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Abstract:Ipresentaproofofatheorem whichisageneralizationofPythagoras’

theorem.AccordingtoWikipedia,thecosineruleisconsideredageneralcaseof

Pythagoras’theorem.However,itisknownthatthecosineruleincludesanangle.

Thenewtheorem tobepresenteddoesnotincludeanyangle.

1.INTRODUCTION

Pythagorastheorem isoneofthebestresultsinmathematicsandthetheorem to

beprovedprovidesageneralizationofPythagorastheorem.

Theorem: If

Fig1.0

Then,

(c+d)2=a2+b2(1+ ) (1)2d

c

Weneedtoknowthatif|d|decreasestozero,weseethat|a|decreasesto|f|

(i.e.if|d|=0,|a|=|f|).

Thismeansthatif|d|=0suchthat|a|=|f|,(1)becomes;

(c+0)2=a2+b2(1+ )
2(0)

c

c2=a2+b2

But|a|=|f|

Therefore,

c2=f2+b2,whichisthePythagorastheorem.
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2.PROOFOFTHEOREM

Let’stakealookatthediagram below

Fig1.1

Weseethat,

AreaofABC = xy (Areaofatriangle)1

2

Also,

AreaofABCE= (x+f)y (Areaofatrapezium)1

2

But

AreaofABCE=AreaofABC+AreaofACE

AreaofACE =AreaofABCE-AreaofABC

AreaofACE = (x+f)y- xy1

2

1

2

= xy+ fy- xy1

2
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AreaofACE = fy (2)1

2

Weknowthat;

e2=x2+(y+b)2

e2=x2+y2+2yb+b2

But
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a2=x2+y2

e2=a2+2yb+b2

(3)y=
- -e2 a2 b2

2b

Putting(3)in(2),

AreaofACE= f1

2
( )

- -e2 a2 b2

2b

Weknowthat,

AreaofACD=AreaofACE+AreaofCDE

But,

AreaofCDE= fb1

2

So,

AreaofACD= f + fb (4)1

2( - -e2 a2 b2

2b ) 1

2

UsingHeron’sformula,weseethat

AreaofACD= (5)- + + )(
1

4) + +(a2 b2 e2 2(a4 b4 e4

Byequating(4)and(5),weseethat;

= f + fb) - + + )(
1

4) + +(a2 b2 e2 2(a4 b4 e4 1

2( - -e2 a2 b2

2b ) 1

2

Multiplyingbothsidesby4,weseethat;

=f +2fb) - + + )+ +(a2 b2 e2 2(a4 b4 e4

( - -e2 a2 b2

b )
Squaringbothsides,weseethat;

(a2+b2+e2) 2(a4+b4+e4)=[f ]2
- ( - - +2e2 a2 b2 b2

b )

=[f ]2

( - +e2 a2 b2

b )
2(a2b2+a2e2+b2e2) (a4+b4+e4)=f2

- (
+ + -2 +2 -2e4 a4 b4 a2e2 b2e2 a2b2

b2 )
Ifwecrossmultiply,weseethat;
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b2[2(a2b2+a2e2+b2e2) (a4+b4+e4)]=f2
- + + -2 +2 -2 )(e4 a4 b4 a2e2 b2e2 a2b2

2a2b4+2a2b2e2+2b4e2 a4b2 b6 b2e4=e4f2+a4f2+b4f2-2a2e2f2+2b2e2f2 2a2b2f2- - - -

Collectingliketerms,weseethat;

(b2+f2)a4–(2b4+2b2e2+2e2f2+2b2f2)a2+(b6-2b4e2+b2e4+e4f2+b4f2+2b2e2f2)=0 (6)

Weseethat(6)isabi-quadraticequation.

Ifwedivide(6)by(b2+f2),weget;

a4–2(b2+e2)a2+ =0(
-2 + + + +2b6 b4e2 b2e4 e4f2 b4f2 b2e2f2

+b2 f2 )
(7)

Weknowthat;

Ifq4+pq2+s=0then, =q2
-p± -4sp2

2

Solvingforain(7)bysettingq=a,p=-2(b2+e2),and

s= ,(
-2 + + + +2b6 b4e2 b2e4 e4f2 b4f2 b2e2f2

+b2 f2 )
Weseethat;

a2

=

2( + )±b2 e2 -44( + )b2 e2 2
-2 + + + +2b6 b4e2 b2e4 e4f2 b4f2 b2e2f2

+b2 f2

2

a2

=

2 ±2( +b2 e2) -( + )b2 e2 2
-2 + + + +2b6 b4e2 b2e4 e4f2 b4f2 b2e2f2

+b2 f2

2



(8)( + )±b2 e2 -( + )b2 e2 2
-2 + + + +2b6 b4e2 b2e4 e4f2 b4f2 b2e2f2

+b2 f2

Ifwesimplifytheexpression

in(8),weseethat;-( + )b2 e2 2
-2 + + + +2b6 b4e2 b2e4 e4f2 b4f2 b2e2f2

+b2 f2

=-( + )b2 e2 2
-2 + + + +2b6 b4e2 b2e4 e4f2 b4f2 b2e2f2

+b2 f2

4b4e2

+b2 f2

Therefore,

+ ±b2 e2 4b4e2

+b2 f2

(9)+ ±b2 e2
2 eb2

+b2 f2

From fig1.1,since|e|=|c|+|d|,weknowthat;

C
2

= +b2 f2

Puttingthisin(9)gives;

(10)( + ±b2 e2
2 eb2

c

From fig1.1,since|e|=|c|+|d|,weseethat(10)becomes;

+ ±b2 (c+d)2
2 (c+d)b2

c

(11)+ ±2 ±b2 (c+d)2 b2 2 db2

c

In(11),thenegativesignhastobetruebecauseifwechoosethepositivesignand

set|d|tozero,weseethat;

,+ +2 +b2 (c+0)2 b2
2 (0)b2

c

,+3b2 c2

Butif|d|=0,|a|=|f|,

a2 =

a2 =

a2 =

a2 =

a2 =

a2 =

a2 =

a2 =

f2 =



,whichisnottherequiredpythagoras’theorem.+3b2 c2

Butin(11),ifwechoosethenegativesignandset|d|tozero,weseethat;

,+ -2 -b2 (c+0)2 b2
2 (0)b2

c

-c2 b2

,+a2 b2

If|d|=0,|a|=|f|,

,whichistherequiredpythagoras’theorem.+f2 b2

Therefore,simplifying(11)andchoosingthenegativesign,weget;

+ -2 -b2 (c+d)2 b2 2 db2

c

- -(c+d)2 b2 2 db2

c

+ +a2 b2 2 db2

c

,+ (1 + )a2 b2 2d

c

whichcompletestheproofofthetheorem.
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