space :

(2 = Upyens P x p§2 cky e N YL, FY ={0,{n € 2 : F' € {odd}},{n €
QY . F' € {even}}, 24}, Py« Fi — [0,1]).

Since 2§ = UerN;{p1 X pi? i ky € N*Y and Vo, ff € N3, fo # f)
{phr x pl? : ke N} n {pht x p22 ik € N} = 0 and Vfy € N3, Pr.({n €
2, « F' € {odd}}) = 3, by applying Lemma 1 we can deduce that : P§'({n €
Q2 : F' € {odd}}) = P}, ({n € 2, : F' € {odd}}) =1, Pl({ne ) :F €
{even}}) = P} ({n € 2}, : F' € {even}}) = § and P"(Qé’) = P/({n € 027 :
F' € {odd}}) + P{({n € 2 : F' € {even}}) =+ + + = 1.

* %k

Then we can consider the following probability space :

(025 = UerNl{Pl X p2 k1 € N*}U UfzeN*{pll x pz Dk € N*} s =
{0,{n € 23 : F' € {odd}},{n € 23 : F' € {even}}, 23}, P3 : F3 — [0,1]).

Since 23 = 25U 24 and 25N 24 = 0 and Pj({n € 2% : F' € {odd}})
= P{({n € 2§ : F' € {odd}}) = %, by applying Lemma 2 we can deduce that
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Ps({ne€ 25: F' € {odd}}) = Pi({n € 2% : F' € {odd}}) = P{({n € 24 : F' €
{odd}}) = L, Ps({n € 25 : F' € {even}}) = Pi({n € 2§ : F' € {even}}) =
PY({n € 24 : F' € {even}}) = } and P3(£23) = P3s({n € 23 : F' € {odd}}) +
Ps({n € 23 : F' € {even}}) =+ 5 =1.
% Xk
Having shown for any 2 given prime numbers pi,ps € P, p; < po, that
Ps({n € 25 : F' € {odd}}) = P3({n € 23 : F' € {even}}) = L and given
that by definition UkQGNlquENg{plfl X ph? 1 ky € N} = UfQGNl{p’fl x ph?
ki € N} UUp,en; {p" x pI* : k1 € N*} we can immediately deduce that :
Pr,({n € 21, : F' € {odd}}) = P3s({n € 25 : F' € {odd}}) = %, Pr,({n €
Qn, « F' € {even}}) = Ps({n € 25 : F' € {even}}) = % and P, (2,) =
Pr({n € 21, : F' € {odd}}) + Pr,({n € 2, : F' € {even}}) = 3+ 1 =1;
which establishes Lemma 5.

THEOREM 3. To draw randomly any integer n from By then the probability
that F being odd is equal to the probability that F being even which is % That is,
considering the probability space (2, ={n € By : F’ € {odd}}U{n € By : F' €
{even}}, Fp, = {0,{n € By : F' € {odd}},{n € By : F' € {even}},2p,},Pg, :
Fp, — [0,1]) then :

Pp,({n € By : F' € {odd}}) = Pp,({n € By : F' € {even}}) = %

Proof

Let us consider the probability space :

(2, ={ne€By: F' € {odd}}U{n € By : F' € {even}}, Fp, = {0,{n €
By : F' € {odd}},{n € By : F' € {even}}, 25,}, Pr, : Fp, — [0,1]).

Since B2 = Upl,ngP,p1<p2 (UkQGNlquGN; {pllgl ><p§2 : ]fl S N*}) and Vpl,pg S

P,p1 < 2, Vi, ph € P,p} < phy p1 X P2 # Py X Py Upyen, uppens 11 X 152 : €
N*IN LJ,C,“ENIUIQQ\,;{p’lk1 x py*? : ky € N*} = () and given Lemma 5, Vpy, ps €
P,p1 < p2, Pr,({n € 021, : F' € {odd}}) = %, by applying Lemma 1 we can
deduce that Pg,({n € By : F’ € {odd}}) = Pr,({n € 2., : F' € {odd}}) = 3,
Pp,({n € By : F' € {even}}) = Pr,({n € 2r, : F' € {even}}) = 1 and
Pp,(2g,) = Pg,({n € By : F' € {odd}}) + Pp,({n € By : F' € {even}}) =
% + % = 1; which establishes Theorem 3.

4/ n belongs to B,,,m € N*,m > 2

LEMMA 6. Vm € N m > 2, Vpi,p2,--,Dir---sPm € P, p1 <
p2 < ... < pi < ... < pmn to draw randomly any integer n  from
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k k ki
Uk, emyukmens G-+ (Uriemur,eng - (Ukgenyunpeng {PT" X P2 X X pi -+ X
phm o ky € N*})...))...) then the probability that F being odd is equal to the
1

probability that F' being even which is 5. That is, considering the probability

space (L2, = UkmeNlukmeN’z‘('"(UkieNlukieNg('"(UkzeNlquENg {1 x p5? x
X pR o pEm ke € NFY) L)) L), Fre = {0, {n € 21, : F' € {odd}}, {n €
Qp, : F' € {even}}, 21}, Prg « Fre — [0,1]) then :

Pry({n € 2p, : F' € {odd}}) = Pr,({n € 21, : F' € {even}}) = 3

Proof
Let us prove by mathematical induction Lemma 6.
Lemma 5 means that Lemma 6 is true for m = 2.
Let m € N*, m > 2 be any given integer in N* and let us assume that
Lemma 6 is true for m. Let us now prove that Lemma 6 is true for m + 1.
* ok

Let p1,p2.. ., pis- -y Pm+1,P1 <p2 < ... <p; <...<pPmy1 beany m+1
given prime numbers in P and let f,,,11 be any given integer in N*.

When considering n € UkmeNlukmeN; (... (UkieNlukieN; (... (UkzeNlukzeNg

{phrxphe . .xpfi X plm xpil"ff k1 eNH L)) ), n= p{l xpg"’x. . .xp{"’x
coox pfmox p{nmjf, it comes that the parity of F' is given by the compounding by
additivity of the parity of the sum (f; + fo+ ...+ fi + ... + fmn) and the parity
of fm+1-

% Xk

Given that ppny1 and  f,y1 being given and fixed, by the
unique prime factorization theorem, it is clear that to any integer

k k
n € UkmeNlukmeN;("'(UkieNlukieN;("'(ngeNlukgeNg{pll X py® X ... X
pf‘ X plkm xp{n’”:f ko€ N*H L)) )m = p{l xp§2 X ... xp{i X
X pfm x p{nmjf, corresponds the unique sequence (f1, fo,.-., fis--+, fm) €

Uf¢yL€N1U.fm€NE("'(UfieNlUfieN§("'(UfzeNlUfzeNg{(fth’""fi""’fm)
fi € N*})..)...), and vice versa to any sequence (f1, fo,..., fi,- -, fm)
UmeNIUmeNS(”'(UfiEN1Ufi€N§("'(UfzeNlquENg{(ftha"'7.fi7~--afm)
f1 € N*})...))...), corresponds the wunique integer n €

m

k k
UkmeNlukmeN; (- (UkieNlukieN; (- (Uk2eN1uk26N§ it x ot ox X
pPox o x phm pﬁ;'fll ke NPH..))..)n = p{l X pgz X

x plt x oo ox plmox pf;;’ff. That is to say that be a func-

. k
tion  fr, : UkmeNlukmeNg (- (UkieNlukieNz (- (ngeNlukgeN; {m" x

PR x Lox o phios x phm pfﬁ_*f ke NPy =

UfmeNlufmeN;(' e <UfieN1ufieN;(' e (UfzeNluheN;{(fh Jas ooy fiseon, fm)
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fi € N*})..))..) such that for any n

UkmeNlukmeN;(“-(UkieNlukieN;(~-~(Uk2eN1uk2€N;{plfl X ph XX
pri X phmo x pam_:f ke N ) o= plt o xoplr x L x
plt x o x pln % pf,;'ff, we have fr,(n) = (fi,fos- -\ fi-- i fm) €

UfmeNlufmeN;('“(UfieNlufieN;("‘(UfgeNlquGN;{(fhny-~afiw--afm)
fi € N*})..))...), then fr, is a bijective function from

k k
U enyommens - (Unemyuriens - (Ui e i eng {91 X Py’ X
X pFox oo x pkmo x pfr’ﬁ;’f ki € N})..))...) toward
UfmeNlufmeN; ( e (UfieNlufieNg ( e (UfgeNlufzeN; {(flv f2, R fi> SR fm)
fi € N*})...))...),  whose inverse function is ij

Usemugmen: G- Upemugens (- (Upenyupeng {01 f2r o fis oo fim)

k
A eN) ) = Uperomnens (- Unemomens (- U ers omsen; 195

P2 x ox o pfox o x phe pfnmjf c ke N LY,
such that for any sequence (fi, fo, s fireo oy fm) €

UmeNﬂmeEN;("'(UfiENlufiENg("'(UfQENlLJfQEN;{(flm]cQ’"'7fi7"'7fm)
fi € N*})...))...), we have fil((fl,fg,...,fi7...,fm))

it ox pP ox ox plt o x o x plp ox o plmtt = am
UkmeNlukmeN;("'(UkieNlukieN;("~(UkzeN1uk26N3{prl X Ph? X L X P
phm s plmdl ke NFY) L)) L),

Thus - UkmeNlukmeNg("'(UkieNlukieN;("'(ngeNlukgeNg{prl X p5? X
o pft X phe s pln s k€ NP L)) = U emupens (
-~-(UfieNlufieNg(--~(UfzeNlquEN;{fil((fhf27~-~,fi,---7fm)) i €
N*})..)) ...

Thus each integer nin |Jj, €Ny Uk, €N; (- (UkieNlukieNg (- (Uk2€N1Uk2eN;{

PR xphr o xpl L x pl xpfy’l'jf : k1 € N*})...))...) necessarily has only but

X M

one corresponding sequence (f1, fo,..., fi,..., fm) that determines the parity
of the number of prime factor(s) counted with multiplicity of n, F' (the parity
frui1 being given and fixed).

m

Let us now consider the random experiment consisting in drawing randomly
any integer n from UkmeNlukmeN; (... (UkieNlukieN; (... (UkzeNlukzeN; {pi x
P2 ox plte x phm o< plmil sk € N*})LL). L) in order to note as the
outcome the parity of the sum (f; + fo+...4+ fi+...+ fin) of the corresponding
sequence of exponents (f1, f2,..., fi,-.., fm) given by fr. (n) (let us note by
S7. the latter parity). The probability space associated with the latter random
experiment is (27, = {S! :S! € {odd,even}}, Fr, = 271 Pr, : Fr, — [0,1]).

Let us note by es: € Fr, the event that S, is odd and es;~ € Fr, the
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event that S/, is even.

Given that we have initially assumed that Lemma 5 is true for m, it comes
that Pr, (65;”) = PT‘L(@) = %

Tt is clear that the total number of possible outcomes S7,, card(f27,) is equal
to 2; thus Pr,(£2r,) = Pr,(es; Ues ) =3 + 3 = 1 indeed.

% X %k

For any given f,+1 € Nj, let us now consider the following probability

space :
ko, k

(021, = UkmeNlukmeN; (- (UkieNlukieN; (- (UkQENlukgeN; {p1" xp3®x...x
P xplr xplrtt k€ NFY) L)L) Fy = {0, {n € 024, : F' € {odd}}, {n €
2y, F' € {even}}, 2 }, Pr, o Frp, — [0,1]).

fm+1 € Ny, fri1 being given and fixed, F' is odd iff S/, is even and F
is even if f S, is odd. Therefore we have : Pp ({n € 2}, : F' € {odd}}) =
Pr(E5) = 5, Ph(in € 24, : F' € {even)}) = Pr(es,,) = § and Py, (2,) =
1 + 1 — 1
27732 :

Then let us consider the following probability space :

k1

(023 = Ufm+1€N1 (UkmeNlukmeN;(' = (UkieNlukieNg(' i (UkQGNlukgeN; {pi* x
PRz o phi o phm xp{,;'ff tk1 eN* P L)) D)), Fr={0,{ne€ R : F €
{odd}},{n € Q) : F' € {even}}, )}, P; : F;, — [0,1]).

Since 25 = Uy, en, Uk, enyunnen - (U emyursen; (- (Unyenuraeng {
PR X PR < xplt e x plm xpilmjf tkyeN}) L)) and Vg, f) 1 € Ny,

k
fms1 # fr,r/a+1’ UkmeNlukmeN;("'(UkieNlukieNg("'(ngeNlukgeN;{pll X

P2 X ox phi x phe x pil’”jf : ko€ NH.L))..) N
k k
UkmeNlukmeNg("'(UkieNlukiEN;("‘(UkQGNlukgeN;{pll X pp’ o X X
; fon *
Pi X plmox il s k€ N})LL))..) = 0 and Ve € N,

P;({n € 2, : F' € {odd}}) = 3, by applying Lemma 1 we can de-
duce that : P{({n € 2} : F' € {odd}}) = P}, ({n € 2, : F' € {odd}}) = 3,
Pi({n € 24 : F' € {even}}) = P;({n € 2y, : F' € {even}}) = %

Pi($2)) = P{({n € 2 : F' € {odd}})+ Pj({n € 2, : F' € {even}}) =1+1 =1

* % X%

and

For any given f,,11 € Nj, let us now consider the following probability
space :
ki k
(f27, = UkmeNlukmeN; (- (UkieNlukieN; (- (UkzeNlukzeNg {p1* xp3®x...x
PR xplmoxplmil ke NTY) L)L), Fr = {0, {n € 24, - F' € {odd}}, {n €
27, F' € {even}}, 27 }, Py« Ff —[0,1]).
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fm+1 € N3, fing1 being given and fixed, F' is odd if f S/, is odd and F
is even if f S}, is even. Therefore we have : P ({n € 27, : F' € {odd}}) =

Pr,(es;,) = %, P’T’4({n € (2%4 : F' € {even}}) = Pr,(es;) = % and P}; (“Q%;) =
1 + 1 =1
2 T3 :

% % %

Then let us consider the following probability space :

(2 = Ufm+1€N§(Ukm€N1Uk eN*(---(UkieNlukieN*('"(UkzeN1Uk2€N§{

PR < ph L oxpl e x phm s plnil kg € N*}) D)) Fi = {0,{n €
QU F' e {odd}}, {n € QY : F' € {even}}, QY, Py« Fif — [0,1]).

Since .QH = Ufm+1€N* (UkmENlLJk?mEN;(. . (Uk €N UEk; NS ( (UkQENIUkZENE{
PR xphe s oxphoxplm xplmit k€ N*Y) L)L) and Vg, £ € N,

k
fm+1 7é f7/“r/1+1a UkmeNlukmeN*(-- (Uk ENlUkiENS("'(UkQENluk‘QGN;{pll X

PRz o Lox phios x phe o x pf,’l”jf k€ NH.))..) N
k k

UkmeNlukmeN* (- (Uk-eNlukieN; (- (UkzeNlukzeN; {ot x Py ox X

; frlrll * *

prx phmx Pttt ko€ N})LL))..) = 0 and Vfnp € N3,

Pr({n € 2f : F' € {odd}}) = %, by applying Lemma 1 we can de-
duce that : Py'({n € ) : F' € {odd}}) = Py, ({n € 27, : F' € {odd}}) = %,
P/({n € 2f : F' € {even}}) = Pf ({n € 027, : F' € {even}}) = % and
P/ (2))=P/({ne€ 2] : F' €{odd}})+P/({n € 2} : F' € {even}}) = % % =
1.

* % X%

Then we can consider the following probability space :

k
(24 = Ufnz+16N1 (UkmerkmeN; (- (UkieNlukieN; (e (UkzeNlukzeNg {p1" X
k ki fm
PoZ XX Pt xplmoepi ik € NFY) L)L -))UUmeeN*(UkmeNlukmeN (

& k ki - f .
- (UkieNlukieNg( -~-(Uk2€N1ukzeN;{p1l X po® X . Xpiteee X pm X p$:11 :

ki € N*}) . ). )), Fa = {0,{n € 24 : F' € {odd}},{n € 24 : F' €
{even}}, 24}, Py : Fy — [0, 1]).

Since 24 = 2, U 24 and 2, N2 = 0 and Py({n € 2 : F' € {odd}})

" ({n € 2 : F' € {odd}}) = , by applying Lemma 2 we can deduce that
Pi({ne€ y: F' €{odd}}) = Pi({n € 2, : F' € {odd}}) = P{/({n € 2 : F' €
{odd}}) = %, Pi({n € Q24 : F' € {even}}) = Pi({n € 2} : F' € {even}}) =
P/({n € 2 : F' € {even}}) = 5 and Py(24) = Ps({n € 24 : F' € {odd}}) +
Pi({n € 24: F' € {even}}) =3+ 3 =1

* ok *

Having shown for any m + 1 given prime numbers py,pa, ..., Piy-- -, Pm+1 €
]P, P < p2 < ... < p < ... < Dm+1, that P4({Tl € (2 : I e {Odd}}) =
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Pi({n € 4 : F' € {even}}) = 1 and given that by definition
Uk, EN1 UK 41 €N} (UkmeNlukmeN; (- (UkieNlukieNg (- (UkQENlukgeN; {m" x
PR ox ox o pires o phmo o x pilmff ke N}P.L))..)) =
UferleNl(UkmeNlukmeN;(' . (UkiENlukiENg(' . (ngeNlukgeN; {7 x phr x

X pETee X plmox anmff thky € N*}) ) ) Uy ens (U en i eng €
"'(UkieNlukieN;(' . (ngeNlukzeN; {plfl X pgz X X pfi S X ph X piszll :

k1 € N*})...))...)) we can immediately deduce that : Pr,({n € 2p, : F' €
{odd}}) = Py({n € 24 : F' € {odd}}) = 3, Pr,({n € 2p, : F' € {even}}) =
Pi({n € 24 : F' € {even}}) = 1 and P (21,) = Pr,({n € 2, : F' €
{odd}}) + Pry({n € 21, : F' € {even}}) = 1 + 3 = 1; which means that
Lemma 6 is true for m + 1.
* ok %
Having shown that Lemma 6 is true for m + 1, we have completed the

proof by mathematical induction and we can therefore deduce that Lemma 6
is true Vm € N*, m > 2; which establishes Lemma 6.

THEOREM 4. Vm € N*, m > 2, to draw randomly any integer n from B,,
then the probability that F being odd is equal to the probability that F being even
which is &. That is, considering the probability space (2p, = {n € B,, : F' €
{odd}} U{n € B,, : F' € {even}}, Fp,, = {0,{n € B,, : F' € {odd}},{n € B,, :

F' € {even}}, g}, Pp, : Fp, — [0,1]) then :
Pg,,({n € By, : F' € {odd}}) = Pg,,({n € B, : F' € {even}}) = 3

Proof

Let m € N*, m > 2 be any given integer in N*.

Let us consider the probability space :

(2p, ={neB,, : F'c{odd}}U{n eB,,: F' € {even}}, Fp, ={0,{n¢c
B, : F' € {odd}},{n € B,, : F’ € {even}}, 25, }, Ps,, : Fg, — [0,1]).

Since B, = UpjelP’,pl<p2<...<pi<...<pm(UkmENlUanENE(’ - (UkieNlukieN;(
-"(ngeNlukzeNg{( PR oxophr L xplt o x o xphn) Dk € NFY) L)L)
and Vp1,pa, ... Diy- -y Pm € Pyp1 < p2 < ... < pi < ... < P, VP, D4, ..., DL

D, € PP < ph < Ll < Pl < oo <P, P X P2 X oo X P X X
Pm #F Py X Py X ... X pp XX ph, UkmeNlukmeN;("'(UkieNlukieN;("'(
ngeNlukzeN;{(plfl X p’2€2 X ... X pi»“ X ...ox pkm)y o ko€ N} L))o
UkmeNlukmeN; (- (UkieNlukieN; (- ( ngeNlukzeN; {1 xph= . oxpFicox
plkm) ik € N*})...))...) = 0 and given Lemma 6, ¥p1,p2,...,Di,--.,Pm €
P,pr <p2<...<p;i <...<pm, Prs({n € 02, : F' € {odd}}) = 1, by apply-
ing Lemma 1 we can deduce that Pg, ({n € B,, : F’ € {odd}}) = Pr,({n €
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R, F' €{odd}}) = %, Pp, ({n € B,, : F' € {even}}) = Pry({n € 2, : F' €
{even}}) = 1 and Pg,,(25,,) = Pg,,({n € B, : F' € {odd}}) + Pg,,({n € B, :
F’ € {even}}) = § + 5 = 1. Having shown for any m € N*, m > 2, Theorem
4 immediately follows.

5/ n belongs to N*

THEOREM 5. To draw randomly any integer n from N* then the proba-
bility that F being odd is equal to the probability that F being even which is %
That is, considering the probability space (2 = N* Fo = {0,{n e N* : I/ €
{odd}},{n e N* : F’ € {even}}, 20}, Po : Fo — [0,1]) then :

Po({n e N*: F' € {odd}}) = Po({n € N* : F' € {even}}) = %

Proof

Since N* = A; U Ay U UmeN*m>2 B,, and A; N Ay = 0, Ym € N*,m >
2,A1 NBy =0, ¥m € N*,m > 2, A N B,, = 0, Ym,m' € N, m,m’ > 2,m #
m',B,, N B, = 0 and given Theorem 1,Theorem 2 and Theorem 4, by
applying Lemma 1, we can deduce that Po({n € N*: F’ € {odd}}) = Po({n €
N*: F' € {even}}) = 1 and Po(2) = Po({n € N* : F' € {odd}}) + Po({n €
N*: F’" € {even}}) = £ 4+ 1 = 1; which establishes Theorem 5.

6/ The limit of the summatory Liouville function divided by VN

THEOREM 6. Let L(N) = A1)+ A(2)+...+A({E)+...+A(N), (i) being
the Liouville function applied to i € N*, be the summatory Livouille function up

to N € N* then :

lim 7L(N) =0

N—+oco \/N

Proof

Let us consider (X1, Xo,...,X;,...,Xn), N € N* a sequence of N inde-
pendent and identically distributed random variables X;, where X; is defined
as the random variable consisting in drawing randomly any integer n € N* in
order to note as the outcome the value given by the Liouville function such that
Xi(n) = A(n). That is to say that Vi € N* by considering the probability space
(=N F={0,{n e N*: F' € {odd}},{n € N* : F' € {even}}, 2},P({n €
N* : F' € {odd}}) = }) — given Theorem 5 — and the measurable space
(B ={-1,1} ,& = 2F), X, is defined as the random variable X; : 2 — E such
that Vw € {n € N*: F’ € {odd}}, X;(w) = AMw)=—-1and Vw € {n e N*: F' €
{even}}, X;(w) = A(w) =1 with P(X; = -1) = P({w € 2| X;(w) = —1}) = 3
and P(X; =1)=P{we | X;(w)=1}) = %
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By noting E[X;] the mean of X; and Var[X;] the variance of X;, we then
have E[X;] =0 and Var[X;] = 1.
Let +/N.Sy be the random variable such that +/N.Sn =

X+ X0+ 4+ Xi+.. 4+ XN
VN )

(Lindeberg-Lévy central limit theorem), it comes that as N tends to infinity,

the series of random variables v/1.51,v2.5s,...,vV/N.Sxn,..., converges in
distribution to the random variable X with X ~ A(0,1). That is to say that :

VN.Sy —4 s X ~ N(0,1)
N——+oco

By applying the classical central limit theorem

where the random variable X follows the standard normal distribution
N(0,1).
L(N)

L(N) being the summatory Liouville function up to N, s a spe-

cific value that the random variable v/N.Sy takes for the specific outcome
sequence where Vi € [1,N], X;(i) = A(i) and hm L(N)
—+oo \/>
that the random variable X takes for the specific outcome sequence where
Vi € N*, X, (i) = (7).

By definition the equiprobability over N* given by Theorem 5 means that
the probability to draw randomly either {—1} or {1} from the outcome sequence
(A1), A(2),...,A(),...,A(N)) as N tends to infinity is equiprobable. That is
to say that by definition : if one considers the random experiment consisting in

is a specific value

drawing randomly any element from the sequence (A(1), A(2), ..., A(7), ..., A(IV))
as N tends to infinity then the probability space associated to the latter random
experiment is (25 = ;e {A()}, Fs = {0, {\(5) : X\(4) = —1,i € N*}, {\(3) :
A(i) =1,i € N*}, Q2g}, Ps : Fs — [0,1]) with {n € N* : F' € {odd}} € F &
{neN*: F e€{odd}} € F < {Ai): A\(i) = —1,i € N*} € Fg and Po({n €
N*: F' € {odd}}) = P(X; = —1) = Ps({\(i) : \(i) = —1,i € N*}) = L.

2
Thus, by noting [ = lim ( ) [ corresponds to the mode of X ~ N(0,1)
N—+oco \/7

by definition. Indeed the standard normal distribution of X ~ N(0,1) gives us

>0 P(X <I1)> 3= P(X;=-1) > Ps({\(i) : \(i) = —1,i € N*}) (a)

That is : [ > 0 is equivalent to P(X <) > I which means that it is strictly
more probable to have outcomes of X that are lesser or equal to [ than to have
outcomes of X that are strictly greater than [. Thereafter, given that it is strictly
more probable to have outcome sequences of X in which the events {X; = —1}
have occurred more than the events {A(¢) : A(¢) = —1,4 € N*} have occurred in
the outcome sequence of [, than to have outcome sequences of X in which the
events {X; = —1} have occurred less than the events {A() : A(i) = —1,¢ € N*}
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have occurred in the outcome sequence of [, therefore P(X; = —1) > Ps({\(¢) :
A7) = —1,7 € N*}) which establishes (a).

I<0&eP(X <Il)<i=PX;=-1)<Ps({\(i): A(i) = —1,i € N*}) (b)

That is : [ < 0 is equivalent to P(X <) < J which means that it is strictly
less probable to have outcomes of X that are lesser or equal to [ than to have
outcomes of X that are strictly greater than /. Thereafter, given that it is strictly
less probable to have outcome sequences of X in which the events {X; = —1}
have occurred more than the events {A(7) : A(¢) = —1,4 € N*} have occurred in
the outcome sequence of [, than to have outcome sequences of X in which the
events {X; = —1} have occurred less than the events {A(¢) : A\(i) = —1,i € N*}
have occurred in the outcome sequence of [, therefore P(X; = —1) < Ps({\(¢) :
A(i) = —1,7 € N*}) which establishes (b).

Additionally given (a) and (b) :

(I is not well-defined) = [ #0 < (I >0)U(l < 0) = (P(X; = -1) >
Ps({A\(i) : A@) = —1,i e N*}))U(P(X; = —=1) < Ps({\(@) : A(4) = —1,i € N*}))
(c)

That is : if [ is not well-defined then by definition [ # 0 which is equivalent to
(I > 0)U(l < 0) which given (a) and (b) implies that (P(X; = —1) > Ps({\(7) :
Ai) = —1,i € N*})) U (P(X; = —1) < Ps({\(%) : A(4) = —1,7 € N*})) which
establishes (c).

Tt follows that by taking the contraposition of (c) :

((P(X; = =1) > Ps({\(%) : A(¢) = —1,i € N*})) U (P(X; = -1) <
Ps({A(@) - A(i) = =1,i € N*}))) & ((P(Xi = —1) < Ps({A(i) - A(i) = —1,i €
N D) N (P(Xi = =1) = Ps({A(i) : A1) = =1,i € N'}))) & P(X; = —1) =
Ps({A(@) : A1) = -1,ieN*} ) = =((I>0U(l<0) < (I =0) = —(is not
well-defined) < (I is well-defined)

Said otherwise : P(X; = —1) = Ps({\(i) : A(i) = —-1,i e N*}) =1=0

Given that by definition : P(X; = —1) = Ps({A(¢) : A\(i) = —1,i € N*}) =
%, therefore [ = 0. Thus Theorem 6 is established.

7/ The Riemann hypothesis

THEOREM 7. By the Riemann hypothesis it is understood the hypothesis
according to which all the complex numbers s € C, 0 < R(s) < 1, such that
¢(s) = 0, ¢ being the Riemann zeta function (B. Riemann, 1859, in [1]), are

located on the abscissa % of the complex plane then :

Theorem 6 implies the veracity of the Riemann hypothesis.

Proof
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The Dirichlet series for the Liouville function for s = o + it , where R(s) =
0,0 € RT™ 3(s) = it,t € R, gives us the following relation (E. Landau, 1909,
in [2]) foro>1:

((s) = »

¢(2s) § A(n)

furthermore given that A(0) = L(0) = 0 as A(1) = L(1) = 1 — similarly to
E. Landau, 1909, in [3] —:

then — similarly to P. Turdn, 1948, in [4] — as L(z) remaining constant for
r€nn+1:

§3 A L)

n :s./ d dx
ns xs+1
n=1

1

(Let us remark that P. Turdn, 1948, in [4] has exposed a very similar equa-
tion where the summatory Liouville function is being substituted by a different
step function that remains constant on [m,m + 1[,m € N; namely the function
” — A )77

Lin)= ¥ 227,
v<n
k 3k sk

Theorem 6 implies that for ¢ € R**, ¢ arbitrarily small, 3IM € R**, M >

1, such that Vz € RT*, 2 > M we have :

0< [HP| <
2
then for § € RT* :
L
0= ‘I%-&fls < $15+5

which implies that — as L(z) being a step-function with changes only at

1

each strictly positive integer and ——— being a function that is differentiable
x2

on 1,400 —:
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+oo L(I) +oo 1
OS f ‘I%erré d$<€fmdl’
M M

so that clearly — as the integral on the right side exists, is convergent and

non null - 3C € R™, C =e. f —tsdz = e— a constant such that :

M
ffjH dz < C
Now considering for o > 0 that :
+oo +oo M
T4 o = T 42 do = | | 242

1
Then for o > 0, given that Yz € [1,M],0 < |L(z)| < M by definition and
Va € [1, M],z # 0, it comes that 3C" € R**, C" a constant such that :

1 1

0<f

Thus for ¢ > 1,0 =1 46,6 € R

“+oo
</
1

fj—f%‘dm<0+0’

+oo
Consequently s. [ f(ﬂ dz is absolutely convergent for o > %

1

X % X%

Let us note by f the complex function of the complex number s, from the

half-plane R(s) > 3 to C such that f(s) = s. f fs(fz dz.

Let so be any complex number in the half-plane R(s) > 3 and s1 be a
complex number in the half-plane ®(s) > % and in the neighborhood of sy.

+oo
Given that s. [ fs(fz dz is obviously non-constant and analytic for o > 1, it
1

comes that for the complex number (sop 4+ 3) in the half-plane R(s + 3) > 1
and the complex number (s; + 1) in the half-plane R(s + 3) > 1 and in the
neighborhood of (so + 3) there exists a series (a;) of complex coefficients such
that :

fls1+3) = Zak [(s1+3) — (50 + 3)I*

f L(x) dz being absolutely convergent for o > , dzp € C such that :

Fls1) = fls1+ 1)+ 20 = 5 apl(sn + ) = (s0+ DIF + 20

By posing Ag = ag + z9 and Vk € N*, A, = aj, we then have :
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f(51) = 3 Ap.(s1 — 50)"

k=0
This demonstrates that for any complex number sq in the half-plane R(s) >
1 if one is to consider a complex number s; in the half-plane R(s) > 3 and in
the neighborhood of sy then one can write f(s1) as a convergent power series;

+oo
which means that s. f fs(ﬁ dz is analytic for o > %

1

It follows that by analytic continuation to the half-plane R(s) >

s. +foo fs(ii dx
analytic for o > % (and so is ﬁ = 1C(T for o > % given that {(2s) is by
¢(2s)

definition analytic and never null for & > ). Said otherwise <0

on the half-plane R(s) > % and has a single zero for s = 1 which corresponds to
the simple pole of ((s) in the the half-plane R(s) > 1.

is holomorphic

The fact that CC((Q;)) is holomorphic for o > % implies that {(s) can never be
null for ¢ > 1 : indeed if 3z € C, R(z) > 3, ((z) = 0 then necessarily ((2z) = 0,
R(2z) > 1, — in that if CC((QZZ)) is not a pole of CC((Q:)) in the half-plane R(s) > 1
then necessarily ¢(2z) = 0, #(2z) > 1 — which is a contradiction given that by

definition ¢(2s) is absolutely convergent and never null for o > % That is to say
that ¢(s) has no non-trivial zeros — i.e. zeros in the strip [0, 1] of the complex
plane — whenever o > %

(Let us remark that — as stated above — the holomorphism of 4(28)) for o > %

(s
can constitute an alternate proof of the results of J. Hadamard, 1896, in [5] and
Ch. J. de la Vallée Poussin, 1896, in [6] according to which there cannot be zeros
of ¢(s) on the abscissa R(s) = 1).

It follows that by the symmetry of the non-trivial zeros of {(s) with regard
to the abscissa 1 in the complex plane (E. Landau, 1909, in [7]), there are no non-
trivial zeros of ((s) whenever o # % Consequently Theorem 7 is established.

* K ok

Additionally one can note that :

THEOREM 8. Let L(N) = A1)+ A(2)+...+A(E) +...+A(N), A7) being
the Liouville function applied to i € N*, be the summatory Livouille function up
to N € N* then Vp € ]0,%] :

N)

1

Nz2=F

lim
N —+o0

= 400

Proof

Following the exact same steps of the reasoning previously exposed in this
section we have :
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L(N) 1
Nép‘ < A, pG]O, 2}

S 3ABeRM T cR™* T >1Ve e R™ 2 >T:0<

34 € RT™, lim

N —+oco

L(x)

T < B
xr2—P

+o0

- [
- [

¢(25)
=)

S ((22) = 0,R(22) = 1 for = € C, R(2) = % () =

1
dx is absolutely convergent for ¢ > 3P

1
dx is analytic for o > 5P

1
is holomorphic on the half-plane R(s) > 5P

= ((4z) = 0,R(4z) = 2 for 2z € C,R(22) = 1,((22) =0,
with ((4z) = 0,%(4z) = 2, being a contradiction.

L(N
That is to say that : if 34 € R™, lim (1 Z‘ < A, p €]0,3], then

N —+4oo Nf*

3B €R+*, IT € RY™*, T > 1 such that Vz e Rt*, 2 > T, 0 <

L(af)

;1)2

< B, then

oo
— p, then s. f g+1 ) dz is analytic
1 1

for ¢ > 1 — p, then by analytic continuation CC((QSS)) is analytic or equivalently

2

holomorphic in the half-plane R(s) > 1 — p as s. f s+1 ) dz s obviously non-

constant and analytic in the the half-plane R(s + § 4+ p) > 1, then ((2z) = 0,
R(22) =1, for z € C, R(2) = 3, ((2) = 0, the existence of which can be admitted

given the result of J. P. Gram, 1903, in [8], — in that if CC((QZ)) is not a pole of

45(255)) in the half-plane R(s) > 1 — p then necessarily ((2z) = 0, R(2z) = 1 -
, then ((4z) = 0, R(4z) = 2, for 2z € C, R(2z) = 1, ((22) = 0, — in that

f 2%22 is not a pole of Cg((is)) in the half-plane R(s) > % — p then necessarily
¢(4z) = 0, R(4z) = 2, — which is a contradiction given that by definition ((4z)
is absolutely convergent and never null for ®(4z) > 1; which establishes that
L(N)
NI

Using big O Landau notation : Theorem 6 means that L(N) € o(v/N)
while Theorem 8 means that L(N) ¢ O(Nz—°),p € ]o,1].

lim
N —+oc0

=+o00, p € ]0 f] and therefore Theorem 8.
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kX 3k ok ok

Besides, let us remark that L. Menici, 2012, in [9] has briefly mentioned
as a theorem (1.4.2) the equivalence between the Riemann hypothesis and the

L(N

limit lim (1 ) =0,e > 0, and further commented that "RH is equivalent to
N —+o0 N§+5

the statement that a natural integer n has equal probability of having an odd

or even number of distinct prime factors (counted with multiplicity).”

However L. Menici has not provided any specific reference nor further infor-
mation on how such results can be obtained. It was therefore unknown how the
said equiprobability could have been possible. Furthermore, given Theorem 6
one can note that the comment by L. Menici in [9] is in fact not totally cor-
rect in that the equiprobability that any non null natural integer has an odd or
even number of primes factor(s) counted with multiplicity actually implies that

lim L(JY) = 0 precisely and not lim L(IN) = 0,e > 0. Nonetheless, it was
No+os N3 N—+oo N2t€
in L. Menici’s writing that the present author has encountered for the first time
the mentioning of a relation between probability and the Riemann hypothesis.

Last but not least, let us remark that the proofs of Theorem 5 and The-
orem 6 are self-standing and elementary in that the proofs do only rely on :
enumerations performed on probability spaces defined in accordance with the ax-
ioms of probability, the Lemma 1, the Lemma 2, the Lemma 3, the Lemma
4, the classical central limit theorem and the standard normal distribution. In
this regard, it is very much remarkable that Theorem 5 and Theorem 6 be-
ing self-standing and elementary, do actually imply the veracity of the Riemann
hypothesis.
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APPENDIX

A posteriori, let us remark that the expression ”outcome sequences of X in
which the events {X; = —1} have occurred more than the events {A(i) : A\(i) =
—1,4 € N*} have occurred in the outcome sequence of [” on the page 16 of the
present article, can be reformulated more formally.

Let O € RU {+00} U {—0o0} be a given outcome of the random variable
X. Let us note by to(N) the function that counts the number of occurrences
of {—1} in the outcome sequence of O up to N, including N, N € N*, and by
t;(N) the function that counts the number of occurrences of {—1} in the outcome
sequence of [ up to IV, including N, N € N*.

For O <[ we then have :

O <1, by definition,
. [N —=to(N)] —to(N) .
< Jim JN = N
[N —to(N)] —to(N)] — [[N — ti(N)] — ti(N)]
N oo \/N
i 2tolV) +24(N) _
< Jim N Pl \ﬁ
o lim [~240(N) + 2.(N)] <0

N —+o00
& lim to(N) > lim tl(N)
N—+oco N—+oc0

Thus more formally : a given outcome O of X "in which the events
{X; = —1} have occurred more than the events {A(i) : A(i) = —1,7 € N*} have
occurred in the outcome sequence of I” is an outcome such that NlirJrrl to(N) >
i)

Similarly, a given outcome O of X ”in which the events {X; = —1} have
occurred less than the events {A(¢) : A(i) = —1,i € N*} have occurred in the
outcome sequence of [” is an outcome such that lim to(N) < Nl_l)r_{l ti(N).

N—+oo
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