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Introduction

In this paper, we develop the positivity-based stability analysis for the system of second order equations with delay.
Second order equations (as a result of the second law of Newton) describe wide field of controlling and stability of
physical processes, for example, controlling and stability of drone flight as described in [1]. Noticeable delay can be,
for example, a result of vision-based navigation as described in [2]. Generally

x
′′

i (t) = qi(t)x′i (t − τi(t)) +
∑n

j=1 pi j (t)x j(t − θi j (t)),
i = 1, ...,n, t ∈ [0,+∞),

(1)

whereqi , pi j ∈ L∞ (the space of essentially bounded functions),τi(t) andθi j (t) measurable nonnegative bounded
functions. The positivity-based approach to the study of stability was used for systems of the first order equations

x′i (t) =
n
∑

j=1

pi j (t)x j(t − θi j (t)), i = 1, ...,n, t ∈ [0,+∞), (2)

for example, in the books [3, 4]. Denote the matrix of the coefficientsP(t) =
{

pi j (t)
}n

i, j=1
.

Definition 1.1. The matrix P is Metzler if all its off-diagonal elements are nonnegative for t≥ 0, i.e. pi j (t) ≥ 0
for every i, j, i, j = 1, ...,n.

Consider the autonomous system of ordinary differential equations

x′(t) = Px(t), t ∈ [0,+∞), (3)

hereP(t) = P is ann× n matrix. It is clear that system (3) is asymptotically stable(and also exponentially stable) if
and only if the matrixP is Hurwitz. The matrix is said to be Hurwitz if all eigenvalues have negative real part.

Proposition 1.1.(see, for example, [5, 6]).If matrix P is Metzler, the following 4 facts are equivalent:
A) P is Hurwitz,
B) there exists a constant-vector z= col {z1, ..., zn} with all positive components such that all components of the

constant vector Pz are negative,



C) the matrix (−P)−1 exists and all its entries are nonnegative,
D) system of ordinary differential equations (3) is exponentially stable.

It is well-known (Remark 2.1 from [7]) that (2) with a Hurwitzmatrix P can be unstable for sufficiently large
delays. It was demonstrated in [8, 9] that under the condition on a smallness of the products

|pii | θ
∗
ii ≤

1
e
, i = 1, ...,n, (4)

whereθ∗ii =esssupt≥0θii (t), the equivalence of the assertionsA),B),C)andD) is preserved for delay systems of first
order equations (2). For the more complicated system

x′i (t) =
n
∑

j=1

m
∑

k=1

pk
i j (t)x j(t − θ

k
i j (t)), t ∈ [0,+∞), (5)

sufficient conditions of the exponential stability, which become necessary and sufficient in the case of constant coeffi-
cients, are obtained in the recent paper [7].

We propose an analogue of Proposition 1.1 for the system

x
′′

i (t) = qi x
′
i (t − τi(t)) +

n
∑

j=1

pi j x j(t − θi j (t)), i = 1, ...,n, t ∈ [0,+∞), (6)

with constant coefficientsqi andpi j .

Theorem 1.1.If matrix P is Metzler,

pii < 0, qi < 0, |qi | θ
∗
ii ≤

1
e
, θii (t) ≤ τi(t) ≤ τ

∗
i < ∞, i = 1, ...,n, (7)

and
4 |pii | < q2

i , i = 1, ...,n, (8)

then 4 facts A),B),C) and E) are equivalent for equation (6),where
E) system (6) is exponentially stable.
For system (1) with variable coefficients and delays we propose sufficient conditions of the exponential stability.

Preliminaries

Let us define the Cauchy functionci(t, s) of the scalar diagonal equation

x
′′

i (t) = qi(t)x
′
i (t − τi(t)) + pii (t)xi(t − θii (t)), t ∈ [0,+∞), (9)

xi(ξ) = 0, x′i (ξ) = 0 for ξ < 0, (10)

as follows [10]: for every fixeds≥ 0, as a function of the variablet, it satisfies the equation

(ci)
′′

tt(t, s) = qi(t)(ci)
′
t(t − τi(t), s) + pii (t)ci(t − θii (t), s), t ∈ [s,+∞), (11)

ci(ξ, s) = 0, for ξ < s,

and the initial conditions

ci(s, s) = 0,
∂ci

∂t
(s, s) = 1. (12)

The general solution of the scalar diagonal equation

x
′′

i (t) = qi(t)x
′
i (t − τi(t)) + pii (t)xi(t − θii (t)) + fi(t), t ∈ [0,+∞), (13)

xi(ξ) = 0, x′i (ξ) = 0 for ξ < 0,



where fi ∈ L∞, can be represented in the form [10]

xi(t) =
∫ t

0
ci(t, s) fi(s)ds+ x1i(t)x(0)+ x2i(t)x

′(0), (14)

wherex1i(t) andx2i(t) are solutions of the homogeneous equation (9) satisfying the initial conditions

x1i(0) = 1, x′1i(0) = 0, x2i(0) = 0, x′2i(0) = 1, (15)

respectively.
Consider now the system ofn second order equations

x
′′

i (t) = qi(t)x′i (t − τi(t)) +
n
∑

j=1
pi j (t)x j(t − θi j (t)) + fi(t),

t ∈ [0,+∞), i = 1, ...,n,
(16)

xi(ξ) = 0, x′i (ξ) = 0 for ξ < 0.

We can rewrite it in the form of system of 2n first order equations

y′2i−1(t) = qi(t)y2i−1(t − τi(t)) +
n
∑

j=1
pi j (t)y2 j(t − θi j (t)) + fi(t),

y′2i(t) = y2i−1(t), t ∈ [0,+∞), i = 1, ...,n,
(17)

y j(ξ) = 0 for ξ < 0, j = 1, ...,2n, (18)

The general solutiony(t) = col {y1(t), ..., y2n(t)} of the system (17) can be represented in the form

y(t) =
∫ t

0
C(t, s)g(s)ds+C(t,0)y(0), (19)

where the 2n−vectorg(t) = col {0, f1(t), ...,0, fn(t)} . Its kernelC(t, s) is called the Cauchy matrix of system (17).
Definition 2.1.The Cauchy matrix C(t, s) is said to satisfy the exponential estimate if there exist positive numbers

N andα such that for all the entries of the Cauchy matrix C(t, s) =
{

ci, j(t, s)
}

i, j=1,...,n

∣

∣

∣ci, j(t, s)
∣

∣

∣ ≤ N exp{−α(t − s)} , i, j = 1, ...,n, 0 ≤ s≤ t < +∞. (20)

In this case we say that system (16) is exponentially stable.
Our main results are based on the following extension of the classical Bohl-Perron theorem:
Proposition 2.2[10]. In the case of bounded delaysθi j (t), τi(t) and coefficients in the matrices P(t) (i, j = 1, ...,n),

the fact that for every bounded right-hand side the solutionx(t) = col {x1(t), ..., x2n(t)} of system (17) is bounded on
the semiaxis[0,+∞) is equivalent to the exponential estimate (20) of the Cauchymatrix C(t, s).

Definition 2.2.The system (16) is called positive if all the entries of the Cauchy matrix C(t, s) =
{

ci, j(t, s)
}

i, j=1,...,n
of (17) in even lines are nonnegative in the triangle0 ≤ s≤ t < ∞.

Main results

Denote|qii |
∗ =esssupt≥0 |qii (t)| , |qii |∗ =essinft≥0 |qii (t)| .

We obtain the following assertion.
Theorem 3.1.Assume that

pii (t) < 0, qii (t) < 0, |qii |
∗ θ∗ii ≤

1
e
, θii (t) ≤ τi(t) ≤ τ

∗
i < ∞, i = 1, ...,n, (21)

4 |pii (t)| ≤ |qii |
2
∗ , i = 1, ...,n, (22)



and there exist a positive vectorz= col {z1, ..., zn} such that

pii (t)zi +

n
∑

j=1, j,i

∣

∣

∣pi j (t)
∣

∣

∣ zj ≤ −ε < 0, i = 1, ...,n, (23)

then system (16) is exponentially stable.
Lemma 3.1. Let the condition (21) and (22) be fulfilled, then the Cauchy functions of all scalar diagonal

equations (9) for i= 1, ...,n, are positive in the triangle0 ≤ s≤ t < +∞.
Proof. The proof follows from Theorem 16.12 [11].
Proof of Theorem 3.1.Using Lemma 3.1, we prove the positivity of the system

x
′′

i (t) = qi(t)x
′
i (t − τi(t)) + pii (t)xi(t − θii (t))+

n
∑

j=1, j,i

∣

∣

∣pi j (t)
∣

∣

∣ x j(t − θi j (t)), i = 1, ...,n, t ∈ [0,+∞), (24)

repeating the proof of Theorem 3.1 in [7] and the exponentialstability of system (16), repeating the proof of Theorem
3.2 in [7].

Proof of Theorem 1.1.In order to prove sufficiency we note that conditionsA) andB) are equivalent for the
Metzler matrixP (see Proposition 1.1). The conditionB) coincides with the condition (23) of Theorem 3.1. Then
all the conditions of Theorem 3.1 are fulfilled and, according to Theorem 3.1, we obtain the exponential stability of
system (6).

To prove necessity, let us consider the initial value problem

x
′′

i (t) = qi x
′
i (t − τi(t)) +

n
∑

j=1

pi j x j(t − θi j (t)) + fi(t), i = 1, ...,n, t ∈ [0,+∞), (25)

xi(0) = zi , x′i (0) = 0, (26)

where fi(t) ≡ 1 for t ≥ Θ, i = 1, ...,n,
Θ =max

{

max1≤i≤n esssupt≥0τi(t),max1≤i, j≤n esssupt≥0θi j (t)
}

.

The constant vectorz = col {z1, ..., zn} has to satisfy this initial value problem. The representation of solutions
(19) leads to the equalities

zi =
∫ t

0

∑2n
j=1 c2i, j(t, s) fi(s)ds+

∑2n
j=1 c2i, j(t,0)zi =

∫ Θ

0

∑2n
j=1 c2i, j(t, s) fi(s)ds+

∫ t

Θ

∑2n
j=1 c2i, j(t, s)ds+

∑2n
j=1 c2i, j(t,0)zi , i = 1, ...,n.

(27)

The exponential estimate (20) of the Cauchy matrix of system(17) implies that

∫ Θ

0

2n
∑

j=1

c2i, j(t, s) fi(s)ds→ 0, c2i, j(t,0)→ 0 for t → +∞, i = 1, ...,n. (28)

The conditionc2i,2i(s, s) = 1 leads to existence of the interval [s, s+ δ], wherec2i,2i(t, s) > 0. This and nonnegativity
of all c2i, j(t, s) lead to the conclusion that all components of the constant vectorz are positive. We have proven that
the exponential estimate (20) implies assertionB) for system (6). Equivalence ofA) and B) (see Proposition 1.1)
completes the proof.

Acknowledgement

The research was carried out with the assistance of the Center for Absorption in Science (Ministry of Immigrant
Absorption, State of Israel).



REFERENCES

[1] Alexander Domoshnitsky, Max Kogan, Oleg Kupervaser, Roman Yavich, ”Autopilot to maintain move-
ment of a drone in a vertical plane at a constant height in the presence of vision-based navigation”,2019,
http://vixra.org/pdf/1901.0063v1.pdf

[2] O. Kupervasser, A. Rubinstein, Correction of Inertial Navigation on System’s Errors by the Help of Video-
Based Navigator Based on Digital Terrain Map, Positioning 4, 2013, 89-108

[3] W.M.Haddad, V.Chellaboina, Q.Hui, Nonnegative and compartmental dynamical systems, Princeton Univer-
sity Press, 2010.

[4] Niculescu, S.-I. (2001). LNCIS: Vol. 269. Delay effects on stability: a robust control approach. Heidelberg:
Springer-Verlag.

[5] P.H.A. Ngoc, Stability of positive differential systems with delay, IEEE Transactions on Automatic Control,
vol. 58, No. 1, 203-209, 2013.

[6] A.Rantzer, Distributed control of positive systems, arXiv:1203.0047v3[math OC]14 May, 2014.
[7] A.Domoshnitsky and E.Fridman, A positivity-based approach to delay-dependent stability of systems with

large time-varying delays, Systems & Control Letters 97 (2016) 139-148
[8] D. Bainov and A. Domoshnitsky, Nonnegativity of the Cauchy matrix and exponential stability of a neutral

type system of functional differential equations,Extracta Mathematicae8 (1992), 75–82.
[9] A.Domoshnitsky and M.V.Sheina. Nonnegativity of Cauchy matrix and stability of systems with delay, Dif-

ferentsial’nye uravnenija, v. 25, 1989, 201-208.
[10] N. V. Azbelev, P. M. Simonov, Stability of differential equations with aftereffect. Stability and Control:

Theory, Methods and Applications, 20. Taylor & Francis, London, 2003.
[11] R.P.Agarwal, L.Berezansky, E.Braverman, A.Domoshnitsky, Nonoscillation Theory of Functional Differen-

tial Equations with Applications, Springer, New York, 2012.


