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Abstract The necessity of Lorentz transforming the Dirac matrices is an ongoing
issue with contradicting opinions. The Lorentz transformation of Dirac spinors
is clear but for the Dirac adjoint, the combination of a spinor and the ‘time-like’
zeroth gamma-matrix, the situation is fussy again. In the Feynman slash objects,
the gamma matrix four vector connects to the dynamic four vectors without really
becoming one itself. The Feynman slash objects exist in 4-D Minkowsky space-
time on the one hand, the gamma matrices are often taken as inert objects like the
Minkowski metric itself on the other hand. To be short, a slumbering confusion
exists in RQM’s roots. In this paper, first a Pauli-level biquaternion environment
equivalent to Minkowski space-time is presented. Then the Weyl-Dirac environ-
ment is produced as a PT doubling of the biquaternion Pauli-environment. It is the
production process from basic elements that produces some clarification regarding
the mentioned RQM foundational fussiness.
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1 Introduction

The Lorentz transformation of Dirac matrices is an ongoing issue with contra-
dicting opinions. For some, the Dirac gamma matrices are Lorentz inert objects,
although written in a four-vector notation. For others, they transform as ordinary
four-vectors. The transformation of Dirac spinors is clear but for the Dirac adjoint,
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the combination of a spinor and the ‘time-like’ zeroth gamma-matrix, the situation
is fussy again.

The gamma matrix four vector is ontologically located in between the dynamic
objects, as for example the energy momentum four vector, on the one hand and
the 4-D basis for Minkowski space on the other hand. In Special Relativity, the
Minkowski metric is Lorentz transformation inert because the transformation hap-
pens inside this metric and affects the dynamic variables only. In the Feynman
slash objects, the gamma matrix four vector connects to the dynamic four vec-
tors without really becoming one itself. The Feynman slash objects exist in 4-D
Minkowsky space-time on the one hand, the gamma matrices are often taken as
inert objects like the Minkowski metric on the other hand. In some approaches,
the Dirac gamma matrices span a vector space for themselves but then it is unclear
how this vector-space relates to Minkowski space-time. To be short, a slumbering
confusion exists in RQM’s roots.

In this paper I construct the Weyl and Dirac matrices based on a doubling
specific biquaternion approach that is morphologically equal to Minskowski space-
time. From there, I construct the Lorentz transformation matrix operators for
the Weyl and Dirac matrices and the Feynman slash dynamic objects. The fact
of the construction from basis elements, of the Feynman slash objects first and
the related Lorentz transformation operators second, produces a plateau from
which a perspective is possible that allows one to somewhat clarify the mentioned
confusion.

In the literature, the Lorentz transformation matrix operator isn’t constructed
but derived based on the assumed Lorentz covariance of the Dirac equation.
Compared to this standardly presented highly complex derivation, the construction
presented in this paper has a pedagogical simplicity that might be beneficial for
educational purposes. The construction procedure also sheds a new perspective on
the contradictory opinions regarding the Lorentz properties of the gamma matrices
and there connection to Minkowski space-time.

In the remainder of the introduction, I relate to the literature on the Lorentz
transformation operator and the Lorentz transformation status of the gamma four
vector. In part two of this paper, I construct a Pauli-level biquaternion math-
phys environment morphologically equal to the Minkowski one. In part three, I
construct the Weyl-Dirac environment based on a PT parity time reversal doubling
of the biquaternion Pauli environment of part two. This construction produces the
announced clarification.
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1.1 The derivation of the LT-operator

The Lorentz transformation of Dirac matrices and spinors is an ongoing issue with
contradicting opinions. For some, the Dirac gamma matrices are Lorentz inert
objects, although written in a four-vector notation: Does that mean that the gamma
matrices that appear in the Dirac equation transform as a vector? The answer is
no [1, p. 63]. For others, they transform as ordinary four-vectors: the covariance
of the Dirac equation implies that y transforms like a four-vector [2, p. 17].

What is consistent in all presentations of the Lorentz properties of the gamma
matrices, is the key equation Sy”S~! = A « y", as derived from the requirement
of the Lorentz covariance of the Dirac equation. In this equation, the operator S is
the Lorentz transformation operator, although the notation may vary from author
to author.

In [3, p. 73], Stone wrote: The Lorentz covariance of the Dirac equation
is guaranteed if there exists a matrix representation S(L) of the Lorentz group
so that for any Lorentz transformation LY, there exists a matrix S(L) such that
S(LYy*S~Y(L) = (L~1)",y” . This matrix S is defined by this equation and has to
be found through it, see Greiner in [4, p. 138, Eqn. 3.34]: This is the fundamental
relation determining the operator S: To find S means solving [S(4)y’S~'(a) =
a,”y"]. A similar reasoning is given in [5, p. 147, Eqn. 5.102], [6, p. 42] and in
[7, p. 93]. This usual textbook approach is critically analyzed and alternatively
presented in [8].

So in the usual textbook approach the authors have to solve SAS~! BLSA~1S~! =
A7 B for SAS~! without the insight that it is a product of three operations. In [5,
p. 147, Eqn. 5.102], the *“ §” is a black box, whereas in my approach I opened the
box and found “ S” = SAS™!, a relation that I constructed and then used to prove
SAS~IBHSATISI = A . B instead of assuming it first and solving it later. I do not
assume and solve, I construct and prove instead. This was possible mainly because
of its close connection to the Lorentz transformation approach in the biquaternion
representation of the Pauli level physics.

In this paper I will demonstrate that the S in Sy”S~! = A,"y" can be con-
structed out of three operations when the Weyl representation is used. First, one
transforms the Dirac representation of y” into the Weyl representation using S,
then the Lorentz transformation is applied to the Weyl y¥ using A, after which
one transforms the y”” back to the Dirac representation using S~!. The result gives
Yy = SASlySATIST = A « v". The Lorentz transformation of the Weyl repre-
sentation of four-vectors is uncomplicated when using rapidities. So two matrices,
S and A are enough to construct the matrix that has a very complicated derivation
in the standard textbook approach.

In this paper, biquaternions are used to deal with relativist physics, including
mechanics, electrodynamics and quantum mechanics. Such a (bi-)quaternion ap-



4 E.P.J. de Haas

proach has a long history, see [9] and [10] for an extensive literature on the subject.
The originality of this paper is twofold, first in the attempt to develop a notation
that is as close as possible to both Relativistic Quantum Mechanics and the General
Relativity standards and second in the construction of the Lorentz transformation
matrices needed in relativistic quantum mechanics on the Dirac-Weyl level. The
developed notation is indispensable for the construction. The goal is to reach out
to physicists, not to mathematicians and as a consequence the emphasis is on the
physics of the biquaternion synthesis, under negligence of the mathematical foun-
dations, subtleties and conventions. The paper is divided in two parts, the first on
the level of the Pauli spin matrices and the second on that of the Dirac matrices as
a double version of the Pauli ones. The biquaternion basis is represented by two
by two complex matrices in a dual minquat space-time and pauliquat spin-norm
version.

The first part is rather familiar in the context of the many biquaternion ap-
proaches that have been proposed the last hundred or so years, see [9] and [10].
Slight differences are present, making the biquaternion expose on the Pauli matri-
ces level interesting on its own. The result is applied to the Maxwell and Lorentz
EM-equations, in order to show its mathematical and conceptual consistency.

In the second part, matrices and spinors are treated on the Dirac level in
order to arrive at the relativistic core of quantum mechanics. The Dirac matrices
are presented as dual versions of the Pauli ones. The Lorentz transformation of
the Dirac matrices is being simplified due to the method developed in the first
Pauli level part of the paper. This simplification allows for a much shorten and
more transparent way to demonstrate the Lorentz invariance and covariance of
the equations and products. The Lorentz transformation properties of spinors is
critically assessed.

2 The Pauli spin level
2.1 A complex quaternion basis for the metric

Quatermons can be represented by the basis (1 I J K) This basis has the properties
II—JJ KK=-1and11=1;1K=Ki =Kfor L K;IJ = -JI =K; JK =
Kj=IKi=-IK=J. A quaternion number in its summation representation
is given by A = aol + a1 + a»J + a3K, in which the a, are real numbers . Bi-
quaternions or complex quaternions are givenby C = A+iB = col+cil+eJ+e3K
in which the ¢, = a,+ib, are complex numbers and the a, and b, are real numbers.

This standard biquaternion basis (i, i j K) can be used to provide a basis for
relativistic 4-D space-time. One way to do this is by making the time coordinate
co = bpi complex only and the space coordinates (cy, ¢, ¢3) = (ay, aa, a3) real only,



Biquaternion based construction of Weyl-Dirac matrices and LT operators 5

see [11]. Synge called these objects Minkowski quaternions or ‘minquats’, Silber-
stein called them ‘physical quaternions’ [11]. This however produces confusion
regarding the time-like complex number as the physics gets more complicated.
As Synge put it, the intrusion of the imaginary element is not trivial [11]. The
main reason is that minquats do not form a closed algebra under addition and
multiplication as a subspace inside the wider biquaternion space, due to the mul-
tiplication operation. The reason they are used nevertheless is given by Synge:
For the application of quaternions to Lorentz transformations it is essential to
introduce Minkowskian quaternions [11].

The use of minquats produces language conflicts with almost all of modern
physics, that is Quantum Mechanics and Special and General Relativity, where
the space-time coordinates always are a set of four real numbers. So for several
reasons, I choose to insert the time-like complex number of ¢y = byi in the basis
instead of in the coordinate. So by using col = boil = byT the space-time basis
is then given by (T, 1, J, K). In this way, the coordinates are always a set of real
numbers € R. The space-time basis ('i’, i j, K), (a disguised minquat basis) is not
closed under multiplications, as already mentioned by Synge.

A set of four numbers € R is given by

ao
Al = |4
ar ’

as

orby A, = [ao, a1, az, a3] . In this way, the raising or lowering of the index doesn’t
change any sign. A* simply is the transpose of A, and vise versa. The biquaternion
basis can be givenas aset K, = ('i‘, i j, f(). Then a biquaternion space-time vector
can be written as the product

A= AK* = [ag, a1, a2, a3] = aoT + a1 + &) + ;K (1)

P > ety >

I apply this to the space-time four vector of relativistic bi-quaternion 4-space
R with the four numbers R,, = (rg, 71,72, 13) = (ct,r1, 12, r3), so with ry, r1, 1, 13
€ R. Then I have the space -time four-vector as the product of the coordinate
set and the basis R = R,K* = T +ril+rnJ+nK =T +r- K T use
the three-vector analogue of R,K* when I write r - K. In this notation I have
RT = —ro'i‘ +rl+ rzj + r3K = —ro'i“ + r - K for the time reversal operator and
RP = ot = i = nJ - »nK = T —r - K for the space point mirror or parity
operator, with R” = —R” . In this notation, the transpose of a matrix will be given
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by the suffix ‘t’, so R}, = R*. The complex transpose of spinors is given by the
dagger symbol, as in ¢ . The complex conjugate of a spinor is given by i *. In this
language, the operators 7" and P take the role of raising and lowering of indexes in
the General Relativity convention.

2.2 Matrix representation of the quaternion basis

Quaternions can be represented by 2x2 matrices. Several representations are pos-
sible, but most of those choices result in conflict with the standard approach in
physics. Given the unit quaternion as 1, my choice for the space-time four set is

A i0f < i0]f » 01| 5 0i
T_[Oi ’I_[O—i]’J_[—IO]’K_[iO]' @)
I can compare these to the Pauli spin matrices op = (0, 0y, 07).

01 0-i 10
Ux_llo]aoy’_ i0:|?o-z_[0_1:| (3)

If T exchange the o, and the o, I get K = io- and K, = i(1, o). So in my use of
the Pauli matrices, I use o0 = (07,0, 0k) = (0, 0y, 0x). So also i-= ’i‘a’l,j =
’i‘O'J, K= ’i‘O'K and oy = —'ﬁ, oy = —Tj, oK = -TK.

With this choice of matrices, a four-vector R can be written as

i0 i0 01 01
R—I‘()[Oi +r 0 —j +nr _10 +r3 10] (4)
This can be compacted into a matrix representation of R:
_ r()i + ir1 rn + ir3 _ Roo Ro1 (5)
- —ry + ir3 roi — iry h Rio R11

with the numbers Ry, Ro1, Rig, R11 € C.

2.3 Multiplication of vectors as matrix multiplication adds pauliquats to minquats

In general, the multiplication of two vectors A and B follows matrix multiplication,
with Aij’ Bij’ C,'j e C.

Aoo Aot | | Boo Boi Coo Coi
AB = = =C. 6
[AIOAII] [310311] [CIO Cn} ©)
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So we have

C=AB=

AogoBoo + Ao1B1o AooBor + A01311] _ [Coo Cm] 7

A10Boyo + A11B10 A10Bo1 + A11B11 Cio Cii

Of course, vectors A, B and C can be expressed with their a,, b, ¢, coordinates
€ R and if we use them, after some elementary but elaborate calculations and
rearrangements we arrive at the following result of the multiplication expressed in
the a,, b, and ¢, as

co = —a()b() — a1b1 — a2b2 - a3b3
C1k = axb3 — azbs
c2x = azby —aibs
c3g = a1by — azby
C1e = —apb1 — abg
C2e = —apby — azby
c3o = —apbs — azbg )

In short, if we use the three-dimensional Euclidean dot and cross products of
Euclidean three-vectors in classical physics, this gives for the coordinates

co = —aobo—a'b
ck =axb 9)
Cor = —a()b - abo (10)

And in the quaternion notation we get
C = AB = (—aphy —a-b)1 + (ax b) - K + (—agb — aby) - o (11)

This matrix multiplication, in which I used TT = -1and TK = -0, implies that
the space-time basis (T, K) is being duplicated by a spin-norm basis (1, o) by the
multiplication operation.

The relativistically relevant multiplications of two four-vectors are all in the
form C = AT B. The difference between AB and AT B is in the sign of ag. This
results in

C=A"B = (aghg —a-b)1 + (axb) - K + (aph — aby) - o (12)

From this it follows that the physically relevant norm of a four-vector, from a
relativistic perspective, is the product A7 A and not the product AA:

C=ATA = (agap—a-a)l + (axa) K+ (apa—aqg) - o =
(apap — a - a)i = czazi. (13)
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The main quadratic form of the metric is dRT dR = (c2di* — dr*)1 = 2d7?1 =
ds?1 with ds = cdt. The quadratic giving the distance of a point R to the origin
of its reference system is given by RT R = (c*t* — )1 = 2721 = 21 with s = c7.

The multiplication of two four vectors can also be arranged as the multiplication
of two tensors, a coordinate tensor times a metric tensor using that

(AK"'B,K" = A,B"(K,)'K" = C,’K,” (14)
with the metric tensor as
T
v v T TR i
K, = (K,)'K'=[-LLIK]| 5| = (15)
K
—TTiTjTKT 1 —0] —0jy —0OfK
~T1 11 Ji Ki o -1 -K J (16)
A1 I RI| T oy R -0
N an A A S 1 _d

This multiplication product has a norm i part, a space K part and a spin o part.
So the multiplication of two four vectors A7 B = C has this multiplication matrix.
The multiplication combines the properties of symmetric and anti-symmetric in
one product.

The inevitable appearance of the spin-norm basis in the multiplication of two
Synge minquats or Silberstein physical quaternions is why the minquats do not
form a closed algebra under multiplication [11]. In my approach, the space-time
basis (T, K) doesn’t form a closed algebra under multiplications, it needs a spin-
norm complex dual (T, K) = i(1, o) to cover all of biquaternion space, while only
allowing real coordinates for R, and P, in R,K" and P,o". The obligation,
chosen freely in a Kantian way, to only use real coordinates produces the dual
basis in a unique way.

The physical sphere, the cosmos so to speak, then obtains a dual space-
time/spin-norm basis as it’s natural geometry. This duality will prove to mirror
real physics with electric charges or monopoles as part of space-time and hy-
pothetical magnetic monopoles as spin-norm entities, if at all possible. Electric
currents exist in real space-time (T, K) and magnetic monopole currents can only,
if at all, exist in the ‘imaginary’ spin-norm (1, o) sphere as will be shown further
on in this paper. If Synge’s minquats are R,K* biquaternions, then P,o* are
pauliquats. The sum of minquats and pauliquats cover the whole of biquaternion
space. The multiplication of a minquat with a minquat produces a minquat and a
pauliquat. Electric currents must be represented by minquats and magnetic cur-
rent by pauliquats, if at all. Intrinsic spin is a pauliquat, its Lorentz dual intrinsic
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polarization is a minquat. The existence of minquats and pauliquats defies elec-
tromagnetic super-symmetry as is striven for by the magnetic monopole research
community. The combined minquat and pauliquat environment is a-symmetric.

2.4 The Lorentz transformation

A normal Lorentz transformation between two reference frames connected by a
relative velocity v in the x— or I-direction, with the usual y = 1/+/1 —v2/c2,
B =v/cand ry = ct, can be expressed as

|y By||ro| _|yro—Byn
_[—ﬁy y Hrl]_[yrl—ﬁyro]' 17

’/
"o
r

We want to connect this to our matrix representation of R as in Eq.(5) which
gives

Ry, = ir) +ir{ =iyrg —ipyr +iyri —iByro (18)
Ry, =iry —ir| =iyrg —iByr| —iyr +iByro. (19)
Now we want to introduce rapidity or hyperbolic Special Relativity in order to
integrate Lorentz transformations into our matrix metric. In [12] I gave a brief
history of rapidity in its relation to the Thomas precession and the geodesic pre-
cession. For this paper we only need elementary rapidity definitions. If we use the

rapidity ¢ as e¥ = coshy + sinhy = y + By, the previous transformations can be
rewritten as

R60 = ir(') + ir{ = (y = By)(irg +iry) = Rope™? (20)
Ry, =ir —ir{ = (y + By)(irg — iry) = Rye”. (21)

As a result we have

’ ’ -
RL — R(,)() R91 — R()Oe ROI — U_IRU_I. (22)
RlO Rll

In the expression R = U"'RU~! we used the matrix U as

U =

SIS

0 e

v
er 0 ] (23)

But this means that we can write the result of a Lorentz transformation on R
with a Lorentz velocity in the I-direction between the two reference systems as
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0 '] L4
i
This can be written as
L 14 7-1 15771 2 > ~L sL e >
R =rnU " TU  +nU ' IU " +nJ+nK=rnT +rnl +nJ+rrK. (25)

But because we started with Eq.(17), we now have two equivalent options to
express the result of a Lorentz transformation

RE =i+ ri+ i+ R ="+ ni" + ni+nk (26)

either as a coordinate transformation or as a basis transformation.

This result only works for Lorentz transformation between v,-, v;- or I-aligned
reference systems. Reference systems which do not have their relative Lorentz
velocity aligned in the I-direction will have to be space rotated into such an
alignment before the Lorentz transformation in the form RE = U'RU~! is applied.
In principle, such a rotation in order to achieve the I alignment of the primary
reference frame to a secondary reference frame is always possible as an operation
prior to a Lorentz transformation. This unique alignment between two frames of
reference S and §’, needed to match the physics with the algebra, is analyzed by
Synge in [11, p. 41-48] and focuses on the concept of a communal photon. The
requirement of reference system alignment is also the reason for the appearance of
the Thomas precession and the Thomas-Wigner rotation if the axis are not aligned;
the notion that two Lorentz transformations in different directions in space can
always be substituted by the subsequent application of one space rotation and one
single Lorentz transformation, see [12]. The communal photon of Synge is the one
for which the relativistic Doppler shift between S and S’ results in v/ = ve*?. The
minquat algebra requires inertial observers to align their principal axis along such
a communal photon, in my notation the T axis.

The Lorentz transformation of the coordinates (R“)" can be written as

g y —yBOO| [ro| [yro—Byr
F| Z amgr— |7YB Y OO0 _ |yri=Byro
ré v 0 010 1) r
ré 0 0 01 r3 r3

So the Lorentz transformation of R = R, K" = K,R* can be presented as

RY = K (RME =K, AR = (K,AR = (K,)ERY
- U—IKVU—IRV — U—IKVRVU—I - U—IRU—I (27)
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This implies the identity K, A,/ = U7'K, U™, an identity that isn’t possible for
the coordinates only. The matrix representation of the basis is key to this identity,
because the relativistic Doppler factor e*¥ appears differently attached to the matrix
elements. As is the T alignment of the two involved reference frames during the
Lorentz transformation. Given that K, = io,, the identity K,A)} = U™'K,U"!
can also be seen as an instruction for the Lorentz transformation of the Pauli spin
matrices as a norm-spin four set o, = A, o).

The Lorentz transformation of A” is also interesting, due to the importance
of the product C = AT B and therefore the Lorentz transformation C*. Given the
inverse Lorentz transformation as

AL = yAU (28)
one can prove
(AT) v (AT) U= (U—IAU—I)T - (AL)T (29)
and . r
(AT) - U (AT) U~ = (UAU) = (AL_I) . 30)

The result (AL)T = UATU will be used in several important derivations in this
paper, when the Lorentz transformation of a product and the possible invariance
or Lorentz covariance has to be investigated, as in the next example.

Start with two inertial reference systems S; and S, connected by a constant
relative velocity v, a Lorentz gamma factor y(v) and a rapidity factor ¢(v) defining
the Lorentz transformation matrix U. Given A and B in S; and their product in S
as C = ATB. Then in S, one has A and B and their product C* = (AL)" BE. We
then have

T L1
ck = (AL) BL = (AT) BL=U (AT) UU-'BU!
=UATBU™' =UucU™. (31)

As a result, it is easy to prove that the quadratic ATA = czazi is Lorentz
invariant. We have

(AT AL = (AT AL = uATuU AU = vAT AU
= U(Pa)IU™" = U (PPl = 2d?1 = AT A (32)
So both quadratics RTR and dRTdR are Lorentz invariant scalars, as has been

shown for every quadratic of four-vectors. But they aren’t perfect quadratics, the
last defined through the requirement AA = |A|*1.
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2.5 Adding the dynamic vectors

If I want to apply the previous to relativistic electrodynamics and to quantum
physics, I need to further develop the mathematical language, the notation system
and the biquaternion elements. I don’t claim originality regarding the biquaternion
foundations of my notation system. As indicated before, there is a whole subculture
around quaternions an biquaternions in physics, see [9], [10], and I have been
studying many of those papers. The justification for my paper is to be found in
what it adds to this rather large subculture, as part of the more general plethora of
different vector formalisms currently in use [13].

But let’s return to my project of formulating a pragmatic biquaternion math-
phys language through which relativity and quantum can be synthesized. The most
relevant dynamic four vectors must be given a biquaternion representation. The
basic definitions I use for that purpose are quite common in the formulations of
relativistic dynamics, see for example [14]. I start with a particle with a given
three vector velocity as v, a rest mass as mg and an inertial mass m; = ymy,
with the usual ¥y = (y/1 —v2/c2)~!. T use the Latin suffixes as abbreviations
for words, not for numbers. So m; stands for inertial mass and U, for potential
energy. The Greek suffixes are used as indicating a summation over the numbers
0, I, 2 and 3. So P, stands for a momentum four-vector coordinate row with
components (py = %Ui, P1, P2, p3). The momentum three-vector is written as p and
has components (p1, p2, p3)-

I define the coordinate velocity four vector as

d A A
VZV#K'UZER#K#:CT+V-K=V0T+V'K. (33)

The proper velocity four vector on the other hand will be defined using the proper
time 7 = to, with t = yty = y7, as

d d R
U= UK = -RK" = —RK' = yV K =T +u- K (34

The momentum four vector will be, at least when we have the symmetry condition
P = my,

P =P,K! =mV,K! =m;V = mpU,K* = myU. (35)
The four vector partial derivative 0 = 0,K* will be defined using the coordinate
four set

1
a/J = |:_Eata Vl’ V27 V3:| - [60, 61’ 62’ a3] ‘ (36)

The electrodynamic potential four vector A = A, K" will be defined by the coor-
dinate four set

1
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The electric four current density vector J = J,K* will be defined by the coordinate
four set
Ju = [cpe, J1, J2, 3] = [Jo, 1, 2, J3], (33)

with p, as the electric charge density. The electric four current with a charge g will
be also be written as J,, and the context will indicate which one is used.

Although we defined these fourvectors using the coordinate column notation,
we will often use the matrix or summation notation, as for example with P = P, K*,
written as

P=p+pi+pJ+psK=pT+p-K

_ | ipo+ip1 pa2+ips | _ [Poo P01] (39)
—p2 +ip3ipo —ip Pio P11 |’

The flexibility to use either of these notations is a strength of the math-phys
language as developed in this paper. There are cases where one needs to go all
the way to the internal scalar matrix notation to solve issues as for example the
productrule in calculating a derivative, after which one returns to the more compact
notation to evaluate the outcome.

2.6 The EM field in our language

I we apply the matrix multiplication rules to the electromagnetic field with four
derivative d and four potential A, with 9y = —%0, and Ag = %qﬁ, we get B=0TA
as

B=0"TA= (—Ciza,qﬁ -V-A1l+(VxA) K+ %(—@A —Vp)-o.  (40)

If we apply the Lorenz gauge Bg = — C%@,(/) —V-A = 0 and the usual EM definitions
of the fields in terms of the potentials we get

1
B=3d"A=B-K+-E -o. 41)
C

Using o = —TK = —iK, this can also be written as

-

1
B:@TA:(B—iEE).K:B-K. (42)

Theuse of B = B - i%E dates back to Minkowski’s 1908 treatment of the subject
[15]. In my opinion, the flexibility of easy switching between the different modes
of notations makes my biquaternion variant suited for unification purposes.
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Using B we can write B as

~ " A H
B=B{I+BJ+B;K=B -K=

iB; B, +iBj Boo Boi (43)
—Bg + iBg —iBl BIO BH )

For the Lorentz transformation of B we can apply the result of the previous
section to get B = (01)T AL = (07)LAL = U@ UU'AU! = UOTAU! =
UBU™!, so

0
v

0 e Bioe™ B

:[ Boo 3016‘”] (44)

which, when written out with E and B leads to the usual result for the Lorentz
transformation of the EM field with the Lorentz velocity in the x-direction. But it
can also be written as a transformation of the basis, while leaving the coordinates
invariant:

BL =UBU ' =B, UIU™" + BL,UJU ™' + BsUKU ™ = (45)

: v U
io +B, 0 e]+B3[0 le}.

a AL ~ L
BiI+ByJ +B3K =B [0_1 _e_w 0 ie_l/, 0

The Lorentz transformation of the EM field can be performed by internally twisting
the (J, K)-surface perpendicular to the Lorentz velocity and in the process leaving
the EM-coordinates invariant.

That the above equals the usual Lorentz transformation of the EM field can
be shown by going back to [15], where he wrote the transformation in a form
equivalent to

B 1 0 0 ||B B
51 =10 v iBy||B2|=|yB2+iByBs (46)
B 0-iBy v | |Bs yB3 —iByB:
So we have
B, =B}, +iB} = yB, + iByB3 + iyB3 + B8yB> 47)
and
B, = -B) +iB} = —yB, — iByB3 + iyB3 + ByB>. (48)
If we use the rapidity ¢ as e = cosh i +sinhy = y + Sy, this can be rewritten
as
By, = B, +iBj = (y + By)(B2 +iB3) = Bore” (49)
and
By = —Bj +iB; = (y - By)(-B2 +iB3) = Bipe ™, (50)

which leads to Eqn. (44).
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2.7 The Maxwell Equations and the Lorentz force law

The Maxwell equations in our language can be given as, using J = pV, dB = uoJ
and the Lorentz force law, with a four force density ¥, as JB = ¥. Maxwell’s
inhomogeneous wave equations can be written as (=47 9)B = —upd’J and with
the Lorentz invariant quadratic derivative,

| A
— 979 = (V? - C—Za,z)l (51)

we get the homogeneous wave equations of the EM field in free space in the
familiar form as

1
(-0T9)B = V°B - gafB =0. (52)

I will look at 0B = pgJ first. The underlying structure then also applies to the
Lorentz Force Law and the inhomogeneous part of the wave equation. I start with

1
B=0"A=B -K+-E -o. (53)
C
Then 0B is given by
1 . 1
OB=--0T+V-K||B-K+-E o=
C C

—(V~B)i+1(V-E)T+(V><B—12@E)-K+1(V><E+atB)~a (54)
C C C

If we interpret this result using the knowledge regarding the inhomogeneous
Maxwell equations, we get an interesting result. First of all, the part of the Maxwell
Equation with the dimension of the norm 1 is zero and so is the part with the di-
mension of spin 0. The space-time parts K and T equal the space-time parts of
the four current poJ. So we get

. 1 . 1 1
0B=—(V-B)1+—(V-E)T+(VXB-—=4E)-K+—-(VXE+§4B) o=
C C &
01 + uocpT + uoJ - K+ 00 = poJ.  (55)

So the spin-norm part of the Maxwell Equations equals zero and the space-time part
equals the space-time four current density times p. In the line of this interpretation,
magnetic monopoles and the correlated magnetic monopole current should be
searched in the pauliquat dimensions of spin-norm, not in the minquat dimensions
of space-time.

As for the Lorentz covariance of the Maxwell Equations, this can be demon-
strated quite easily. Given the four-vectors d, A and J in reference system S, with
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the Maxwell Equations as 6(67 A) = uoJ, then in reference system S, we have
the four-vectors 9%, AL and JL and the covariant Maxwell Equations given as
AL (0M)T AL = poJt. In S, this can be proven through

LT AL = 9L AL = U™t ou U ) UU AU = U 9(0T) AU =
U 'OBU™ = U ot U™ = uod*. (56)

So if we have B = uoJ in one frame of reference, this transforms as 0% Bl =
woJ* in another frame of reference, which means that the equation maintains its
form, it is Lorentz covariant. We have form-invariance of the equations.

I will look at JB = F now, with J = ¢gV. The underlying structure for the
Lorentz Force Law is the same as for the Maxwell equations. So JB is given by

JB:(ch+J-K) (B-K+%E-0'):
—(J-B)i+%(J-E)T+(J><B+qE)-K+(%J><E—ch)-0' (57)

If we interpret this result using the knowledge regarding the Lorentz Force Law,
we get an interesting result. First of all, the part of the Lorentz force law with the
dimension of the norm 1 is zero and so is the part with the dimension of spin o .
The space-time parts K and T equal the space-time parts of the four force F. Thus
we get

JB:—(J-B)i+%(]-E)’i‘+(J><B+qE)-K+(%J><E—ch)-a':

~ 1 4
01+ -PT+F -K+00 =F. (58)
c

So the spin-norm pauliquat part of the Lorentz Force Law equals zero and the
space-time minquat part equals the space-time four force.

In both cases, dB and BJ, we get a dual spin-norm and space-time product,
with the spin-norm equal zero and the non-zero space-time leading to the inhomo-
geneous four-vectors of current and force. Speculations about magnetic monopoles
are connected to these spin-norm parts, the set spanned by pauliquats. In my anal-
ysis, if spin-norm is the twin dual of space-time and as such an integral aspect of
the metric as foreseen in [16], then searches for magnetic monopoles should focus
on this spin-norm aspect of the vacuum.

But from a purely geometric perspective, the product of three four-vectors like
in BJ] = 0TAJ = F, we can separate the coordinate four sets d,, A”, and J#
from the metric basis, as in BJ = ((0,A")J “)((KZKV)K“), and focus on the metric
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product alone. We then get

“TTITJT KT [T
iK1

K 'K =(KIKD)K: = | on an 52 aa |l = 59

: (KK -ty JIKI || &2
-TKIKJKKK| |K

~TTT +1IT1 + JTJ + KTK T-T-T-T

Tt + T+ JIJ+KIK | | T-T+1+1 60)

TIT+1i+J+KK |7 J+I-3+3 I

~TKT + IKI + JKJ + KKK K+K+K-K

with no norm-spin {1, 0) product in the end result. The product of three four-vectors
in this metric/geometry environment should produce a space-time four vector only,
as is reflected in the Maxwell equations and the Lorentz Force Law. In other words,
the multiplication of three minquats produces a pure minquat, not a pauliquat or a
sum of a pauliquat and a minquat. Looking for magnetic monopoles as ‘symmetric
completion’ of the Maxwell Equations and the Lorentz Force Law makes no sense
in the metric/geometry developed in this paper because it implies looking for non-
zero (1, o) results from K, "K*. The metric (T, K); (1, o) dimensionality analysis
implies that only non-zero (T, K) results are possible and that excludes magnetic
monopole four forces and four currents.

3 The Dirac spin level
3.1 The Dirac-Weyl environment’s disconnect to Minkowsky space-time

In the twenties of the previous century, the quadratic relativistic scalar Klein-
Gordon wave equation could not be applied to the relativistic electron including
(Pauli-) spin. In his search for a solution, Dirac linearized the Klein-Gordon
equation by introducing four by four matrices as duplexes of the two by two
Pauli matrices. In his two seminal 1928 papers he introduced the Clifford four
set (B, @) and, using what were later called the gamma matrices, the covariant
Clifford four set (8,7) [17], [18]. The Pauli matrices were incorporated in these
matrices. Weyl later found another covariant Clifford four set, which relates to the
Dirac covariant set as low velocity relativistic to high velocity relativistic gamma
matrices Clifford four set [19]. Weyl explicitly discussed parity P and time-reversal
T properties of these representations [20], [21, p. 109].

All these gamma or gamma-like matrices can be represented as two by two
matrices of the biquaternion pauliquat basis d, o). But using this biquaternion
basis (1, 07) as a basis for the gamma matrices makes it difficult to establish a
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connection between the gamma four-vector as a basis in an imaginary Dirac space-
time and the Minkowsky space-time of special relativity. With the spinor wave
objects as setting up an Hilbert space, the disconnect increases even more. The
Born rule connecting the intensity of the waves absolute value to probabilities of
outcomes in the real world in the laboratory successfully decreases the gap without
entirely closing it.

Using result of the previous section, I can build gamma-equivalent matrices
with a direct connection to Minkowskian space-time. It is my opinion that the
(T, K) biquaternion minquat basis will provide a solid foundation for connecting
the Clifford four sets of Relativistic Quantum Mechanics to ordinary relativistic
Minkowski space-time. This direct connection, through the construction of the
Dirac environment from basic elements, will prove to be insightful and fruitful.

3.2 The Weyl matrices in dual minquat space-time mode as beta matrices.

In my math-phys language and with a Mobius kind of doubling in mind I can
define matrices through the application of parity or point reflection P and time
reversal or present reflection T of the energy-momentum four vector P as

P P P P
[PPPT:|:|:_PTPT =
Try (LI r3J), [ KK]_
Polg 4| TP 1| " P2 “5j p3 —Kf( =
TT] ~[KK]
Polg 4| TP | -KK|

(61)

The problem with this matrix is that it doesn’t represent a Clifford four-set; it
doesn’t square to 2E21.

I can split the quadruple of P into two duplexes P, 8" + P,&H. The beta’s are
defined through, constructed as, the parity duplex

0 K

+p- _Ko] :p0ﬁ0+p'ﬂ:

T0
0T+ 01
Tol P10

with P = P,B* = pofSo + p1B1 + P22 + p3f3s.

P=P,p"= [_Oprg] =P0[0T

0 K
KO

03J
Po —jO

+ D2 +P3

] (62)
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The xi’s are defined through, constructed as, the time reversed duplex

PO TO K 0
H — — ~ . = . =
Pﬂé‘: _lOPT]_pOlO—T +p OK] POfO"‘p g
i io Jo K 0
Polo 4P of| P2 o]t P OK] (63)

with P& = podo + p1é1 + p2é2 + p3&s.
The relation with the metric of the previous section is direct. In the 3, space is

mirrored, so the space-time double is obtained through the parity operation. In the

&, time is reversed, so the space-time double is obtained through the T operation.
Of these two, only the 3, matrices are a Clifford four set; only for them does

the square of P give the desired outcome as in PP = —E . The 8, matrices are the

minquat equivalent of the Weyl-gamma matrices, the latter as based on doubling

the pauliquat spin-norm set. If I use T =il and K = io, the result is

0 ii] [ 0 io

Bu= (bo.B) = ([ii o ]) = (iLiy) = iy, (64)

which relates the parity dual §,, to the Weyl gamma representation. The question
then is how to represent the equivalent of the Dirac representation in the beta
minquat environment.

3.3 From the Weyl and Dirac equations to the Dirac beta matrices

The trick in finding Clifford four-sets is connected to the problem of the quadratics
and to the problem of formulating equations in the Dirac environment. The quadrat-
ics of the energy-momentum four-vectors in the Clifford representation have to be
reducible to the Klein Gordon energy condition P’ P = E21 with E = 2 = myc.
The Weyl beta representation of P matches this requirement. The £, representation
doesn’t.

In the Weyl and Dirac equations we can split —E*] using the & matrix, as
E? = (E€)* = —E?{, with the eigen time matrix &, defined as

TO
f—[OT} (65)

The Weyl or chiral equation stems from the quadratic PP = EF in the space-

time Weyl representation.

0 P 0O P -PPT 0
N:[—PTOH—PTO]:[ 0 —PTP]:

_E21
0 |- (©6)
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So we have PP — EF = 0. This leads to (P — E)(P + £) = 0. If we split this
into two equations, P — F = 0 and P + £ = 0, then only the trivial all zero
solution is possible. As a consequence, the Weyl equations only apply to zero-
restmass particles, like the neutrino’s. If we add the Dirac spinors, then we get
Y (P—-E)P+E)¥ =0, which can be split into ¥T(P - F) = 0and (P + F)¥ = 0.
By interpreting the spinors as waves or wave-like fields all the solutions of those
equations can be interpreted as eigenvalue solutions of related operators and we
get the Weyl wave equations as

vip=vg (67)
Py =gy (68)
if we use P = —ihd and a four column dual spinor Y. When applied to zero

restmass particles, this reduces to ‘PUAD =0 and ibT =0.
The Dirac equation stems from the quadratic form PP = (poBo+p-B)* = —E*1,
as

Plb:[ pOT pK][ pOT p'K]

—p-K—pT||-p-K-pT| "~
(-p2 +pAi 0 2
~ | =-E“1. 69
S ] = (©)
This leads to the two options for the Dirac equations
(PoPo + P - B)Y = Eil¥ (70)
¥ (popo+p - B) = ~E'if (71)

if we use P = —ihd and a four column spinor P.

From this we can derive the Dirac béta matrices, i.e. the béta-matrices in the
Dirac representation. The Dirac representation mixes the beta and the xi represen-
tation and thus represents a PT dual. I nevertheless, using the gamma tradition,
use the beta and Feynman slash symbols for both representations in the time-space
(T, K) basis. This gives for the Dirac beta representation

T O 0 K
P:Pﬂﬁ#:PO[O_T +Pp- _KO]:POﬁO"‘p'ﬁ:
T0+ oi+ oj+ 0 K 2)
Po O—T P1 “jo P2 —jO P3 —KO .

As with the Weyl representation, in the Dirac representation we have g, = iy,.
So in the space-time representation we have the Weyl P as
0 P]

Po = [_ P 0 (73)
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and the Dirac P as

poT p-K
= N 4
ba [—P'K—POT] 7

3.3.1 The transformation from the Dirac to the Weyl representation and vice versa

The transformation from the Weyl to the Dirac representation and vice versa is an
operator that is usually written as S. Given the Weyl and Dirac beta representations
of Eqn.(73) and Eqn.(74), the transformation matrix can easily been found and
equals one of the usual forms of S:

1 [it
=351 il )
It has the property 8oS = S~! 8y and the directly related S8y = By S~
The switch from the Weyl BJ; to the Dirac 8, is then given by 8 = S5, S ~land

the switch from the Dirac to the Weyl representation by the inverse 8%, = S~! BS.
We then also have the transformation P,, = S~'P;S and P, = SP,,S™".

3.4 Lorentz transformations of the vectors in the Dirac and Weyl representation
environments

In the Pauli level part of this paper I developed the ('i‘, K) relativistic approach.
This resulted in the Lorentz transformation of a four vector P = (po'i‘, p - K)
as PL' = U7'PU™! and the Lorentz transformation of its time reversal P’ as
(PLYT = (PT)L™" = UPTU with U as

% ] (76)

2 . N
and the rapidity y. The quadratic PT P is a Lorentz invariant scalar %1 = EA1

with the dimension of the norm 1. If in the space-time minquat 3, representation
we have the Weyl P in a reference system S as

0 P
then in reference system S’ we have P’ and so also the Weyl P as
| o pPL]_ 0 ulpyu!
U [—(PL)T 0 ] - [—UPTU 0 (78)
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The question then is which matrix can generate this result. The obvious answer is

U—loH 0 PHU 0 ]:[ 0. UTPUT g9,

L _ -1 _
Pu=APuA ‘l 0 Ul|-PTO]|0U"! -UP'U 0

with the Lorentz transformation matrix

-1
A= [UO 2] (80)

and its inverse AL,
As for the generator of A, we have

s3] s 3] -

1 cosh (%) + a; sinh (%) = Ie“’(%) (81)

with the @; defined in the Weyl presentation as:

~100 0
[-o;0] {0100
U= 0 0| 10010
000-1

(82)

—ar ¥
The inverse is then obviously given by A=l = fe (5 )
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The Klein Gordon energy-momentum condition’s Lorentz invariance or co-
variance depends on the product PL PL. Using the previous result, we have for the
Lorentz transformation of the product PP in the Weyl representation

PEPE = APATIAPA = APPA! =
AE DA = —E*IAN" = —E*] = PP, (83)

so a Lorentz invariant product. This ensures the Lorentz invariance of the Klein
Gordon energy-momentum condition PP = FF in the Weyl representation.

In the Dirac version, where P = poBo + p - B, things get more complicated. We
have to start with the Dirac P, in the primary reference system and we want to end
up with PCI; in the secondary reference system. We know how to transform between
the Dirac and the Weyl representations and we know how to Lorentz transform the
Weyl P,,. This means we have to go from Dirac to Weyl in the primary reference
system, then Lorentz transform the Weyl four vector to the secondary reference
system and then transform back from the Weyl to the Dirac representation, three
operations in total. The total result gives

PL = SAST'PSATIST (84)

For the Klein Gordon equation in the Dirac representation, we get the Lorentz
invariance through

PLPE = SAST P SATISTISAS I PSATIST! =
SAST'PSATIAST P SATIST! =
SAST PSSP SATIST =
SAST PaPaSATIST! =
SAS N -E*)SA7Is™! =
—E*ISAST'SATIST! =
—E*ISAA7IST! =
—-E*1ss7! =
-E*f =
PiPa. (85)

In details, with rapidity ¢, the operator SAS~! is given as

cosh(%)i sinh(%)m

SAS™! = «
sinh(%)m cosh(%l

=1 cosh(%) + ag Sinh(%) = Ie(al%), (86)
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14
with ]{e(a' 2) as the generator of the Lorentz boost. The «@; in the Dirac represen-
tation is defined as as:

0010
| 0ol _[000-1
“"[cr,o]‘looo ®7)
0-100
The operator SA~'S~! is given as
e h($)1 - sinh(%)oy
sA-lg1l = | coshig 2
[—sinh(%)m cosh(%l
ar?
Icosh(%) - sinh(%) =1e ( '2). (88)

In the transformation of the four vector we have P,; = P,B*. Because the
operators only work on the matrix aspect of each of the elements of ¥, the
Lorentz transformation can also be written as

AN P _ e _ e
i :e( '2)Pe (or%) = SAS'P,BHSATIS™! = P, SASTIBHSATIST (89)

and we can focus on
(BHE = SASTIBHSAIs! (90)

thus interpreting the Lorentz transformation as a boost of the dual minquat metric.

Using the Lorentz transformation expression of the operator combinations
SAS~! and SA~'S~! in terms of the rapidity and the hyperbolic trigonometric
expressions, we can calculate the result on the béta matrices of the SAS™! and
SA~15~! operators. After some calculations this results in

(B)" = SASTIBUSATIST! = AP = B (O1)
with, given the usual Lorentz boost y = 11—;32 and g = 7,
Bol"
(B = || =ave =
B3

Yy =¥BOO|[|Bo YBo — ByB1
-¥B v 00| |B1| _[vBi—=ByBo| _

0o 0 10||g;|T| B |TF" ©2)
0 0 01]|Bs B3
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Independently from the previous direct calculations based on known A, S and
A}, the Lorentz transformation of P can also be presented as a transformation of
the coordinates P, with a fixed metric K*, see the results of Eqn.(27). For the beta
dual this applies as well. Thus one either transforms the coordinates P, or one
transforms the metric in S#, but not both. The end result will be the same. For the
first we get

PE = (P = (P" B = (AR = PLB". (93)

But this can also be written as
P = (P, A)B = Py(A)BY) = PB". (94)

So we have (")t = A,/B* and we have, in the Dirac representation, (BHE =
SAS~1B"SA1S~!, leading to

v _ -1 pv -1 -1
Ay BH = SAST B'SAT ST (95)
In the space-time Weyl representation the results are the same, giving
-1 _
ABHAT = A, BE (96)

A remark is necessary: one has to keep track of the representation one is in, Weyl
or Dirac, because the same A ;" and B symbols are used but they aren’t equal in
the respective representations.

The ease of the Lorentz transformation and the proving of Lorentz covariance
or invariance in the developed math-phys environment can be contrasted with
the usual approach as critically analyzed and alternatively presented in [8]. The
relation SAS™!B“SA™!S™! = A" B# for the Dirac matrices in this paper has been
constructed using already known matrices. I do not use this relationship as a starting
point in the process of finding the operator SAS™!, as is done in the literature. As
I mentioned in the introduction, in [5, p. 147, Eqn. 5.102], the “ S” is a black box,
whereas in my approach I opened the box and found “ §” = SA~!S~!, a relation
that I constructed and then used to prove SAS™'B#SAIS™! = A ”B* instead of
assuming it first and solving it later. I do not assume and solve, I construct and prove
instead. This was possible because of its connection to the Lorentz transformation
approach in the biquaternion representation of the Pauli level physics.

My approach confirms the claim that the béta matrices can transform like
a ‘regular’ four-vector, but it also confirms the approach that the béta matrices
remain fixed during a Lorentz transformation. One has to realizes that in the
Feynman P = P, 8" notation, the Lorentz transformation is either performed on
P, with fixed g or on g* with fixed P,: one either transforms the coordinates or
one transforms the metric, but not both. Either the metric aspect of P is Doppler
twisted or the dynamic variables are, but not both.
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3.5 Lorentz transformations of the spinors in the Weyl representation
environments

The Lorentz transformation of the spinors is known to be half the Lorentz trans-
formation of a four vector. In case of the Weyl beta representation we have
PE = APA7L, s0 we expect to have either ¥© = AW or ¥X = A~1¥.

Now, in physics, the Lorentz transformation of EM-waves represents a rela-
tivistic Doppler boost, represented by the factor e = y + 7 shifting the frequency
and wavelength to the red or to the blue. Matter waves and the associated phe-
nomena are duly called so because they exhibit wave phenomena as refraction and
interference. So matter waves should have wave-fronts and crests and troughs and
as such undergo the equivalent of Doppler shifts when observed from vi-boosted
reference systems. But measurements always involve intensities, never pure waves,
so the intensities should exhibit quantum Doppler shifts.

We further know that if the spinor P represents a matter wave, then @ = P¥
also represents a matter wave and both should Lorentz transform identically. From
this we can infer that % = AW, because then

OL = (PW)L = PLWL = APAT'PE = APATTAY = APY = AO  (97)
From WL = AY we can derive the relation
PhH" = (AP)" = PIA, (98)

due to the fact that A is diagonal real and thus equal to its conjugate transpose.
We then get for Lorentz transformation of the intensity W'V of the matter wave
b4

(PTP)E = (PHT(PE) = (AP) (AP) = PTAAY = PTA2Y = Py =
P cosh(y) + P oy Psinh(y) = PPy + Pl PyB,  (99)
with alpha matrix a;, Lorentz boost y = cosh(y), yB8 = sinh(y). This is the
quantum equivalent of a Doppler boost with rapidity ¢, as should be expected for
a wave phenomenon when observed from a moving reference system.

In the Weyl representation, boosting the probability density doesn’t mix the
spinors because we have a diagonal matrix in the Lorentz boost operator, as

y-vB 0 0 0 ¥y
0 v+vB8 O 0 Y,
0 0 v+vB8 O Y
0 0 0 y—-yB||[Ys
= Y\PT‘Pl — ‘yﬁlyik‘yl + ')/\P;lP2 + )/,B‘I’;‘“Pz
+)/‘P;‘P3 + ’}/IB\I";‘I@, + ’y‘PZ‘I"4 — ’yﬁ\PZ\I”4 =
YiWie ™ + Vi + WiWse + W Wae ™. (100)

(Pt = [y W ¥ vy ]
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The factor y + ¥ = e*¥ represents a relativistic wavelenght/frequency Doppler
shift of the intensities.

In Wave Mechanics, the equations are wave equations and the Lagrangians
are the intensities of those waves. The Klein-Gordon energy-momentum condition
is Lorentz Invariant, the linearized Dirac equation transforms like a wave ¥ and
the Lagrangian wave intensity derived from that equation transforms Doppler like
with a factor e¥¥.

The conditon W% = AW gives

ulo][wl Uyl
L _ _ wl _ w
YL = AP, = [ 0 U] [‘I’i] = [ v |- (101)

Important in this last equation is the result that the bispinors P! and ¥? do not mix
in the Lorentz transformation in the space-time Weyl representation.

3.6 Lorentz transformations of the spinors in the Dirac representation
environments

The same line of reasoning will give us the Lorentz transformation rules for the
spinors in the space-time Dirac representation, respectively

L = sAs™hy, (102)

and '
(Ph)! = (¥hsas. (103)

For the intensities we then get
(Pl = (PHIWE = (PHSASTISAS T, = (P)HSAZS T, (104)

In the Dirac representation, we have to calculate SAZS~! in order to be able to
evaluate the result. In details, with rapidity ¢, the operator SA2S~! is given as

cosh(Y)1 sinh(y)oy

= i — A Slary)
sinh()o7 cosh()i | = F COShW) + arsinh(y) = £, (105)

SA*S™! =
with e(@¥) as the generator of the Lorentz boost delivered Doppler shift of the
probability/field density, as

P = T @Y = wip cosh(y) + Pia; W sinh(y). (106)

The operator SAS~! for the Lorentz transformation of the Dirac spinor ¥ exactly
matches the one in [22].
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Zooming in further and using cosh(i) = y and sinh(y/) = y3, we get for the
Dirac representation

y 0 ¥y 0 ||¥
0 0 —yB||Y¥Y
¥ L _ * \UF \F * Y Y 2
(YY) _[\PI\PZ\P3\P4] Y8 0 y 0 Y3
0 -y 0 vy [|¥
= y¥[Y1 + yBYYs + ¥y — v Wy
+y VW3 + YY1 + v, Y — yBY, Ys. (107)

We see that in the Dirac representation, boosting the probability density mixes the
spinors and thus the particles and the anti-particles, the electrons and the positrons.
The structure of these transformations look familiar. If we define y’ = cosh(%)

and y'gB’ = sinh(%), we get the Lorentz transformation of ¥ as

gl :[ y'1 V'ﬁ’o'l] (108)

P [y 1P+ oy B o2
7,,8/0-1 7/1 - .

\112 yli\PZ + 7’[3/0'1‘1’1

In the hyperbolic formulation, the details of the Lorentz transformation of ¥ gives

gl — [(‘PI)L] 3 [cosh(%)i sinh(%)o-,] [‘{’1]
T L ¥AF] T [sinh(4)oy cosh(5 | [ W2
cosh($)1¥' + sinh(%)o-,qﬂ]

n 109
cosh(%)l‘{’2 + Sinh(%)O']\Pl (109)

What we see here is that the Lorentz transformation of the Dirac spinor mixes the
two twin Pauli spinors ¥! and \P2. As a consequence, one cannot Lorentz transform
a single Pauli spinor in the Dirac representation, so a Lorentz transformation of
the Pauli equation without the full Dirac twin is impossible. The Pauli equation on
its own cannot possibly be relativistic, not because of the Pauli spin matrices, as
is usually thought [23], but due to the spinors involved.

3.7 Connecting the beta-matrices to the gamma-matrices and to the Dirac alpha
and spin matrices

My reversed order of the Pauli spin matrices, with o7 = 0, 0y = 0y, ok = 0%
and o = (07, 0y, o) implies that the usual (x, y, z) order of the gamma matrices
are reversed correspondingly, with y1 = y; =y, v2 = y; = ¥y, ¥3 = Yk = ¥x and
Y =y ¥3) = (VLY YK)).
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The set of gamma matrices in the Dirac representation, y,, = (8,%) = (y0,7),
can then be defined as

-0 0

w=(ﬁ,7)=(m7)=([(l)_oi], ) o]) (110)

The set of gamma matrices in the Weyl representation, y, = (yo,¥), can be
defined as

0i] [0 o

Yﬂ = ()/0’7) = ([i 0] s |:_0_ O

) (111)

In my 1, o) norm-spin basis the Dirac set @, = (I, @) can be represented as

0"]). (112)

10
o O

C”‘:(ﬂ"’):([oi

The most straightforward doubling of the Pauli level norm-spin set (1, o) is the
Dirac level norm-spin set £, = (I, X) defined as

5, = (L) = ([(1)(1)]

T 0]). (113)

0o

The tensor —g,8" = =iy, dy” = y,y"” is given by

Y0
~BuB” =vuy’ = [vov1v273] Q =
Y3
Y0Y0 Y170 Y20 ¥3Y0 I - —a —a3
Yori vivivavivayr | |ar -1 —iZ3 iXp . (114)

YoY2 Y1v2 Y22 v3v2| | iZz -1 —iZ
YOY3 Y173 Y23 Y33 a3 —iXy iy -1

Thus, the product —3,8” firmly connects the minquat domain to the pauliquat
domain on the Dirac level. The product of two Dirac level duplex minquats produces
a mixture of a duplex minquat and a a duplex pauliquat, as was the case on the
Pauli level.

3.8 Lorentz transformation of the EM field in the Weyl-Dirac environment

We can apply this to the product B = J A, which then results in



30 E.P.J. de Haas

A = 19T v -K|[ 1¢T A-K]| _ [BiiBau| _
T |-V-K 15T ||-A-K-1¢T| | Bu Bn|
-B-K lE.-TK . Joo] 1 0o
[%E-TK—B-K]‘_'B'[OU]_ZE'[UO] B
1 1
—iB-X—-E-a=-——(E-a+icB-X). (115)
C C
with {
By =By =(504+V-A)1-(VxA)-K (116)
C
and | .
Bi» = By = —8,A-TK - —V¢ - TK. (117)
C C

The end result B = —%(E -a + icB - X) applies for both the Weyl and the Dirac
presentations and includes the use of the Lorenz gauge. In the perspective of the
approach of this paper, this can be interpreted as a photon field — hypercomplex
metric interaction product. The product is located in the pauliquat domain on the
level of the Dirac-Weyl duplex of the Pauli space-time duplex. The product of two
beta matrices isn’t a beta matric but a metric-intrinsic ‘polarization’-’spin’ dual
‘six-vector’ like entity. As on the Pauli-level, the set of the PT-duplex minquat beta
matrices isn’t a closed set for multiplications. Multiplication transports us from
the space-time domain to the spin-norm domain in a double duplex way.

The Lorentz transformation of this product is straightforward. In the Weyl
representation, we get

BE = g5 A" = AGATAAA = AGAN = ABA! =
—%(E -AaA! +icB - AZAT). (118)

In the Dirac representation the result will be

B = SAST'B,SATIST! =
1
——(E-SAS'aSAT'ST! +icB - SASTIESATISL. (119)
C

It is of course also possible to perform the Lorentz transformation on the coordi-
nates of E and B and leave the Weyl-Dirac alpha (the intrinsic ‘polarization’” when
enhanced by the Bohr magneton) and Weyl-Dirac Sigma (the intrinsic ‘magneti-
zation’ when enhanced by the Bohr magneton) unaltered. The result will be that
a Lorentz transformation mixes the alpha and the Sigma, or, alternatively, that it
mixes the electric and magnetic fields.
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3.9 Lorentz transformation, Dirac adjoint and Dirac probability current
The Dirac adjoint is defined as
¥ =¥y = —i¥ . (120)

The Lorentz transformation properties of the Dirac adjoint are problematic, to say
the least. In the Weyl representation, ¥ Lorentz transforms as (¥£)" = ¥TA. The

—L
Lorentz transformation of the Dirac adjoint, ¥ should then be

— L
v - (\P%) N (121)

But the transformation properties of yg = —iy depend on many contextual circum-
stances. As part of a Feynman slash vector A, one can treat the matrices as fixed
during a Lorentz transformation under the condition that the coordinates undergo
the Lorentz transformation. So it is allowed to treat yo = —if as a Lorentz ‘scalar’
and keep it fixed, but not at all times and unconditionally. In my approach, y is not
unconditionally a reference frame independent fixed matrix, it’s reference frame
independence is contextual.

The Dirac adjoint is used to get the products Pyo¥ and J¥ = ¥y*¥ = ¥ ¥ +
P a¥. If we look at the probability density tensor ® y = ‘I’T)fﬂyv‘l’ =, we
recognize the elements of the Dirac probability current JV in this tensor:

YHY ¥V -YTar¥ —¥ ¥
Yo ¥ —PTIY PP Pz, ¥
Y,V PiZ:¥ -¥11Y —¥iix, ¥
PP -9, ¥ PiX, ¢ -¥Yiv

D) =¥yy¥= (122)

This tensor has transparent Lorentz transformation properties. If the coordinates,
eventually to be attached to this tensor, are kept fixed, then the gamma-matrices
can be Lorentz transformed and we get for the tensor, in the Dirac representation
and using the beta matrices:

L T
(@,7) = (¥£) (8" 8" () = (¥'sAS™) (SAS ™ BuSAs ™)
(SASTIB7SATIS™!) (SASTIW) = WISAASTI B, = Wiemr g, =
®,” cosh(y) + ¥ a;B8,”¥sinh(y) = y®,” + yp¥ e, 8," V. (123)

L
In ((D#") =y ((D”V +,8‘I”La/1ﬁ#‘"{’), the y represents the scalar velocity

clock-effect and the S represents the geometric I-direction dependence of the
relativistic Doppler shift. The result represents a quantum-relativistic Doppler
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shift with Doppler shift factor e*¥. From the tensor ® . the Dirac probability
density current and probability density scalar can be derived.

The Dirac current can be arrived at by using the coordinate velocity’s rest
system coordinates as V" to get

I =@, V=
YIY ¥V Y ¥ -Y'3?¥ | [c cPIY
Pl ¥ —PHIY —PiiZ;¥ ¥iiz,¥ | |0 Pl ¥ (124)
YV ¥iis:¥ - Y —-Piiz, | |0 Pl ¥
PP Pz, ¥ P, ¢ -97Iv | |0 c¥las¥

But this object isn’t complete because it involves two §,’s and only one set of
coordinates, in this case V¥. But it does indicate that it is problematic to interpret
the Dirac probability density current as a real current, moving through space-time,
see [2, p. 24].

The point to make here is to show that the Dirac adjoint and the Dirac probability
current can be seen as part of the more general tensor product with at its core the
product 8,8”. In my opinion, the Dirac probability current should be interpreted as
part of a tensor, not as a stand alone four vector. If 5,5 would be at the origin of the
adjoint ¥ = W'y, then the probability density tensor ® u = ‘I’TB#BV‘P would be
thé quantum-relativistic object to study in this context. This tensor has a transparent
Lorentz transformation. The continuity equation for the Dirac probability density
current would then be derived from the more general closed system condition for
this probability density tensor

0,®," = 0,¥"y,y"¥ = 0. (125)

The closed system condition is going back to von Laue [24]. It might be interesting
to further explore the relevance of this condition for the probability density of
relativistic quantum mechanics.

4 Conclusion

In the Pauli-level part of this paper, I constructed a biquaternion space-time metric
that matches the Minkowski space-time requirements and at the same time contains
the Pauli spin environment. The space-time metric K, and its spin-norm dual o,
are not inert like the original Minkowski metric 77, but can be internally Doppler
twisted. Dynamic vectors in this space-time are P,K* products. The connection
between the Minkowski space-time metric 17, and the biquaternion space-time
metric K, can be made but isn’t straightforward. It is unclear for example in what
dimension one should imagine K,’s spin-norm dual o,.
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Nevertheless was it possible to construct the Weyl-Dirac gamma-matrices en-
vironment from the biquaternion Pauli-level building blocks. To arrive at the the
Dirac environment I added the PT dual to both the space-time metric K, and its
spin-norm dual o,. This construction from basic elements with known space-time
connection allowed me to construct the Lorentz transformation operators on the
Weyl-Dirac level.

This connection also allowed me to critically assess the confusing situation
regarding the Lorentz transformation properties of the Dirac matrices. In my
opinion, the Feynman slash objects are the Weyl-Dirac analogues of the Pauli-
level P, K" dynamic vectors, combinations of four-sets of dynamic variables and a
space-time metric. In Lorentz transformations of these dynamic vectors, one either
Lorentz transforms the metric object K# or the dynamic variables P, but not both.

In my opinion, the Weyl-Dirac matrices contain the space-time Minkowski
metric, but in a complicated way. The gamma matrices 7y, are not to be interpreted
as ordinary dynamic four-vectors related to real particles or fields, but as objects
with a complicated relationship with the space-time metric of Special Relativity.
According to my analysis, the Dirac adjoint contains the time element present in iy,
but also highly indirect, making its Lorentz transformation properties extremely
complicated. Treating the Dirac adjoint’s importance for physics as originating in
the probability density tensor seems advisable.

The results of this paper might be useful for those teaching Relativistic Quan-
tum Mechanics. Not for direct use in college teaching, but as background knowl-
edge regarding the confusing situation around the roots of RQM. RQM is a logical
positivist, Copenhagen Interpretation product, bringing order to the experimental
spectroscopic data of the first half of the twentieth century. In this bringing order in
the available spectroscopic data, connecting the mathematical-experimental order
to physical reality beyond the Born stochastic rule was not within the reach of the
theorists of the Copenhagen School. This disconnect still haunt us, especially when
teaching RQM to students who expect to learn more about nature itself. Reducing
this disconnect might be a positive contribution of this paper.
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