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1 Division by zero calculus
The division by zero has the long and mysterious story over the world (see, for
example, C.V. Boyer [1], H.G. Romig [16] and Google site with the division
by zero) with its physical viewpoints since the document of zero in India
in AD 628. In particular, note that Brahmagupta (598 -668?) established
four arithmetic operations by introducing 0 and at the same time he defined
as 0/0 = 0 in Brāhmasphuṭasiddhānta (648). Our world history, however,
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stated that his definition 0/0 = 0 is wrong over 1300 years, but, we will see
that his definition is right and suitable.

For some recent situation on the division by zero, see [13].
The division by zero was indeed trivial and clear as in the followings:
By the concept of the Moore-Penrose generalized solution of the funda-

mental equation ax = b, the division by zero was trivial and clear as a/0 = 0
in the generalized fraction that is defined by the generalized solution of
the equation ax = b. Here, the generalized solution is always uniquely deter-
mined and the theory is very classical. See [2] for example.

Division by zero is trivial and clear from the concept of repeated subtrac-
tion - H. Michiwaki.

Recall the uniqueness theorem by S. Takahasi on the division by zero.
See [2, 20].

The simple field structure containing division by zero was established by
M. Yamada ([5]).

Many applications of the division by zero to Wasan geometry were given
by H. Okumura. See [8, 9, 10, 11, 12, 13] for example.

The division by zero opens a new world since Aristotelēs-Euclid. See the
references for recent related results. See [3, 4, 6, 15] for example.

As the number system containing the division by zero, the Yamada field
structure is completed. However, for applications of the division by zero to
functions, we need the concept of the division by zero calculus for the
sake of uniquely determinations of the results and for other reasons.

For example, for the typical linear mapping

W =
z − i

z + i
, (1.1)

it gives a conformal mapping on {C \ {−i}} onto {C \ {1}} in one to one
and from

W = 1 +
−2i

z − (−i)
, (1.2)

we see that −i corresponds to 1 and so the function maps the whole {C}
onto {C} in one to one.

Meanwhile, note that for

W = (z − i) · 1

z + i
, (1.3)
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we should not enter z = −i in the way

[(z − i)]z=−i ·
[

1

z + i

]
z=−i

= (−2i) · 0 = 0. (1.4)

However, in many cases, the above two results will have practical mean-
ings and so, we will need to consider many ways for the application of the
division by zero and we will need to check the results obtained, in some prac-
tical viewpoints. We referred to this delicate problem with many examples.

Therefore, we will introduce the division by zero calculus. For any Lau-
rent expansion around z = a,

f(z) =
−1∑

n=−∞

Cn(z − a)n + C0 +
∞∑
n=1

Cn(z − a)n, (1.5)

we define the identity, by the division by zero

f(a) = C0. (1.6)

Note that here, there is no problem on any convergence of the expansion
(1.5) at the point z = a, because all the terms (z − a)n are zero at z = a for
n ̸= 0.

For the correspondence (1.6) for the function f(z), we will call it the
division by zero calculus. By considering the formal derivatives in (1.5),
we can define any order derivatives of the function f at the singular point
a; that is,

f (n)(a) = n!Cn.

Apart from the motivation, we define the division by zero cal-
culus by (1.6). With this assumption, we can obtain many new results
and new ideas. However, for this assumption we have to check the results
obtained whether they are reasonable or not. By this idea, we can avoid
any logical problems. – In this point, the division by zero calculus may be
considered as a fundamental assumption like an axiom.

As many important applications of the division by zero calculus, we can
see the references, however, as important examples, we state here only three
examples.
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1: For the function f(z) = 1/z, f(0) = 0. Note that the point at infinity
is represented by zero.

2: For the function f(z) = exp(1/z), f(0) = 1. Note that the value 1 is
the Picard’s exceptional value at the origin z = 0.

3: For the function f(z) = tan z, f(π/2) = 0. Note that the gradient of
the y axis is zero.

It is a famous word that we are not permitted to divide the numbers and
functions by zero. In our mathematics, prohibition is a famous word for the
division by zero. For this old and general concept, we will give a simple and
affirmative answer. In particular, certainly we gave several generalizations of
division as in referred in the above, however, we will wish to understand with
some good feelings for the division by zero. We wish to know the division
by zero with some good feelings. We wish to give clearly a good meaning for
the division by zero in this paper.

2 Conclusion
We can divide the numbers and analytic functions by zero.

We will give a precise meaning for the above statement that is the main
purpose of this short paper.

Theorem: For any analytic function f(z) around the origin z = 0 that is
permitted to have any singularity at z = 0 (of course, any constant function
is permitted), we can consider the value, by the division by zero calculus

f(z)

zn
(2.1)

at the point z = 0, for any positive integer n.
This will mean that from the form we can consider it as follows:

f(z)

zn
|z=0 . (2.2)

For example,

ex

xn
|x=0=

1

n!
.
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In this sense, we can divide the numbers and analytic functions by zero.
For z ̸= 0, f(z)

zn
means the usual division of the function f(z) by zn.

We gave many applications of the theorem, see the references. However,
we will state one typical example.

For example, for the simple example for the line equation on the x, y
plane

ax+ by + c = 0

we have, formally
x+

by + c

a
= 0,

and so, by the division by zero, we have, for a = 0, the reasonable result

x = 0.

This case may be looked as the cases of a → 0.
For the equation y = mx, from

y

m
= x,

we have, by the division by zero, x = 0 for m = 0. This gives the case
m = ±∞ of the gradient of the line. – This will mean that the equation
y = mx represents the general line through the origin containing the line
x = 0 in this sense. – This method was applied in many cases, for example
see also [8, 9].

However, from
ax+ by

c
+ 1 = 0,

for c = 0, we have the contradiction, by the division by zero

1 = 0.

For this case, we should consider that

ax+ by

c
+

c

c
= 0,

that is always valid. In this sense, we can divide an equation by zero.

5



References
[1] C. B. Boyer, An early reference to division by zero, The Journal of the

American Mathematical Monthly, 50 (1943), (8), 487- 491. Retrieved
March 6, 2018, from the JSTOR database.

[2] M. Kuroda, H. Michiwaki, S. Saitoh, and M. Yamane, New mean-
ings of the division by zero and interpretations on 100/0 = 0 and
on 0/0 = 0, Int. J. Appl. Math. 27 (2014), no 2, pp. 191-198, DOI:
10.12732/ijam.v27i2.9.

[3] T. Matsuura and S. Saitoh, Matrices and division by zero z/0 = 0,
Advances in Linear Algebra & Matrix Theory, 6(2016), 51-58 Published
Online June 2016 in SciRes. http://www.scirp.org/journal/alamt
http://dx.doi.org/10.4236/alamt.2016.62007.

[4] T. Matsuura, H. Michiwaki and S. Saitoh, log 0 = log∞ = 0 and
applications. Differential and Difference Equations with Applications.
Springer Proceedings in Mathematics & Statistics. 230 (2018), 293-305.

[5] H. Michiwaki, S. Saitoh and M.Yamada, Reality of the division by zero
z/0 = 0. IJAPM International J. of Applied Physics and Math. 6(2015),
1–8. http://www.ijapm.org/show-63-504-1.html

[6] H. Michiwaki, H. Okumura and S. Saitoh, Division by Zero z/0 = 0 in
Euclidean Spaces, International Journal of Mathematics and Computa-
tion, 28(2017); Issue 1, 1-16.

[7] H. Okumura, S. Saitoh and T. Matsuura, Relations of 0 and ∞, Journal
of Technology and Social Science (JTSS), 1(2017), 70-77.

[8] H. Okumura and S. Saitoh, The Descartes circles theorem and division
by zero calculus. https://arxiv.org/abs/1711.04961 (2017.11.14).

[9] H. Okumura, Wasan geometry with the division by 0.
https://arxiv.org/abs/1711.06947 International Journal of Geome-
try, 7(2018), No. 1, 17-20.

[10] H. Okumura and S. Saitoh, Harmonic Mean and Division by Zero,
Dedicated to Professor Josip Pečarić on the occasion of his 70th birth-
day, Forum Geometricorum, 18 (2018), 155—159.

6



[11] H. Okumura and S. Saitoh, Remarks for The Twin Circles of Archimedes
in a Skewed Arbelos by H. Okumura and M. Watanabe, Forum Geomet-
ricorum, 18(2018), 97-100.

[12] H. Okumura and S. Saitoh, Applications of the division by zero calcu-
lus to Wasan geometry. GLOBAL JOURNAL OF ADVANCED RE-
SEARCH ON CLASSICAL AND MODERN GEOMETRIES” (GJAR-
CMG), 7(2018), 2, 44–49.

[13] H. Okumura and S. Saitoh, Wasan Geometry and Division by Zero Cal-
culus, Sangaku Journal of Mathematics, 2 (2018), 57–73.

[14] H. Okumura, An Analogue to Pappus Chain theorem with Division by
Zero, Forum Geom., 18 (2018), 409–412.

[15] S. Pinelas and S. Saitoh, Division by zero calculus and differential equa-
tions. Differential and Difference Equations with Applications. Springer
Proceedings in Mathematics & Statistics. 230 (2018), 399-418.

[16] H. G. Romig, Discussions: Early History of Division by Zero, American
Mathematical Monthly, 31, No. 8. (Oct., 1924), 387-389.

[17] S. Saitoh, Generalized inversions of Hadamard and tensor products for
matrices, Advances in Linear Algebra & Matrix Theory. 4 (2014), no.
2, 87–95. http://www.scirp.org/journal/ALAMT/

[18] S. Saitoh, A reproducing kernel theory with some general applications,
Qian,T./Rodino,L.(eds.): Mathematical Analysis, Probability and Ap-
plications - Plenary Lectures: Isaac 2015, Macau, China, Springer Pro-
ceedings in Mathematics and Statistics, 177(2016), 151-182.

[19] S. Saitoh, Mysterious Properties of the Point at Infinity,
arXiv:1712.09467 [math.GM](2017.12.17).

[20] S.-E. Takahasi, M. Tsukada and Y. Kobayashi, Classification of contin-
uous fractional binary operations on the real and complex fields, Tokyo
Journal of Mathematics, 38(2015), no. 2, 369-380.

7


