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Abstract

The hermitian polarization matrix is written, using the Pauli matrices and
the identity matrix as a basis, with four real coefficients, the four Stokes vector
parameters; the interaction of light with matter is described as the modification
of these 4 parameters by a 4x4 matrix, the Mueller matrix. Pauli matrices form
a Clifford algebra, the projection operators R and L define the two Stokes vec-
tors for right-handed and left-handed circularly polarized light.

In four dimensions, the Minkowski metric ηµν = diag(+1,−1,−1,−1) leads
to the Clifford algebra C(1,3) Dirac matrices, the 16 Dirac matrices form a basis
for the polarization matrix, now with 16 Stokes parameters the interaction of
light with matter is described by a 16x16 Mueller matrix, the projection opera-
tors R and L in this algebra define the right-handed and left-handed circularly
polarized light.
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Circularly polarized light derived from projec-
tion operators, Stokes parameters and Mueller
matrix

The hermitian polarization matrix P is written, using the Pauli matrices σ
and the identity matrix as a basis, with four real coefficients, the four Stokes
parameters sj , j = 0, 1, 2, 3 [1][2][3][4][5][6][7][8]

σ0 =

(
1 0
0 1

)
σ1 =

(
0 1
1 0

)
σ2 =

(
0 −i
i 0

)
σ3 =

(
1 0
0 −1

)

2× P = sjσ
j

sj = Tr(Pσj)

s0 = Tr(Pσ0) is the intensity of light

The interaction of light with matter is described as the modification of the
Stoke vector by a 4x4 matrix, the Mueller matrix M

s′i = Mijsj

Pauli matrices σ form a Clifford algebra, γp is defined as σ1σ3 for the C(2,0)
signature, γp = −iσ2, γpγp = −I [9]

In Clifford algebras the projection operators R and L are defined depending
on the value of γpγp [9]

L = 1/2(I− iγp), R = 1/2(I + iγp), γpγp = −I

L = 1/2(I− γp), R = 1/2(I + γp), γpγp = +I

L = 1/2(I− σ2), R = 1/2(I + σ2)

L = 1/2

(
1 i
−i 1

)
, ψL = a

(
1
−i

)
R = 1/2

(
1 −i
i 1

)
, ψR = a

(
1
i

)
R corresponds to the Stokes parameters s0 = 1/2, s1 = 0, s2 = 1/2, s3 = 0, the
right-handed circularly polarized light

L corresponds to the Stokes parameters s0 = 1/2, s1 = 0, s2 = −1/2, s3 = 0, the
left-handed circularly polarized light
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Circularly polarized light derived from projec-
tion operators, Stokes parameters and Mueller
matrix in four dimensions

In four dimensions, the Minkowski metric ηµν = diag(+1,−1,−1,−1) leads
to the Clifford algebra C(1,3) [9], {γµ, γν} = 2ηµν × I4×4, Dirac matrices
γ0 = σ3 ⊗ I, γj = iσ2 ⊗ σj , j = 1, 2, 3; γp = γ14 = iγ0γ1γ2γ3 = σ1 ⊗ I, γpγp =
+I

γ4 = γ0γ1, γ5 = γ0γ2, γ6 = γ0γ3, γ7 = γ1γ2, γ8 = γ1γ3, γ9 = γ2γ3

γ10 = γ0γ1γ2,γ11 = γ0γ1γ3,γ12 = γ0γ2γ3,γ13 = γ1γ2γ3,γ14 = iγ0γ1γ2γ3

The polarization matrix P is written, using the 15 Dirac matrices γ and the
identity matrix as a basis, with 16 coefficients, the 16 Stokes parameters

2× P = s0 × I4×4 + sjγ
j−1(j = 1, , , 15), s0 is the intensity of light

The interaction of light with matter is described as the modification of the
Stoke parameters by a 16x16 matrix, the Mueller matrix M

s′i = Mijsj

L = 1/2(I− γp), R = 1/2(I + γp), γp = γ14 = iγ0γ1γ2γ3 = σ1 ⊗ I, γpγp = +I

L = 1/2


1 0 −1 0
0 1 0 −1
−1 0 1 0
0 −1 0 1

 , ψL =


a
b
−b
−a


R = 1/2


1 0 +1 0
0 1 0 +1

+1 0 1 0
0 +1 0 1

 , ψR =


a
b

+b
+a


R corresponds to the Stokes parameters s0 = 1/2, s1 = 0, .., s14 = 0, s15 = 1/2,
the right-handed circularly polarized light

L corresponds to the Stokes parameters s0 = 1/2, s1 = 0, .., s14 = 0, s15 = −1/2,
the left-handed circularly polarized light
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[3] José J. Gil “Characteristic properties of Mueller matrices”. Journal Optical
Society of America A, 17, 328-334, 2000
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[5] Melero P.A. “Modelado matemático de las propiedades polarimétricas de la
luz y de los medios materiales” (Mat. D. Thesis, Facultad de Ciencias, Univ.
Zaragoza, Spain, 2002)

[6] Correas J.M., Gil J.J., Melero P., Arnal P.M., Ferreira C., Delso J., San José
I. “Mathematical modelling of the polarimteric properties of optical media”.
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