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ABSTRACT
Using the brick wall method, we will calculate the entropy of Kerr-Newman black Hole and arrive at the already
well established result. During the calculation, we will arrive at the generalized equation for Fiygr and Fsr mode
of free energy, which can be used to evaluate the free energy of any black hole. And we will also show the detailed
steps in our calculation to provide clarification about how we calculated it.

Introduction

Ever since bekenstein and hawking derived the expression for black hole entropy, the question of what it means has
always been our priority. For the first time, it was t’"Hooft who in his paper titled “On the quantum structure of a
black hole”, first tried to evaluate the entropy of free particles moving in the black hole background. Though the
method may have some limitation, but here we will use the modified version of brick wall, i.e. we will consider the
thin film. Our calculation will begin from first considering the klein-gordan equation for generalized metric and
then we will calculate the free energy, which will be later used to evaluate Entropy.

Klein-Gordon Equation in Kerr-Newman

The line integral of kerr-newman black hole is given by this, for the rest of the calculation, we won’t use it and in
fact we will be working abstractly but towards the end the metric tensor mentioned here will be quite useful.
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Using the above inverse metric for Klein Gordan Equation of massless scalar field.
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Expanding it we get:
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Since the metric doesn’t depend on ¥ and ¢, we can re-express it as:
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Assuming the individual parts of the equation to be real and comparing the real and imaginary parts, we get:
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Free Energy and Entropy

According to the theory of canonical ensemble and using semi-classical approximation, the free energy of scalar free
particles within a shell of width L — (ry + €)” in Kerr-Newman background as:
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To proceed further we need to know the expression for I'(E) = [ g(E)
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Our integral becomes, with appropriate limit for k2 > 0:
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This integral diverges at £ = m£y, which is why we need to split it into two parts, one where 0 < F < mQ gy and
other where, Qg < F < o0.
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Using the change of variable E' = E — mSQ g, our integral becomes:

1 L 1 © (—g"E?*—m?g"¥ + 2mEg")
mw=v/W#”wﬂmmgmm/ i

mQH

/ — m2g¥? / ta)
— —— [ dm [ dody ¥ apy T A mQy)® = mPgt 4 2m(E A+ mS)g
H+€ grrgOO eBE _ 1

b_
T2 / dedw/ + grrgee / e,BE/ 1 / dm [—g" (E' +mQp)? —m*g?? + 2m(E' + mQp)g"™]
rH+€

(b+ are root of g (E' +mQy)? + m2g¥¥ — 2m(E’' + mQu)g™?)

1 L 1 o0 1 b+
=3 /d@dw/ dTg”"ge‘g/o dE’m/b dm [(gttQ%{ + g% — ZQHgtw)mz +2F (¢ Qp _gtw)m_’_gttE/Q}
H+e€ -

/d@dzp / ﬁE, /b+ dm [(1> m? i+ ME,z}
T'H-‘re g’l"!’gee (& — 1 gww D

Integrating this result with respect to m and substituting the limit we arrive at:
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This final integral for Fysgr is quite complicated, which is why we will taylor expand it at » = ry like this and
neglect all other contributions:
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Before I move on, we need to discuss about the limits of m, we required that, k2 > 0, it asserted that, 0 < g%kg <
—g""E? — m2g¥% 4 2mEg'¥, but there is no restriction on latter other than that —g*E? — m2g¥¥ + 2mEg'¥ > 0
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After sucessfully evaluating the Fygr we will use the change of variable E = mQ gz for Fggr to arrive at:
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As it is self explanatory, in the region where —D > 0 our will have real solutions and from that we could easily

deduce that,
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With the limits obtained from above inequality our integral for free energy of super-radiant mode will become:
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Before we proceed ahead let’s simplify the integrand:
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Considering and simplifying I5/Q3%:
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Our Integrand just after considering I1,I> & I3 becomes:
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Since now we know both super-radiant and non-superradiant mode of free energy, our total free energy finally
becomes:
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Conclusions and Discussions

This is the result we finally got, it tells us that the entropy of hawking particles in thin shell near the event horizon
is actually proportional to area of event horizon, which was our expected result. From the above calculation, where
we derived the final expression of metric expressed purely in terms of metric, which can be used to evaluate the
entropy of any black hole via this modified thin film brick wall method. Though through our explicit calculation,
both Fsgr and Fysgr seem negative, unlike what other authors have been trying to show. Just before we substituted
the value of « in Fsp, our equation matched exactly to the equation (17) of Entropy in the Kerr-Newman Black
Hole. But somehow their final result seem to be positive, which suggests, either they missed the — sign when they
substituted the value of Qg or they took the wrong value of a.
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