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Abstract 

With this article  we arrive at a strange conclusion that the equations expressing the energy momentum 

transformations are not independent. This boils down to the fact that the equations portraying the 

Lorentz transformations are also not independent. Strange it may seem, this is true. 

Introduction 

We derive systematically  at a strange fact that the equations expressing the relativistic energy 

momentum transformations are not independent. This boils down to the fact that that the equations 

portraying the Lorentz transformations are also not independent.  

 

 

Calculations 

We start with the transformation of the energy momentum four vector.[1][2] In the following calculations 

the reference frames translating in the x-x’ direction. The particle being investigated is moving in 

arbitrary direction 

 

𝑝𝑥
′ = 𝛾 (𝑝𝑥 −

𝑣

𝑐2 𝐸)  (1.1)  

𝐸′ = 𝛾(𝐸 − 𝑣𝑝𝑥) (1.2) 

𝑝𝑦
′ = 𝑝𝑦   (1.3) 

𝑝𝑧
′ = 𝑝𝑧 (1.4) 

[Details of  formulas (1.1)..(1.4) available with  Appendix] 

A Short Summary of Relativistic Momentum[3][4] 
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𝑝𝑥
′ = 𝑚𝑣𝑥

′ = 𝑚0𝛾𝑝′𝑣𝑥
′ ; 𝑝𝑦

′ = 𝑚𝑣𝑦
′ = 𝑚0𝛾𝑝′𝑣𝑦

′ ; 𝑝𝑧
′ = 𝑚𝑣𝑧

′ = 𝑚0𝛾𝑝
′ 𝑣𝑧

′; 𝐸′ = 𝑚0 𝛾𝑝′𝑐2(2.1) 

𝑝𝑥 = 𝑚𝑣𝑥 = 𝑚0𝛾𝑝𝑣𝑥; 𝑝𝑦 = 𝑚𝑣𝑦 = 𝑚0𝛾𝑝𝑣𝑦; 𝑝𝑧 = 𝑚𝑣𝑧 = 𝑚0𝛾𝑝𝑣𝑧; 𝐸 = 𝑚0 𝛾𝑝𝑐2 (2.2) 

(𝑣𝑥 , 𝑣𝑦 , 𝑣𝑧) ≡ (
𝑑𝑥

𝑑𝑡
,
𝑑𝑦

𝑑𝑡
,
𝑑𝑧

𝑑𝑡
) ; (𝑣𝑥

′ , 𝑣𝑦
′ , 𝑣𝑧

′) ≡ (
𝑑𝑥′

𝑑𝑡
,
𝑑𝑦′

𝑑𝑡
,
𝑑𝑧′

𝑑𝑡
) 

𝛾𝑝 =
1

√1 −
𝑣𝑝

2

𝑐2

; 𝛾𝑝′ =
1

√1 −
𝑣𝑝

′ 2

𝑐2

; 𝑣𝑝 = √𝑣𝑥
2 + 𝑣𝑦

2 + 𝑣𝑧
2, 𝑣𝑝

′ = √𝑣𝑥
′ 2

+ 𝑣𝑦
′ 2

+ 𝑣𝑧
′ 2 

 

 

𝑚0𝛾𝑝′𝑣𝑥
′ = 𝛾 (𝑚0𝛾𝑝𝑣𝑥 −

𝑣

𝑐2
𝑚0 𝛾𝑝𝑐2) 

𝑚0 𝛾𝑝′𝑐2 = 𝛾(𝑚0 𝛾𝑝𝑐2 − 𝑣𝑚0𝛾𝑝𝑣𝑥) 

𝑚0𝛾𝑝′𝑣𝑦
′ = 𝑚0𝛾𝑝𝑣𝑦 

𝑚0𝛾𝑝
′ 𝑣𝑧

′ = 𝑚0𝛾𝑝𝑣𝑧 

 

𝛾𝑝′𝑣𝑥
′ = 𝛾𝛾𝑝(𝑣𝑥 − 𝑣) (3.1) 

 𝛾𝑝
′ = 𝛾𝛾𝑝 ( 1 −

𝑣𝑣𝑥

𝑐2
) (3.2) 

𝛾𝑝′𝑣𝑦
′ = 𝛾𝑝𝑣𝑦  (3.3) 

𝛾𝑝′𝑣𝑧
′ = 𝛾𝑝𝑣𝑧 (3.4) 

Dividing (3.1) by (3.2) we obtain the standard velocity transformation formula[5] for the x-x’ direction 

𝑣𝑥
′ =

𝑣𝑥 − 𝑣

1 −
𝑣𝑣𝑥

𝑐2

 (4) 

These equation hang together 

𝛾𝑝′

𝛾𝑝
=

𝛾(𝑣𝑥 − 𝑣)

𝑣𝑥′
=

𝑣𝑦

𝑣𝑦′
=

𝑣𝑧 

𝑣𝑧′
 (5.1) 

𝛾𝑝′2

𝛾𝑝
2

=
𝛾2(𝑣𝑥 − 𝑣)2

𝑣𝑥′2
=

𝑣𝑦
2

𝑣𝑦′2
=

𝑣𝑧 
2

𝑣𝑧′2
 (5.2) 
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Again applying (3.2) and (3.4) on 
𝛾𝑝

2

𝛾𝑝′2 =
1−

𝑣𝑥
′ 2

+𝑣𝑦
′ 2

+𝑣𝑧
2′

𝑐2

1−
𝑣𝑥

2+𝑣𝑦
2+𝑣𝑧

2

𝑐2

 

we obtain, 

𝛾𝑝
2

𝛾𝑝′2
=

1 −
𝑣𝑥

′ 2
+ 𝑣𝑦

′ 2
+ 𝑣𝑧

2′

𝑐2

1 −
𝑣𝑥

2 + 𝑣𝑦
2 + 𝑣𝑧

2

𝑐2

=
𝑣𝑦 ′2

𝑣𝑦
2

=
𝑣𝑧′2

𝑣𝑧
2

 

𝛾𝑝
2

𝛾𝑝′2
=

𝑐2 − 𝑣𝑥
′ 2

− 𝑣𝑦
′ 2

− 𝑣𝑧
2′

𝑐2 − 𝑣𝑥
2 − 𝑣𝑦

2 − 𝑣𝑧
2

=
𝑣𝑦′2

𝑣𝑦
2

=
𝑣𝑧′2

𝑣𝑧
2

=
𝑐2 − 𝑣𝑥

′ 2

𝑐2 − 𝑣𝑥
2

 

𝛾𝑝
2

𝛾𝑝′2
=

𝑐2 − 𝑣𝑥
′ 2

𝑐2 − 𝑣𝑥
2

 (5.3) 

 

Equation (4) can be deduced independently  from each (3.1) and (3.2). We can move in the reverse 

direction too[just by retracing the steps]. Therefore (3.1) and (3.2) are equivalent.This fact has been 

proved in the following: 

We have from (3.1) 

𝛾𝑝′𝑣𝑥
′ = 𝛾𝛾𝑝(𝑣𝑥 − 𝑣) 

𝑣𝑥
′ = 𝛾

𝛾𝑝

𝛾𝑝
′

(𝑣𝑥 − 𝑣) 

We have proved 

𝛾𝑝

𝛾𝑝
′ = √

𝑐2 − 𝑣𝑥
2

𝑐2 − 𝑣𝑥
′ 2 

irrespective of velocity components in the y and the z directions so long as the reference frames 

translate in the x-x’ direction. 

Therefore 

𝑣𝑥
′ = 𝛾√

𝑐2 − 𝑣𝑥
′ 2

𝑐2 − 𝑣𝑥
2

(𝑣𝑥 − 𝑣) 

𝑣𝑥
′ 2

= 𝛾2 (
𝑐2 − 𝑣𝑥

′ 2

𝑐2 − 𝑣𝑥
2

) (𝑣𝑥 − 𝑣)2 
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𝑣𝑥
′ 2(𝑐2 − 𝑣𝑥

2) (1 −
𝑣2

𝑐2
) = (𝑐2 − 𝑣𝑥

′ 2
)(𝑣𝑥 − 𝑣)2 

𝑣𝑥
′ 2

(𝑐2 − 𝑣2 − 𝑣𝑥
2 +

𝑣𝑥
2𝑣2

𝑐2
) = (𝑐2 − 𝑣𝑥

′ 2)(𝑣𝑥
2 + 𝑣2 − 2𝑣𝑣𝑥) 

𝑣𝑥
′ 2

(𝑐2 − 𝑣2 − 𝑣𝑥
2 +

𝑣𝑥
2𝑣2

𝑐2
) = 𝑐2(𝑣𝑥 − 𝑣)2 − 𝑣𝑥

′ 2(𝑣𝑥 − 𝑣)2 

𝑣𝑥
′ 2

(𝑐2 − 𝑣2 − 𝑣𝑥
2 +

𝑣𝑥
2𝑣2

𝑐2
+ (𝑣𝑥 − 𝑣)2) = 𝑐2(𝑣𝑥 − 𝑣)2 

𝑣𝑥
′ 2

(𝑐2 − 𝑣2 − 𝑣𝑥
2 +

𝑣𝑥
2𝑣2

𝑐2
+ 𝑣𝑥

2 + 𝑣2 + 2𝑣𝑣𝑥) = 𝑐2(𝑣𝑥 − 𝑣)2 

𝑣𝑥
′ 2

(𝑐2 +
𝑣𝑥

2𝑣2

𝑐2
− 2𝑣𝑣𝑥) = 𝑐2(𝑣𝑥 − 𝑣)2 

𝑣𝑥
′ 2

(1 +
𝑣𝑥

2𝑣2

𝑐4
− 2

𝑣𝑣𝑥

𝑐2
) = (𝑣𝑥 − 𝑣)2 

𝑣𝑥
′ 2

(1 −
𝑣𝑣𝑥

𝑐2
)

2

= (𝑣𝑥 − 𝑣)2 

𝑣𝑥
′ 2

= (
𝑣𝑥 − 𝑣

1 −
𝑣𝑣𝑥

𝑐2

)

2

 (6.1) 

𝑣𝑥
′ = ±

𝑣𝑥 − 𝑣

1 −
𝑣𝑣𝑥

𝑐2

 (6.2) 

We  may reverse our steps to the initial formula 

[𝛾𝑝′𝑣𝑥
′ = 𝛾𝛾𝑝(𝑣𝑥 − 𝑣)] ⟺ [𝑣𝑥

′ 2
= (

𝑣𝑥 − 𝑣

1 −
𝑣𝑣𝑥

𝑐2

)

2

] (7) 

Recalling (3.2) 

 

𝛾𝑝
′ = 𝛾𝛾𝑝 ( 1 −

𝑣𝑣𝑥

𝑐2
) 

𝛾𝑝
′

𝛾𝑝
= 𝛾 ( 1 −

𝑣𝑣𝑥

𝑐2
) 
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(
𝛾𝑝

′

𝛾𝑝
)

2

= 𝛾2 ( 1 −
𝑣𝑣𝑥

𝑐2
)

2

 

𝑐2 − 𝑣𝑥
2

𝑐2 − 𝑣𝑥
′ 2 =

1

1 −
𝑣2

𝑐2

( 1 −
𝑣𝑣𝑥

𝑐2
)

2

 

𝑐2 − 𝑣𝑥
′ 2

= (1 −
𝑣2

𝑐2
) (𝑐2 − 𝑣𝑥

2)
1

( 1 −
𝑣𝑣𝑥

𝑐2 )
2 

𝑣𝑥
′ 2

= 𝑐2 − (1 −
𝑣2

𝑐2
) (𝑐2 − 𝑣𝑥

2)
1

( 1 −
𝑣𝑣𝑥

𝑐2 )
2 

=
𝑐2 ( 1 −

𝑣𝑣𝑥

𝑐2 )
2

− (1 −
𝑣2

𝑐2 ) (𝑐2 − 𝑣𝑥
2)

( 1 −
𝑣𝑣𝑥

𝑐2 )
2  

=
𝑐2 +

𝑣2𝑣𝑥
2

𝑐2 − 2𝑣𝑣𝑥 − (𝑐2 − 𝑣𝑥
2 +

𝑣2𝑣𝑥
2

𝑐2 − 𝑣2)

( 1 −
𝑣𝑣𝑥

𝑐2 )
2  

=
𝑣𝑥

2 + 𝑣2 − 2𝑣𝑣𝑥

( 1 −
𝑣𝑣𝑥

𝑐2 )
2 =

(𝑣𝑥 − 𝑣)2

( 1 −
𝑣𝑣𝑥

𝑐2 )
2 

𝑣𝑥
′ 2

=
(𝑣𝑥 − 𝑣)2

( 1 −
𝑣𝑣𝑥

𝑐2 )
2  (8) 

We can move in the reverse direction also to reach the starting formula. 

Therefore 

[𝛾𝑝
′ = 𝛾𝛾𝑝 ( 1 −

𝑣𝑣𝑥

𝑐2
)] ⟺ [𝑣𝑥

′ 2
=

(𝑣𝑥 − 𝑣)2

( 1 −
𝑣𝑣𝑥

𝑐2 )
2] (9) 

Thus from (7) and (9) we conclude 

[𝛾𝑝′𝑣𝑥
′ = 𝛾𝛾𝑝(𝑣𝑥 − 𝑣)] ⟺ [𝛾𝑝

′ = 𝛾𝛾𝑝 ( 1 −
𝑣𝑣𝑥

𝑐2
)] (10.1) 

Therefore 
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[𝑝𝑥
′ = 𝛾 (𝑝𝑥 −

𝑣

𝑐2 𝐸)] ⟺ [𝐸′ = 𝛾(𝐸 − 𝑣𝑝𝑥)]  (10.2)  

Therefore the Lorentz transformations are also not independent. Starting from the Lorentz 

transformations we may arrive at the energy momentum transformation laws;we can also move in the 

reverse direction[see Appendix]. 

 

Alternatively  without assuming /considering equation(4) we may consider equations (3.1) and (3.2): 

they have to be identical. Else we have specific values for each 𝑣𝑥  and𝑣𝑥 ’ .  

[If equations (3.1) and (3.2) were independent then it would not be possibly for 𝑣𝑥and 

𝑣𝑥
′  𝑡𝑜 𝑡𝑎𝑘𝑒 𝑜𝑛 𝑎𝑛 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒𝑙𝑦 𝑚𝑎𝑛𝑦 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑣𝑎𝑙𝑢𝑒𝑠 as understood from the physical context. 

Therefore they should not be independent. If they are identical then it would be possible for each 𝑣𝑥  

and𝑣𝑥 ’to take on infinitely possible values as demanded by physical requirements.] 

The following two criteria cannot go together 

1. The velocity component 𝑣𝑥(and 𝑣𝑥
′  for that matter)has an infinitude of values. 

2. Equations (3.1) and (3.2) are independent. 

Point (1) is valid from the physical[observation ] point of view. That negates point two. We had seen 

earlier by brute force calculations that equations (3.1) and (3.2) are identical 

Conclusions 

As asserted at the outset the equations expressing the relativistic energy momentum transformations 

and  consequently the Lorentz transformations are not independent 

Appendix 

1. From the Lorentz Transformations[taking differentials on each side for a given relative velocity 

of translation I the x-x’ diction],we obtain 

𝑑𝑥′ = 𝛾(𝑑𝑥 − 𝑣𝑑𝑡) (11.1) 

𝑑𝑡′ = 𝛾 (𝑑𝑡 −
𝑣

𝑐2
𝑑𝑥) (11.2) 

𝑑𝑦′ = 𝑑𝑦 (11.3) 

𝑑𝑧′ = 𝑑𝑧(11.4) 

or, 

𝑑𝑥′

𝑑𝜏
= 𝛾 (

𝑑𝑥

𝑑𝜏
− 𝑣

𝑑𝑡

𝑑𝜏
)   
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𝑑𝑡′

𝑑𝜏
= 𝛾 (

𝑑𝑡

𝑑𝜏
−

𝑣

𝑐2

𝑑𝑥

𝑑𝜏
)  

𝑑𝑦′

𝑑𝜏
=

𝑑𝑦

𝑑𝜏
 

𝑑𝑧′

𝑑𝜏
=

𝑑𝑦

𝑑𝜏
   

𝑑𝜏:time interval measured in the particle’s rest frame. It is independent of the choice of reference 

frame. 

𝑑𝑥′

𝑑𝑡′

𝑑𝑡′

𝑑𝜏
= 𝛾 (

𝑑𝑥

𝑑𝑡

𝑑𝑡

𝑑𝜏
− 𝑣

𝑑𝑡

𝑑𝜏
)  

𝑑𝑡′

𝑑𝜏
= 𝛾 (

𝑑𝑡

𝑑𝜏
−

𝑣

𝑐2

𝑑𝑥

𝑑𝑡

𝑑𝑡

𝑑𝜏
)  

𝑑𝑦′

𝑑𝑡′

𝑑𝑡′

𝑑𝜏
=

𝑑𝑦

𝑑𝑡

𝑑𝑡

𝑑𝜏
  

𝑑𝑧′

𝑑𝑡′

𝑑𝑡′

𝑑𝜏
=

𝑑𝑦

𝑑𝑡

𝑑𝑡

𝑑𝜏
 

[𝑑𝑡 and 𝑑𝑡′are the time intervals in the unprimed and the primed frames respectively.One should also 

take not of the fact that for any given world line there is a one to one correspondence between the 

points of the world line and the points on the time axis that lets us consider relationships like 
𝑑𝑥

𝑑𝜏
=

𝑑𝑥

𝑑𝑡

𝑑𝑡

𝑑𝜏
, … . ;

𝑑𝑥′

𝑑𝜏
=

𝑑𝑥′

𝑑𝑡′

𝑑𝑡′

𝑑𝜏

𝑑𝑦′

𝑑𝜏
=

𝑑𝑦′

𝑑𝑡′

𝑑𝑡′

𝑑𝜏
… ..]With our calculations we do have a single worldline n 

consideration. 

 

𝑑𝑥′

𝑑𝑡′
𝛾𝑝′ = 𝛾 (

𝑑𝑥

𝑑𝑡
𝛾𝑝 − 𝑣

𝑑𝑡

𝑑𝜏
) 

𝛾𝑝′ = 𝛾 (𝛾𝑝 −
𝑣

𝑐2

𝑑𝑥

𝑑𝑡
𝛾𝑝) 

𝑑𝑦′

𝑑𝑡
𝛾𝑝′ =

𝑑𝑦

𝑑𝑡
𝛾𝑝 

𝑑𝑧′

𝑑𝑡
𝛾𝑝′ =

𝑑𝑦

𝑑𝑡
𝛾𝑝 

or, 

𝑣𝑥
′ 𝛾𝑝

′ = 𝛾 (𝑣𝑥𝛾𝑝 −
𝑣

𝑐2
𝛾𝑝𝑐2) (12.1) 
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𝛾𝑝
′ = 𝛾 (𝛾𝑝 −

𝑣𝑣𝑥

𝑐2
𝛾𝑝) (12.2) 

𝑣𝑦

′𝛾𝑝′
= 𝑣𝑦𝛾𝑝 (12.3) 

𝑣𝑧
′𝛾𝑝

′ = 𝛾𝑝𝑣𝑧(12.4) 

 

𝑚0𝑣𝑥
′ 𝛾𝑝

′ = 𝛾 (𝑚0𝑣𝑥𝛾𝑝 −
𝑣𝑚0

𝑐2
𝛾𝑝𝑐2) (13.1) 

𝑚0𝛾𝑝
′ = 𝛾 (𝑚0𝛾𝑝 −

𝑣𝑣𝑥

𝑐2
𝑚0𝛾𝑝) ≡ 𝑐2𝑚0𝛾𝑝

′ = 𝛾(𝑚0𝛾𝑝𝑐2 − 𝑣𝑣𝑥𝑚0𝛾𝑝)(13.2) 

𝑚0𝑣𝑦

′𝛾𝑝′
= 𝑣𝑦𝑚0𝛾𝑝(13.3)𝑚0𝑣𝑧

′𝛾𝑝
′ = 𝑚0𝑣𝑧𝛾𝑝(13.3) 

Noting 

𝑝𝑥
′ = 𝑚𝑣𝑥

′ = 𝑚0𝛾𝑝′𝑣𝑥
′ ; 𝑝𝑦

′ = 𝑚𝑣𝑦
′ = 𝑚0𝛾𝑝′𝑣𝑦

′ ; 𝑝𝑧
′ = 𝑚𝑣𝑧

′ = 𝑚0𝛾𝑝
′ 𝑣𝑧

′; 𝐸′ = 𝑚0 𝛾𝑝′𝑐2 

𝑝𝑥 = 𝑚𝑣𝑥 = 𝑚0𝛾𝑝𝑣𝑥; 𝑝𝑦 = 𝑚𝑣𝑦 = 𝑚0𝛾𝑝𝑣𝑦; 𝑝𝑧 = 𝑚𝑣𝑧 = 𝑚0𝛾𝑝𝑣𝑧; 𝐸 = 𝑚0 𝛾𝑝𝑐2  

we arrive at (1.1) thorough (1.4) 
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