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Abstract

The tessellation of space is considered for both the 2-sphere and the 3-sphere.
As hypothesized in an earlier work, it is found that there is a dark matter density
ΩDM = 0.284 ± 0.137 associated with the curvature of the 3-sphere.

1 Introduction

Questions arise in physics as to the origin of various measured norms and natural constants.
Here we examine a construction where tilings of the 2-sphere and 3-sphere are contrasted,
and generalized tessellations used as probes are found to produce such a number - the dark
matter density. The approach of using tessellation to model spacetime and its evolution
was already covered by Misner, Thorne, and Wheeler back in 1973. Since that time; a
number of Quantum Gravity theories have appeared including CDT (Causal Dynamical
Triangulations) in which the nature and evolution of spacetime are probed via tessellations.
This paper explores how, using arbitrary extents, a number arises in the ratio between sphere
tilings that matches astrophysical observations.

2 Curvature and dark matter density

For a method of calculating the curvature K of triangle meshes and tetrahedron meshes,
please see [6]. Unlike in [6], the tessellations in this paper will rely on pseudorandomly placed
vertices, rather than the vertices placed by Marching Cubes and Marching Hypercubes. Also
unlike in [6], we will not be compensating for the variation in simplex extent (e.g. do nothing
special even where there are sliver simplices). In effect, the calculation of the curvature is
as simple as possible. The vertex count is N .

On one hand, it is found that for a tessellated 2-sphere, the local curvature vanishes when
the tessellation is made up of finer and finer triangles. That is, the more vertices N used in
the tessellation, the less the local curvature is:

lim
N→∞

K(N) = 0.0. (1)

On the other hand, it is found that for a tessellated 3-sphere, the local curvature does not
vanish when the tessellation is made up of finer and finer tetrahedra. The curvature settles
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Figure 1: Tessellated 2-sphere, where there are N = 1, 000 pseudorandomly placed vertices.
The 2D triangles exist in 3D space. Accordingly, for a tessellated 3-sphere, the 3D tetrahedra
exist in 4D space.

around
lim

N→∞
K(N) = 0.284 ± 0.137. (2)

This is in line with the dark matter density measure ΩDM used in the various xCDM models.
If this is not merely a coincidence, then this is direct evidence of the discrete nature of space,
based on a few simple, first principles – at least on the computer, anyway.

Fig. 1 shows a tessellated 2-sphere, with pseudorandomly placed vertices, as well as
nearest neighbour edges.1 See Fig. 2 for a 3-sphere nearest neighbour edge length histogram,
where vertex count N = 1, 000, 000. Also see Table 1 for a list of properties of the histograms
where the vertex count N is variable. A C++ code for generating the tessellated 3-sphere2

can be found at [7]. The code requires the qhull executables for mesh generation.

3 Conclusion

There exists an inherent curvature in the tessellated 3-sphere, which we use as a toy model
for the Universe. This curvature matches the dark matter density of the actual Universe.
As far as we know, this is a novel finding.
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1... thus forming a convex hull; a Delaunay triangulation.
2... also forming a convex hull; a Delaunay tetrahedralization.
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Figure 2: 3-sphere nearest neighbour edge length histogram, where vertex count N =
1, 000, 000. Max = 0.0565194, mode = 0.012455, curvature K = 0.28452.

N K Max Mode Max / Mode

1,000 0.29473 0.405105 0.132555 3.05612
10,000 0.28821 0.215664 0.0619268 3.48256
100,000 0.28413 0.113452 0.0268951 4.21831
1,000,000 0.28452 0.0565194 0.012455 4.53788

Table 1: Properties of the histograms where vertex count N is variable.
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