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Abstract: the problem of integration technique over integrands of the form f (t)/	ݐ, can be solved 
by differentiation (n-times) by using Leibniz’s rule to get rid of ݐ, that leads to integrate back (n-
times) to end the game, wich it's harder than the original problem. This work focuses on the 

derivation of the formula (Espil's theorem) wich is a perfect tool to avoid that hard task. It allows 
to change the difficult n iterated integrals  into a more outstanding easier problem wich consists of  

n-1 derivatives. The Espil's theorem is a generalization of the Dirichlet integral. 
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1     Hypothesis 

H1) Let f: [0;∞) ⟶ R	be	a	continuous	piecewise	function		admitting n-2 derivatives at the 
origin. 

H2)	න (௧)௧ dݐ∞

  is convergent		∀݊	߳	ߋ 

H3)	Lim௧→శ (௧)௧ 	= g , finite. 

H4) let ݂(ݐ) as its first n-2 derivatives  to be bounded functions. 

 

2    Thesis 

න ݐ(ݐ)	݂ dݐஶ
 = Lim௦⟶ (ିଵ)ߎ1 ℒ(ܦିଵ݂	(ݐ)) dߪஶ

௦  
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3     Demonstration 

factor  D I 

(+1)  f(t) ିݐ 

(‐1)   (ݐ)ଵ݂ܦ ାଵ(nିݐ(1−) − 1)  

(+1)   (ݐ)ଶ݂ܦ ାଶ(nିݐ − 1)(n − 2) 
(‐1)  (ݐ)ଷ݂ܦ ାଷ(nିݐ(1−) − 1)(n − 2)(n − 3) 
……  ….  ……. (−1)   (ݐ)݂ܦ (−1)ିݐାැ (݊ − ݆)ୀଵ  

……  …..  …….. (−1)ିଵ   (ݐ)ିଵ݂ܦ (−1)݊−1(n − 1)! t 
 

 

 

∀݊߳ܰ ≥ 2,න ݊ݐ(ݐ)݂ 0∞ݐ݀ = (1−݊)1+݊−ݐ(ݐ)݂− − (2−݊)(1−݊)2+݊−ݐ((ݐ)1݂ܦ) − (3−݊)(2−݊)(1−݊)3+݊−ݐ((ݐ)2݂ܦ) ݐ	!(1−݊)((ݐ)2݂−݊ܦ)⋯− ❘0∞ +න ୲	!(୬ିଵ)(ݐ)1݂−݊ܦ dݐஶ
   

 

න ݐ(ݐ)݂ dݐஶ
 = −Lim௧→ஶා(ܦିଵ݂(ݐ))ିݐାැ (݊ − ݆)ୀଵ

ିଵ
ୀଵ

+ Lim௧→శා(ܦିଵ݂(ݐ))ିݐାැ (݊ − ݆)ୀଵ
ିଵ
ୀଵ

+ 1(݊ − 1)! ݐ(ݐ)ିଵ݂ܦ dݐஶ
  

 

remark: the first sum is  canceled because f(t) as well as its first n-2 derivatives are bounded 
functions (H4) 

 

❘(ݐ)ିଵ݂ܦ❘ ≤ ;[1	߳	݇	∀	,	ିଵܯ ݊ − 1]			
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0≤ Lim௧→ஶ❘ ቀೖషభ(௧)ቁ௧షశೖ∏ (ି)ೖೕసభ

ିଵ
ୀଵ ❘ = Lim௧→ஶ❘ ቀೖషభ(௧)ቁ௧షೖ∏ (ି)ೖೕసభ

ିଵ
ୀଵ ❘ ≤ Lim௧→ஶ ❘ೖషభ(௧)❘௧షೖ∏ (ି)ೖೕసభ

ିଵ
ୀଵ ≤	

	
Lim௧→ஶ ିݐିଵܯ ∏ (݊ − ݆)ୀଵ

ିଵ
ୀଵ = 0	

		
Lim௧→∞ා(ܦିଵ݂(ݐ))ିݐାැ (݊ − ݆)ୀଵ

ିଵ

ୀଵ
= 0	

	
remark: the second sum is canceled because  Lim௧→శ (௧)௧ 	= g existst (H3) and by using the 

L’Hopital’s rule n-2 times (H1) 	 Lim௧→శ (௧)௧ = Lim௧→శ భ(௧).௧షభ=Lim௧→శ మ(௧)(ିଵ).௧షమ=…=Lim௧→శ ೖ(௧)௧షೖැ (ି)ೖషభೕసబ = Lim௧→శ షమ(௧)௧మැ (ି)షయೕసబ =	g 
 

 Lim௧→శ ೖ(௧)௧షೖ 	=	g.ැ (݊ − ݆)ିଵୀ  ܥ=
 

Lim௧→శ (ೖషభ(௧))௧షశೖැ (ି)ೖೕసభ
ିଵ
ୀଵ = 	 Lim௧→శ ೖషభ(௧)௧షೖැ (ି)ೖೕసభ

ିଵ
ୀଵ =		

	
Lim௧→శ ୲.		(ೖషభ(௧))௧ష(ೖషభ)ැ (ି)ೖೕసభ

ିଵ
ୀଵ =	Lim௧→శ ୲.		ೖషభැ (ି)ೖೕసభ

ିଵ
ୀଵ 	=	0	
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Lim௧→ାා(ܦିଵ݂(ݐ))ିݐାැ (݊ − ݆)ୀଵ

ିଵ

ୀଵ
= 0	

	
∴ 	 (௧)௧ dݐ = න ଵ(ିଵ)! 	షభ(௧)௧ dݐஶ


ஶ

   

 

remark : valid for limit case n=1 

therefore the left integral converges  (H2), so does the right one. 

 

 ݐ(ݐ)݂ dݐ =  1(݊ − ݐ(ݐ)ିଵ݂ܦ	!(1 dݐஶ


ஶ
 	 , ∀	݊	߳	ܰ 

 

Limఙ→ න ݐ(ݐ)݂ ݁ିఙ୲ dݐஶ
 = Limఙ→ 1(݊ − ݐ(ݐ)ିଵ݂ܦ	!(1 ݁ିఙ௧ dݐஶ

  

 

definition:    let  ݃(ݐ) = ଵ(ିଵ)! షభ(௧)௧ 		 (ߪ)ܩ 		∴ = ℒ ቂ ଵ(ିଵ)! షభ(௧)௧ ቃ = න ଵ(ିଵ)! 	షభ(௧)௧ ݁ିఙ௧ dݐஶ
  

remark : Limఙ→ஶ	G (ߪ)=0) 
 

ߪd[(ߪ)ܩ]ܦ =  ∂ఙ 1(݊ − 1)! ݐ(ݐ)ିଵ݂ܦ ݁ିఙ୲	dtஶ
 = (−1)න 1(݊ − 1)! ఙ୲ି݁(ݐ)ିଵ݂ܦ dݐஶ

 = −1(݊ − 1)! ℒ[ܦିଵ݂(ݐ)] 
 

dG = −1(݊ − 1)! ℒ[ܦିଵ݂(ݐ)]dߪ 
 

Limఙ→  dܩீ(ఙ) = Lim௦→ න ିଵ(ିଵ)! ℒ[ܦିଵ݂(ݐ)] dߪஶ
௦   
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0 − Lim	ఙ→ (ߪ)ܩ = Lim௦→ න −1(݊ − 1)! ℒ[ܦିଵ݂(ݐ)] dஶ
௦  ߪ

 

Limఙ→	(ߪ)ܩ = Lim௦→ න 1(݊ − 1)! ℒ[ܦିଵ݂(ݐ)] dߪஶ
௦  

	
 

Limఙ→ 1(݊ − 1)! ݐ(ݐ)ିଵ݂ܦ ݁ିఙ୲ dݐஶ
 = Lim௦→ න 1(݊ − 1)! ℒ[ܦିଵ݂(ݐ)] dߪஶ

௦  

 

Limఙ→ න ݐ(ݐ)݂ ݁ିఙ୲ dݐஶ
 = Lim௦→ න 1(݊ − 1)! ℒ[ܦିଵ݂(ݐ)] dஶ

௦  ߪ
 

න ݐ(ݐ)݂ dݐஶ
 = Lim௦→ න 1(݊ − 1)! ℒ[ܦିଵ݂(ݐ)] dஶ

ௌ  ߪ
 

න ݐ(ݐ)݂ dݐஶ
 = Lim௦→  (ିଵ)ߎ1 ℒ[ܦିଵ݂(ݐ)] dߪஶ

ௌ  

 

 
 න (୲)୲ dt∞

 = Limୱ→ න ଵ
Π(షభ) ℒ[D୬ିଵf(t)] dߪ∞

ୗ = Lim						ఙ⟶  .ஶఙ  .ஶఙభ . . .  (ߪ)ܨ dߪஶఙషభ . . . dߪଶ dߪଵ 
(2017)

                                       ES‐PI‐L's THEOREM 
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remark: As an alternative way to approach the same result we can make use of the Laplace 
transforms properties: 

known ℒ(ܦିଵ݂(ݐ)) = ((ݐ)݂)ିଵℒߪ − ିଶ݂(0)ߪ − .−(0)݂ܦିଷߪ . . . .  ିଶ݂(0)ܦ
 

If we apply H3,  f(t) and “at least” its first n-2 derivatives cancel at the origin, because g is finite.  

 ݂(0) = (0)݂ܦ = ଶ݂(0)ܦ =. . . . = ିଶ݂(0)ܦ = 0 ∴ ℒ(ܦିଵ݂(ݐ)) =  ((ݐ)݂)ିଵℒߪ
 

Lim௦⟶ න ℒ൫ܦିଵ݂(ݐ)൯ dߪஶ
௦ = Lim௦⟶ න ((ݐ)݂)ିଵℒߪ dߪஶ

ୱ = 
 

	Lim௦⟶ න .ஶୱ න ୲ି݁(ݐ)ିଵ݂ߪ dݐ dߪ =ஶ
 න . ஶ(ݐ)݂

 Lim௦⟶ න ିଵ݁ି୲ߪ dߪ dݐஶ
ୱ 	= 

 

න ஶ(ݐ)݂
 (݊ − ݐ!(1 dݐ = Lim௦⟶ න ℒ൫ܦିଵ݂(ݐ)൯ dߪஶ

௦ 	= 
 

න ஶ(ݐ)݂
 	Π(୬ିଵ)ݐ dݐ = Lim௦⟶ න ℒ൫ܦିଵ݂(ݐ)൯ dߪஶ

௦ = 
 

 ஶݐ(ݐ)݂
 	dݐ = Lim௦⟶ 1

Π(୬ିଵ) ℒ൫ܦିଵ݂(ݐ)൯ dߪஶ
௦  
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4    Examples Example	4.1:න (ୗ୧୬[௧])ల௧ల dݐ∞

 = ଵଵగସ 	(WolframAlpha)	 	
න (ୗ୧୬[௧])ల௧ల dݐ∞

 = lim௦→න ℒ(ఱ((ୗ୧୬[௧])ల))ହ! dߪ∞

௦ =lim௦→ ℒ(ఱ((౪షష౪మ )ల))ହ! dߪ∞

௦ =	
	
lim௦→ ℒ(ఱ(ల౪షలరశభఱమ౪షమబశభఱషమ౪షలషర౪శషల౪షలర )ହ! dߪ∞

௦ =	
	
lim௦→ න ℒ(ି଼ଵల౪଼ + ସర౪ହ − మ౪ଵ + షమ౪ଵ − ସషర౪ହ + ଼ଵషల౪଼ ) dߪ∞

௦ =	
	
lim௦→ න ℒ(଼ଵల౪଼ − ସర౪ହ + మ౪ଵ − షమ౪ଵ + ସషర౪ହ − ଼ଵషల౪଼ ) dߪ∞

௦ =	
	
lim௦→ න ℒ(8140 Sin[6ݐ] − 85 Sin[4ݐ] + 18 Sin[2ݐ]) dߪ∞

௦ =	
	
lim௦→න ଼ଵସ (ߪమାଷ) − ହ଼ ସ(ߪమାଵ) + ଵ଼ ଶ(ߪమାସ) dߪ∞

௦ =lim௦→න ଼ଵସ ଵ/((ߪల)మାଵ) − ହ଼ ଵ/ସ((ߪర)మାଵ) + ଵ଼ ଵ/ଶ((ߪమ)మାଵ) dߪ∞

௦ 	
	lim→∞(଼ଵସ Arctan ቀቁ − ହ଼ 	Arctan ቀସቁ+	ଵ଼ 	Arctan ቀଶቁ)-	lim௦→(଼ଵସ Arctan ቀ௦ቁ − ହ଼ 	Arctan ቀ௦ସቁ+	ଵ଼ 	Arctan ቀ௦ଶቁ)=		= 2ߨ ൬8140 − 85 + 18	൰ = 40ߨ11 			
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 Example	4.2:න ൫షమିషయ൯ర௧ర dݐ∞

 =0.100336374512	(WolframAlpha) 
 

 lim௦→න ख(య((షమିషయ)ర)ଷ! dߪ∞

௦ =lim௦→න ख(య(షఴିସషవାషభబିସషభభାషభమ)ଷ! dߪ∞

௦ =	
	lim௦→න ℒ(ିଶହଷ ݁ି଼௧ + 486݁ିଽ௧ − 1000݁ିଵ௧ + ଶଶଷ ݁ିଵଵ௧ − 288݁ିଵଶ௧) dߪ∞

௦ =	
	lim௦→න ߪ)2563− + 8) + ߪ)486 + 9) − ߪ)1000 + 10) + ߪ)26623 + 11) − ߪ288 + 12dߪ∞

௦ =	
	
lim→∞Lnቆ (ାଽ)రఴల(ାଵଵ)మలలమయ(ାଵ)భబబబ(ା଼)మఱలయ (ାଵଶ)మఴఴቇ − lim௦→Ln( (௦ାଽ)రఴల(௦ାଵଵ)మలలమయ(௦ାଵ)భబబబ(௦ା଼)మఱలయ (௦ାଵଶ)మఴఴ)=				lim௦→Ln((௦ାଵ)భబబబ(௦ା଼)మఱలయ (௦ାଵଶ)మఴఴ(௦ାଽ)రఴల(௦ାଵଵ)మలలమయ )=	Ln((ଵ)భబబబ(଼)మఱలయ (ଵଶ)మఴఴ(ଽ)రఴల(ଵଵ)మలలమయ )=0.100336374512	
	
 (݁ିଶ௧ − ݁ିଷ௧)ସݐସ dݐ∞

 = lim௦→ ℒ(ܦଷ((݁ିଶ௧ − ݁ିଷ௧)ସ)3! dߪ = 0.100336374512∞

௦ 		
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 = గ		(WolframAlpha) 
 න (1−Cos[ݐ])4ݐ2 dݐ∞

 = lim௦→න ख(య((1−Cos[ݐ])2))ଷ! dߪ∞

௦ =lim௦→න ख(య(ଵିଶେ୭ୱ[௧]ା(େ୭ୱ[௧])మ)) dߪ∞

௦ =		
 

lim௦→න ख(య(ଵିଶେ୭ୱ[௧]ା(େ୭ୱ[௧])మ)) dߪ∞

௦ =lim௦→ ख(య(యమ	ିଶେ୭ୱ[௧]ାభమେ୭ୱ[ଶ௧])) dߪ∞

௦ =	
	lim௦→න ख(	ିଶୗ୧୬[௧]ାସୗ୧୬[ଶ௧]) dߪ∞

௦ =lim௦→න ( ିଵଷ(ఙమାଵ) + ସଷ(ఙమାସ)) dߪ∞

௦ =lim௦→න ( ିଵଷ(ఙమାଵ) + ଵଷ((మ)మାଵ)) dߪ∞

௦ =	
	
lim௦→ ( ିଵଷ(ఙమାଵ) + ଶଷ భమ((మ)మାଵ)) dߪ∞

௦ = lim⟶ஶିଵଷ ArcTan[ܾ] + ଶଷ ArcTan ቂଶቃ = ቀ− ଵଷ + ଶଷቁ గଶ		=		࣊ 

 

 Example	4.4:න ୗ୧୬[௧]௧ dݐ∞

 = గଶ  (The Dirichlet integral) 

 

න ୗ୧୬[௧]௧ dݐஶ
 = lim௦→  ख(Sin[ݐ]) dߪஶ௦ = lim௦→න ଵ(ఙమାଵ) dߪ =ஶ

௦ lim		→ஶ ArcTan[ܾ] =  ࣊
 

5   Conclusion: this theorem allows to integrate special functions by using Laplace transforms. 
For low values of n, in the factor ݐ we could solve the problem integrating few times the laplace 
transform of f(t), but when n goes high it turns very tough, in many cases impossible to solve this 
way, that's why this generalization formula for the Dirichlet integral is needed. 


