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Abstract

In D-S theory, measure the uncertainty has aroused many people’s atten-
tion. Deng proposed the interesting Deng entropy that it can measure non-
specificity and discord. Hence, exploring the physical meaning of Deng
entropy is an essential issue. Based the maximum Deng entropy and frac-
tal, the paper discuss the relation in them.
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1. Introduction

Knowledge representation has been an area of intensive research since
answering the question "What is it ” [1]. At first, the proposition of proba-
bility provided a great convenience for the expression of knowledge. How-
ever, it is difficult to get the precise probability distribution of an indetermi-
nacy quantity. In this case, we have to rely on the experts belief degree that
each event will occur [2]. With the needs of society, there are many litera-

ture to further explore this problem, such as fuzzy sets [3], Dempster-Shafer
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(short for D-S) theory [4, 5], and rough sets [6]. D-S theory has many advan-
tages as an important and widely used uncertain reasoning method, which
was presented as an extension of the classical Probability Theory, providing
a well-established structure for the representation of imprecise information
[7, 8]. D-S theory assigns probabilities to the power set of events, so as to
better grasp the unknown and uncertainty of the problem [9]. However,
how to measure the uncertainty of D-S theory is also an open issue.

Recalled the entropy, entropy is derived from physics, which is a mea-
sure of the degree of chaos in the physical system [10]. Subsequently, var-
ious types of entropies are presented. Shannon firstly proposed the in-
formation entropy to measure the uncertainty of information [11]. Deng
proposed Deng entropy to measure the uncertainty of basic probability as-
signment for D-S theory [12]. Tsallis pointed that multi-fractal concepts
and structures are quickly acquiring importance in many active areas of re-
search (e.g. nonlinear dynamical systems, growth models, commensurate
/incommensurate structures) [13]. Later, with the use of a quantity normal-
ly scaled in multi-fractals, Tsallis proposed Tsallis entropy as generalization
of Boltzmann-Gibbs statistics [13].

Fractal find the medium and bridge from partial to whole information
isomorphism. Aydan proposed the fractal model of basic probability as-
signment [14]. In modern science, there are various fractals, such as Pascal
triangle, Cantor set, and so on [15]. Based the fractal, the paper discuss the
property of maximum Deng entropy which be proposed in [16], which is
useful for the real application of Deng entropy.

The paper is organized as follows. The preliminaries Dempster-Shafer
evidence theory and Deng entropy are briefly introduced in Section 2. Sec-

tion 3 discussed the fractal of maximum Deng entropy. Finally, this paper
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is concluded in Section 4.

2. Preliminaries

In this section, the preliminaries of D-S theory [4, 5] and Deng entropy
[12] will be briefly introduced.

2.1. D-S theory

D-S theory offers a useful fusion tool for uncertain information. D-S
theory needs weaker conditions than the Bayesian theory of probability, so
it is often regarded as an extension of the Bayesian theory, which has been
used to many applications, such as making-decision, complex networks,
pattern classification. Besides, some new or generalized model based this
theory have been proposed, for example, generalized evidence theory and
D numbers. Some preliminaries in D-S theory are introduced as follows.

For additional details about D-S theory, refer to [4, 5].

Definition 2.1. ( Frame of discernment)

Let © be the set of mutually exclusive and collectively exhaustive events A;, name-

ly
O = {AllAZ/"' /Al’l} (1)

The power set of © composed of 2N elements of is indicated by 29, namely:
2®:{¢,{A1},{A2},"',{A],Az},---,®} (2)

Definition 2.2. ( Mass Function)

For a frame of discernment ©® = {Aj, Ay, - -+, An}, the mass function m is de-



fined as a mapping of m from 0 to 1, namely:
m:2° = [0,1] 3)

which satifies

m(¢) =0 (4)

m(A) =1 ®)

In D-S theory, a mass function is also called a basic probability assignment
(BPA) or a piece of evidence or belief structure. The m(A) measures the be-
lief exactly assigned to A and represents how strongly the piece of evidence
supports A. If m (A) > 0, A is called a focal element, and the union of all

focal elements is called the core of a mass function.

Definition 2.3. (Belief function)
The belief function (Bel) is a mapping from set 2° to [0,1] and satisfied:

Bel (A) =) m(B) (6)

BCA

Definition 2.4. (Plausibility function)
The plausibility function (P1): 2° — [0, 1], and satisfied:

PI(A)= )Y m(B)=1-Bel(A) 7)

BNA#¢
As can be seen from the above, VA C ©, Bel(A) < PI(A), Bel(A), PI(A)
are respectively the lower and upper limits of A, namely [Bel(A), P1(A)],
which indicates uncertain interval for A. According to Shafers explanation,

the difference between the belief and the plausibility of a proposition A ex-



presses the ignorance of the assessment for the proposition A. From the
above, it has already shown that D-S theory has more advantages than
probability, besides, D-S theory can reflect the information of events.

In addition, entropy plays an essential role in measurement of uncer-

tainty.

2.2. Deng entropy

Deng proposed an interesting entropy, namely Deng Entropy. Deng
Entropy can be well explained the phenomenon that there are 32 partici-
pants in a test, besides, the 32 participants simultaneously get 100 scores.

Deng Entropy is an generalization of Shannon entropy [12].

Definition 2.5. (Deng entropy)
Given a BPA, Deng entropy can be defined as:

A
A;(Bm Jlog: m<' ))1 ®

Through a simple transformation, Deng Entropy can be rewrite as follows:

Hp =Y m(A)log:(2 —1) — Y m(A)logom(A) )
ACO Aco

where m is a BPA defined on the frame of discernment ®, and A is the
focal element of m, |A| is the cardinality of A. Besides, the term }_m(A) x
log> (214l — 1) could be interpreted as a measure of total nonspecificity in
the mass function m, and the term —m(A) x logom(A) is the measure of

discord of the mass function among various focal elements.



3. The Semi-Pascal Triangle of Maximum Deng Entropy

3.1. The Maximum Deng Entropy

Given a BPA, the maximum Deng entropy is as follows:

m(A)
HMfD = — Zm(A) X long (10)
if and only if
24l —1

The more details about maximum Deng entropy refer to [16]. The spe-

cific BPA of having maximum Deng entropy was showed as follows.

Example 3.1. Given the event space ® = A, there is only one phenomenon, as
follows:

m(A) =1
Hp =0

From the above, it can be easily found that only having one element

means no uncertainty, that is to say, the event is certain.

Example 3.2. Given the event space ® = A, B, the BPA of having maximum

Deng entropy as follows:
1 1 3
Hy—p =2.3219

From the above, the BPA of having maximum Deng entropy is has the

phenomenon that having one element has the same distribution.



Example 3.3. Given the event space ® = A, B, C, the BPA of having maximum

Deng entropy as follows:
1 1 1
m(A) = 75,m(B) = 75,m(C) = 75
3 3 3 7
m(A,B) = E,m(B,C) = E,m(A,C) = E,m(A, B,C) = 19

Hyp = 4.2474

It can known that the element having the same cardinality has same

BPA. In the next, it can be discussed.

3.2. Further discussion

Table 1 lists BPA of having maximum Deng entropy in various frame of

discernment.
Frame of X[ =211 -1 X[ =212l —1 IX| =28 —1 |X|=24-1
Discrement
O=A 1
®=A,B (1/5,1/5) 3/5
®=A,B,C  (1/191/19,1/19) (3/19,3/19,3/19) 7/19
©— ABCD (1/68,1/68, (3/683/683/68,  (7/687/68, . o

1/68,1/68) 3/68,3/68,3/68,3/68) 7/68,7/68)

Table 1: The BPA of having Maximum Deng entropy

From the Table 1, it can be known that having the same cardinality has
same BPA with maximum Deng entropy. Besides, the BPA can be rewrite
the Fig .1. For © = A, B, divide 1 equally into 5 small parts, and m(A) and
m(B) have 1 small part, m(A, B) has three small parts. Besides, analyse the
Pascal triangle, it can be divided by a specific number of integers to form a

fantastic fractal structure, as Fig .2 and Fig .3



1 [ 2121 [ 231 | 2411|2051 | 2611 | 2171 | 2811 |209-1 |2M10R1 |21}l | 21211
1

2 1

3 3

4 6 4 1

5 10 10 |5

6 15 20 15 |6

7 21 35 |35 |21 |7 1

8 28 56 |70 |56 |28 8

9 36 84 126 (126 |84 |36 |9 1

10 |45 120 (210 |252 |210 |120 |45 10 1

11 55 165 |330 |462 |462 |330 |165 |55 11 1

12 |66 220 495 (792 924 |792 (495 |220 |66 12 1

Figure 1: The Semi-Pascal Triangle of Maximum Deng Entropy

4. Conclusion

Deng entropy is an interesting, it can explain the phenomenon that al-
1 the student get the 100scores. Fractal plays an essential role in modern
science. Combine fractal and Deng entropy can extend the application of
Deng entropy. The paper discuss the relation between BPA and maximum
Deng entropy. When BPA has the maximum Deng entropy, it presents the
semi-Pascal trangle, besides, it can be divided by a specific number of inte-

gers to form a fantastic fractal structure.
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Figure 2: The fractal structure of Maximum Deng Entropy

References

[1] R. R. Yager, On the completion of qualitative possibility measures,

IEEE transactions on fuzzy systems 1 (3) (1993) 184-194.

[2] S. Duan, T. Wen, W. Jiang, A new information dimension of complex
network based on rényi entropy, Physica A: Statistical Mechanics and

its Applications.

[3] L. A. Zadeh, A fuzzy-algorithmic approach to the definition of com-
plex or imprecise concepts, in: Systems Theory in the Social Sciences,

Springer, 1976, pp. 202-282.

[4] A.P. Dempster, Upper and lower probabilities induced by a multival-
ued mapping, Annals of Mathematical Statistics 38 (2) (1967) 325-339.



2011 | 2211 | 2311 | 241 | 2I5K1 | 20611 | 2711 | 2i81 | 2091 | 211011 | 211 | 21211

1

2 |1

3 1

4 4 |1

5 0|5 |1

6 15 BN 1

7 B 35 | 35 7 |1

8 56 | 70 2] 8 | 1
9

36 84 126 1

45 120 210 252 210 120 10 1

SRl 165 330 462 462 330 165
12 66 YR 495 792

Figure 3: The fractal structure of Maximum Deng Entropy

[5] G. Shafer, A mathematical theory of evidence, Vol. 42, Princeton uni-

versity press, 1976.

[6] B. Walczak, D. Massart, Rough sets theory, Chemometrics and intelli-
gent laboratory systems 47 (1) (1999) 1-16.

[7] Y. Deng, Generalized evidence theory, Applied Intelligence 43 (3)
(2015) 530-543.

[8] J. Schubert, Conflict management in dempster-shafer theory using
the degree of falsity, International Journal of Approximate Reasoning

52 (3) (2011) 449-460.

[9] R. R. Yager, Entropy and specificity in a mathematical theory of evi-
dence, ] General Systems 9 (4) (2008) 291-310.

10




[10] C. Tsallis, Nonadditive entropy: The concept and its use, The Euro-
pean Physical Journal A 40 (3) (2009) 257.

[11] C. E. Shannon, A mathematical theory of communication, ACM SIG-
MOBILE mobile computing and communications review 5 (1) (2001)

3-55.
[12] Y. Deng, Deng entropy, Chaos, Solitons & Fractals 91 (2016) 549-553.

[13] C. Tsallis, Possible generalization of boltzmann-gibbs statistics, Jour-

nal of statistical physics 52 (1-2) (1988) 479-487.

[14] A. M. Erkmen, Information fractals for approximate reasoning in

sensor-based robot grasp control.
[15] B. Mandelbrot, Fractals, Freeman San Francisco, 1977.

[16] B. Kang, the maximum deng entropy, preprint.[Online]. Available:
http://vixra. org/abs/1509.0119.

11



