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ABSTRACT. In this short paper we estimate the size of the partial sum of the

logarithmic function Y logn using a different method. We also use it to give
n<x

an upper and lower bound for the factorial of any positive integer.

INTRODUCTION

n
Stirling’s formula gives n! ~ 27rn(> as n — oo [?]. Expressed as an
e
inequality
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The Ramanujan estimate [1] also gives
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where a = 71 and

11 . i
b= <11520 (1_ (33901@:3) ) ) —1=0.35499112666 .. ..

1. REPRESENTATION FORMULA

[

Theorem 1.1. If a is an odd positive integer, then

a—lzzlog(

2 - log 2
1<j<a
(2,5)=1
Proof. Consider an odd positive integer a. There are as many even integers as
odd integers less than a. That is, for 1 < m < a, there are “T_l such possibilities.

On the other hand, notice that the set of all positive even integers is the union of
the sequences {m2}, where m is distinct for each sequence and runs through the
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odd integers and « runs through the positive integers (« = 1,2,---). Consider the
sequence

2,22 ..., 2™,
Clearly there are L}gggj such terms in this sequence. Again consider those of the
g
form
3-2,3-22...,3.2™,
log(a/3)

Clearly there are ij such number of terms in this sequence. We terminate
the process, by considering the sequence

2'j7j'22a"'aj'2ma

log(%)
where (2,7) = 1 and there are { ] JQ such number of terms in this sequence.
og

. . . . log (% L.

In comparison with the previous count, we obtain “7_1 = 1<Z< { Olig(é)J’ which is
<j<a
(2,5)=1

what we set out to prove. ([

Remark 1.2. Having establish this formula, we are ready to give a different estimate
for the partial sum of the logarithmic function. Here is how it goes.

Corollary 1.1. For all positive integers a

Zlogj :a10ga—alog2+log2—log2z

j<a Jj<a
Remark 1.3. In the forthcoming proof we consider a to be an odd integer. And it
is very easy to see that it will remain valid for all positive integers once the proof

goes through for all odd integers.

Proof. Invoking theorem (?7), we have that

2 — log 2 = log 2
(2,5)=1 (2,5)=1
1 a log (?>

(1.1) _ S log () Sy

log 2 = j = log 2

(2,5)=1 (2,5)=1
Also we observe that
log <a>
a—1 1 a J

1.2 — = 1 - - —_— O(1).
(12) 2 log 2 ; Og<j> ;} log 2 +0()

(2.5)#1 (2.5)#1
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Combining equations (1) and (1.2), we have

log (“)
1 Z a Z J

i<a

(1.3) -

(Zloga—Zlogj) = loig? +0O(1).

1
log2\ 7= i<a i<a

It follows from (1.3) that

log (“)
J
log 2%~1 +log2z — 5 = Zloga — Zlogj +0(1)

Jj<a Jj<a Jj<a
(1.4) =aloga—Y logj+O(1).
Jj<a
Arranging terms, we have
log <“)
J

Zlogj =aloga —alog2+log2 — logQZ — 5>+ 0(1),

, 5 log 2

j<a ji<a

0 0
where Toa 2 = G(n) denotes the fractional part of —25%. O

Remark 1.4. Stirling’s formula gives an upper and lower bound for the factorial of
any positive integer. We present here a slightly different version.

Theorem 1.5. For alln > 1 and for some constant C(n) > 1

n n

n
on—1+G(n)

n

< nl SC(”)M7

where

G(n):=Y_ k)g(:l)

log 2

m<n

Proof. Recall from Corollary 1.1

o (2

Zlogmanogn—nlog2+log2—log2Z Tog 2

m<n m<n
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Recall > logm = logn!. Using this identity, it follows that
m<n
logn! > nlogn —nlog2 + log2 — log 2G(n),

from which we see that
n

n
Also it is clear from Corollary 1.1
From (1.5) and (1.6), we obtain the inequality
nn n’ﬂ
Fno1Ta0m) <nl < C’(n)72n71+c(n)7
log | =
where G(n) := > { —ou5" O
m<n €
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