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Abstract

The binomial theorem, established by Isaac Newton, is of undeniable importance
and finds its use in numerous fields. This study presents alternative formula-
tions to Newton’s formula as well as some results that can be derived from it
concerning Fermat’s Last Theorem.



Chapter 1

Another way to express
Newton’s binomial formula

1.1 Subject of the chapter

The binomial formula can be rewritten. This new formulation in turn allows
for further calculations that highlight certain properties that the original formula
does not reveal.

1.2 Another formula

Let n be a given natural number, x and y being two non-zero real numbers.
In all that follows, this natural number n is assumed to be greater than or equal
to 3. We can write

n n—1 n

(+y)" —a" T n-1-j ; _ (@+y)" —a"

_— = €T + m-] = -
(z+y) —z — @+y) Y

and likewise

n—1

(z+y)" —y" Z no1-j 5 (@+y)" —y"
DY N gy = R
@+y) -y = x
Let’s add these two quantities
z+ nixn z+ n_n n—1 L ) _
( Y) +( y) Y :Z(I+y)n1](x]+yj)
Y x =0
and we get the formula
n—1
(z+y)" = (@ 4y =y Z (z+y)" 7 (a7 +y7)
§=0
that for convenience we write
n—2
(@ty)" =@ty =ay Yy (@+y)" " (2 +y) (1.1)
§=0



Newton’s formula, which we recall here
(x+y)" ZCJ ndyd (1.2)

wherein
CJ = L (1.3)
" (n—g)l! '

therefore allows us to establish the equality

n—2 n—1
(z+y)" 27 (27 +¢7) ZC’J nimly
j=0
or lastly
n—2
(z+y)" 27 (27 +47) ZC’JH”QJ

1.3 Study of the new formula

Let us write

n—2
An(@y) =3 (@+9)" > (27 +¢) (1.4)
=0
Let us first note that
n—2 )
(z+ y)n_Q_J (Ij + yj) =
7=0
p—2
(z+y)" 2 (a7 +47)
7=0
n—2
+ Z (x+y)" 2 (7 +97)
Jj=p—1

with p € N* and p < n, or likewise

2
(z+y)" 2 (2 +y7) =

n

<.
I
<)
|
)

p
(x + y)(n—p)+(P—2—J) (xj + yj)

<.
I
o

n—2
n Z (z +y)"~ 2=(=(p=1+p-1) (xj—(p—l)ﬂ)—l +yj—(p—1)+p—1)
Jj=p—1



and

2
(@+y)" 7 (@7 +y)) =

n

j=0
p—2 _
@+y)" ") (@+y)? 7 (27 +y)
j=0
n—2—(p—1)
+ (z+ y)n72*(j+17*1) (xj+p—1 + yj-‘,-p—l)
j=0
and
n—2
Sy (@ ) =
j=0
p—2
@+y)" ") (@+y) 7 (27 +y)
7=0
n—2—(p—1) o '
+ (x +y)n—p—1—3 (m]-i-p—l _|_yj+p—l)
j=0
and finally

An (2,y) = (@ + )" " 4y (z,9)
n—2—(p—1) o _
+ Z (z +y)n—P—1—J (x]erfl _|_yj+p71)
7=0

Let us now consider the case wherein n = p + 1, then
O .
Apii (@y) = (x+y) Ay (w.y) + ) (@ +y) 7 (@771 447107
=0

or likewise
Apir (z,y) = (2 +y) Ay (2, y) + (2P +y771)

but
4y = ) ey (1)

and so

Apri(@y) = (@ +y) 4y (2,9) + (@ + )" —aydpi(wy) (L)



Let us now focus more specifically on A,, (z,y) and develop this quantity from
the formula 1.4 on page 2. Then

n—4
Ap () =3(@+y)" 7+ > (@+y)" 7 (27T +47?)
=0
4 n—>5 i ) .
=3@+y)" 2+ @2+ Z (z+y)" 077 (273 4 73
=0
n—>5 )
=3(@+y)" P+ @ty P2y @+y)" T+ (@) T (@)
=0
n—>5 ]
=d(z+y)" P =2y (z+y)" "+ Z (z+y)" 077 (273 4 73
=0

As we continue our calculations in the same manner, we obtain
An (z,y) =5 (@ +y)"
n—=6

— by (x+y)" "+ Z (z+y)" "0 (a7 7t
=0

Ap(z,y) =6 (x+y)" > = 9zy (x +y)" "+ 2% (x +y)"~

+Z +yn 7— J(xj+5+yj+5)

Ay (2,y) =T(x+y)" 7 = ay (z+y)" "+ 722 ( +y)"

Jrz +y n 8— ](I]+6+y]+6)

A (z,y) =8 (z+y)" *—20zy (z + y)"74+16x2 2(x+y)" 2038 (w4 y)"

_|_Z +y " 9— ](mJ+7+yJ+7)

Ay (z,y) =9 (x +y)" " —2Tay (x + y)" 430272 (x + y)" =923y (v + y)"~
n—10
S v
=0

A (,y) = 10 (2 + )" 2 =35zy (z + )"~ +502%y> (z + )" =252 (z + )"

+ 22ty (2 +y)"
n—11 )
+ 3 (@t y) T (29 47 19)
=0



Ay (z,y) =11 (x4 y)" 2 —dday (z + y)" 77222 (x + )" =552%y% (z + y)

+ 11yt (z + y)nilo
n—12 )
+ Z (x + y)n—12—j ($]+10 + yj+10)
=0

It is of course possible to push these calculations as far as we wish. By giving n
the values 3, 4, 5, 6,..., we deduce the new respective developments of Az (z,y),

A4 (xvy)a A5 (.’ﬂ, y)v A6 (:C,y), etc...

Let us now assume that the following formulas respectively hold true up to
ranks 2k and 2k + 1, with k € N*

k—
Ak () Z zy) (z+y)* ) (1.6)
7=0
k .
Aspsr (2,y) = (z + ) Z S (F1 (@y) @+ )"
=0

The coefficients D%k and D%k 41 are, if possible, to be made explicit (and will
indeed be subsequently).

Let’s go back to the equation 1.5 on page 3 and rewrite it in the form
Asira (,y) = (@ +y) Agir (@,9) + (2 +9)™ — 2yAay (w,y)
Let us now develop this relation
k—

Asiya (2,9) Z Jier (Z1) (ay)’ (a4 y)? )
7=0

+(:c+y)

—w 2 Dy (=1 (zy)’ (z+ )"

—
k .
Asgiyo (z,y) = (z +y) Z Jea (=1 (y)’ (@ +y)? )
=0
+ (z+ )™
+ZD D (@) (@)

n—=_8



Let us carry on with our calculations. We obtain in an equivalent manner

k—1

Askga (z,y) = Y Dhiyy (1) (2y)’ (3 +9)** 7
j=0
+ (x+ ,7,/)2'C
+ Z‘D _ J+1 )]+1 ($ + y)Q(kflfﬂl)
R
. J o 2(k—j)
Agkya (2,y) =Y Dhiyy (1) (ay) (w+)
j=0
+ (x4 y)2k

k
+ 2D (1) () (@ + )"

—
k—1 _ _ . ‘
Ao (2,y) Z ( 21 T D%;l) (—1) (2y)? (= + y)Q(kﬁ)
Jj=1

k — k
+ DYy (z+9)%* + (z+y)** + DE (ay)

and we can write

k

) 4 . o (ki
Aiya (2.9) = Y Dhyy (-1) () (2 +9)* "7
=0
with
DYy g =D% iy +1
D§k+2 = Dé“;l
and

(Vj € N) (1 < < k= 1) (Dyry = Dy + D3
Similarly, we have

Agirs (2,) = (2 +y) Asisa (2,9) + (2 + ) — 2y Ao (2,7)
Let us make it more explicit

k
Askgs (2,y) = (@ + 1) > Dhyy (—1) (xy) (z+1)**7
7=0
+ (l‘ 4 y)Qk—‘rl
k—1

—ay(z+y) Y Dy (-1) (ay) (w+9)* 7
j=0



hence

k
Aspys (z,y) = Z D%k+2 (=1) (zy)’ (x + y)2(k—3)+1
3=0
+ (l’ + y)2k+1
k—1
) , ‘ .
+ 3 Dhy (1 () (2O
j=0
which is equivalent to
Aggys (2,9) = (z + )"
k
b
Z Tie (1) (zy) (x4 )
j 2(k—j)+1
Z Dyt (=1) (ay) (@ +y)*E*

and also

Asiss (@,y) = (D3ypp + 1) (z+ y)zkﬂ

k
+ 3 (Dhusa + Dihy) (C1) ()’ (o4 )9

Jj=1
and we can finally write
k
2(k—j
A2k+3 ([E y 1‘ +y Z 2k+2 :Ey) ( + y) (=9
j=0
with
Do =D% 4 +1
2k+2 2k+1
and

(v € N) (1 <5 < &) (Dhys = Ddiyo + D)

This concludes our mathematical induction and we can write at last as a conclu-
sion

(Vk € N*) [ Az = 3 Djy (=1) (ay)’ (2 +9)** 7 (1.8)

with
DY, =DY, | +1< DY, =2k (1.9)

and
Dil=DE2 =...=D}=2 (1.10)



and

(vj €N)(1<j <k—1)(Dyy = Dy + D) (1.11)
and as well
k . .
(Vk € N*) [ Aopsr = (2 +y Z S (C1 (@) (@ +)* ") (112)
7=0
with
DYpy1 =Dy +1 <= DY) =2k+1 (1.13)
and
(vj € N) (1< j < k) (Dlyyy = Db+ DIty (1.14)

1.4 Values taken by the coefficients Di wherein
(h € N) and (h > 3)
We have, as we have just established
(Vh € N) (h > 3) (D)) = h)
Let us now take j = 1. We have
Dllz = Dllzfl + D272
We can then write

Dy =D, ,+D)_,

Dy_y=Dj_5+Dj_y
h—5

:>Dh—ZDh 2+ Dj
7=0

Dj = D; + Dy

but
Dy o j=h-2-]

and, according to the relation 1.10 established on page 7

Dl =2
hence we get
h—5
Dy=Y (h—2—j)+2=((h—2)+(h=3)+ (h—4)+ - +3) +2
7=0

and therefore
2D} = h(h +3)

and finally

(Vh € N*) (h > 3) <D,1l = h(h;?))) (1.15)



Clearly
(Vh € N*) (h > 3) (D}, € N)

By similar calculations, we find for any natural integer h > 3

D2 — h(h74é (h—5) (L.16)
Dzzh(h—{i)(hM—G)(h—?) 117

There as well
(Vh € N*) (h > 3) (Dj, € N)

(Vh € N*) (h > 3) (D}, € N)

We then note that the relations 1.11 and 1.14 established on page 8 as well as
those (see relations 1.15, 1.16 and 1.17) established on pages 8 and 9 allow us
to affirm

(Yh € N*) (h > 3) <we {0,1,-.. }‘2_4}> (DgeN)

Let us now assume, h being chosen even and for all j € {0, 1, ,%} the

formula
(- +2)
P G2 G+ -

true up to rank h, for any even natural number less than or equal to h.

Let us also assume true for all j € {O7 1. ’154}, up to rank h — 1, for any

odd natural number less than or equal to h — 1, the formula

pi - (=D({(h-1)-(G+2))
LG D= 1) = 2( +1))!

(1.19)

hen
t bt (D=1 -GN (-1 (h— (G +2))
h=1 Gl(h—1—25)! G (h—1-2)!




The relation 1.11 established on page 8 allows us to write

i h(h—(+2) (h=1)(h— (4 +2))
LT G (h—2( + 1)) G (h —1—2§)!
<
i (h=(+2)! h (h—1)
Do = J! ((j+1)(h—2(j+1))! (h—1—2j)!>
<~
i h=GH+2) (h(h—1—-2))+(h—1)(j+ 1)
Dhr=""75 < h—1-2)(+1) >
R
i (h—(5+2))

S G -1 -z AT D R (g (=)

<~

i (h=(G+2)!
LT G+ 1) (h—1—2j)!

(R —1—(h+1)j)

and finally
b (h=(+2)
LT G+ (h—1—29)
We can therefore write
i (At (A= G+
LT G D) (1 —-2( + 1))

We would carry out the calculations in the same way assuming h to be odd.

(1) (h=1-j)

(1.20)

We verify that
(Vh € N*) (h > 3) (D) = h)

and, denoting 2N the set of even natural integers
(Vh =2k € 2N*) (h > 4) (D5 ' = 2)
We have therefore established at the end of this mathematical induction
(Vk e N*) (Vj € {0,1,2,--- ,k—1})

i 2k Dk (G4 )
( 2k+1_(j+1)!(2k+1—2(j+1))!>

s 2+ )@E+)—1- [+ 1)
O&“U‘ u+mm%+n2u+m!) (121

Let us Note that for any natural integer h

h=2G+0)+@G+1)=h—-(G+1)

We can then write
h(h—(+1)!
(h=G+1))G+DI (=20 + D)

Di =

and also h
J o Jj+1

Dy, = h—(j+1) h=G+D

10



1.5 Study on the coefficients D‘,jl

For the following odd natural numbers h = 2k 4 1, we verify by calculation
the relations

k=1<=h=2k+1=3
Dj = 3CY

k=2« h=2k+1=5
DY =5C)

D} =501

k=3« h=2k+1=7

DY =709
DY =7C;
D2 =703

k=4<=h=2k+1=9

DY =907
D§ = 9C3
D3 =903 + 3C)
D} =903

k=5+<=>h=2k+1=11
DY, =110Y
Di, = 11C;
D}, =11 (C; +CY)
D} =11(C§ +C1)
D}, =11C]

k=6<=h=2k+1=13
DYy =13C7
Di, =130}
D3y =13 (CZ +2C9)
D33 =13 (C3 +2C3)
Diy =13 (C§ +2C3)
D3y = 13C%

11



k=T<=h=2k+1=15
DYy = 15CY
Di. = 15C}
D}, =15 (Cg +3C9)
D35 =15 (C§ + 3C3)
Di; =15 (C¢ +3C3 + 3C))
D35 =15 (Cg + 3C3)
D% = 15C¢

k=8+=h=2k+1=17
DY, = 17070
Di; = 17C%
D}, =17 (C2 + 5CY)
D}, =17 (C% + 5Cy)
Di, =17(C7 + 5C; + Cf)
D}, =17(C3 + 5C3 + Cf)
DY, =17 (C¢ + 5C%)
DI, =17C

k=9«=h=2k+1=19
DYy = 1907
Diy = 19Cs
D}y =19 (C3 +7C9)

D3y =19 (C3 +7C3)

Diy =19 (C§ + 7C2 + 3C3)
Dy =19 (CE + 7C3 + 3C3)
D}y =19 (C§ + 7C35 +2C3)

Dy =19 (Cg +7C3)
D}y = 19C%

12



k=10<=h=2k+1=21
DY, =21Cy
D), =21C;
D3, =21(C§ + 19Cg)
D3, =21(C§ +19C4)
D3, =21 (Cy + 19CF + 14CY)
D3, =21 (Cg +19C§ + 14C3)
DS, =21 (C§ + 19C¢ + 14C5 + 3CY)
D}, =21 (C§ + 19C§ + 14C3)
DS, =21 (C§ +19C%)
Dy, =21Cy

We are led to assume that for any odd natural integer 2k + 1, greater than or
equal to 3, each coefficient D3, 41 can be expressed as follows

L5)

j j—21
D%kﬂ = E F2lk+1cljc—1—3l (1.22)
1=0

with
0<k-1-3l<k-1 (1.23)

and we will write by convention

(v) (G =20 < 0) (¢1=3, = 0) (1.24)

In order to show the validity of this formula for any non-zero natural integer k,
we will try to develop, as far as possible, the coefficients Fék 41 as a function of
k and [.

For any natural integer k, we verify the relations
DYy = (2k+1) CR_4
Dyjyy = (2k+1) Gy
We can always write with k > 4
D3y = (2k+ 1) Ci_y + (Dijpy — 2k +1) CR_y) Gy
But, in accordance with the relations 1.3 and 1.21 established on pages 2 and 10

(2k — 3)! (k—1)!
312k +1-6)  2(k— 3)!)

D31 — 2k +1)Ci_y = (2k + 1) (

and similarly

D§k+1(2k+1)0§_1(2k+1)( (2k—=3)! (k1) )

31(2k —5)! 21 (k—3)!

13



and

D3y — (2k+1)Ci_y = (2k +1) <(2k — 3)3§2k —4) (k- 1)2'(k — 2))

and

D%k-{-l —(2k+1)CE_, = (2k+1) ((2k3;(k2) B (k — 1)2(k2))

and also

D31 — (2k+1)C2, = (2k+1) (2(%—3) (k—2)6—3(k—1) (k—2)>

and finally

2k +1) (k—2) (k — 3)

Dy —(2k+1)CF, = 5

Let us write

2k +1) (k —2) (k— 3)
31

Fyjp1 = D3 — 2k + 1)y =
In the same way, we would find
D3 = 2k +1) (C}_y + Fyy1 Ciy)

and
D§k+1 =(2k+1) (0121—1 + Fa 1 Chg + F22k-+1012—7)

which gives us
Fii1 = ((D;lk-&-l —(2k+1)Cy_y) — (D3 — 2k +1)CF_)) Ci_y)

By calculations similar to the previous ones, the coefficients D%k 41 and C}C_ j
being made explicit, we find

9 (2k+1)(k—3)(k—4)(k—5)(k—6)
F2k+1: 51

We are then led to assume that, for any natural integer k > 1, the equality

p kD (E—1-1)
LT 04 1) (B —1 - 30)!

(1.25)

with the natural integer [ such that

0<i<[L]

Let us now calculate the difference of the coefficients lek 41 and Fék_l

7l g Gt (k—1-D0 @2k-1)(k-2-1)
2l T2l T o ) (k—1— 30 (20 + 1) (k— 2 — 31)!

14



Then

B (k—2—1) (k+1)(k—1—1)— (2k—1) (k—1—3I)
Fapr—Fapor = (20 +1)! (k — 2 — 30)! ( (k—1—3I) )
and

B (k—2—1)!
Forpr=For = 20+ 1) (k—1—3I)!

(2k+1)(k—1—1)— (2k — 1) (k — 1 — 31))

and also
. . B (k—2-1)
Farer = Foe = e — 1 — a1

(2(2014+1)(k—1))

and finally
2(k—=1)(k—=2-=1)!
Fl _ Fl _
2kl T2k N (B — 1 — 31)!
Our hypothesis 1.22 stated on page 13 now leads us to use a mathematical
induction to show the existence of the relation

(1.26)

(VEeEN)(k>1)(VjeN)(0<j<k—1)| D}, = ZF2k+IClz ilfsz

wherein each coefficient FQlk 41 is expressed by the formula 1.25 established on
page 14.

Let us assume that the following relation is true up to rank 2k — 1, for any
natural number j < k — 2

Dy = Z Fy Ci0 g, (1.27)
with
(2k—1) (k=2 —I)!
@+ 0! (k—2—30)!

Let us calculate now the difference

l —
FQk—l -

. - .
D%k—l - D%k—s = D%k—Q

and also

L55) 5

j l j—21 I j—21—1
D;k—2 = Z F2k—1CIJg—2—3l - Z F2k—3cljc—3—3l (1.28)

1=0

Then, we are faced with two cases

1.5.1 Case 1: [ | =52 =m
Nous avons We have

k-1
LTJ:m<:>k—1:3m+p>3m

The only values that p can take a priori are 0, 1 and 2.

15



1.5.1.1 p=0

p=0=k—-1=3m
<— k—2=3m—-1<3m

1.5.1.2 p=1

p=1=—=k—-1=3m+1
<~— k—2=3m

1.5.1.3 p=2

p=2=—k—1=3m—+2
= k—-2=3m+1

Clearly, p cannot be equal to 0. We also note that in this case 1
2k+1#£0 (3) (1.29)

Let us recall that

j—21 _ ~j—2l—1 j—21 j—20—1 _ ~j—2l j—21
(Ck—2—3l =Ch 55+ Ck—3—3l) — (Ok—3—3l =Choig — Ck—3—3l)

(1.30)
We then have (see the relation 1.28 established on page 15)
. o o
Dy s =Y (Fhor CIT3La — FosClT35)) (1.31)
1=0

which is equivalent to

J _
D2k—2 -
l

1 j—21 1 j—21 j—21
<F2k—1ck—2—3l — Fy_3 (Ck—2—31 - Ck—3—2l>)

m
=0
and

J —
Dip_y =

NE

j—21 j—21
((Fhir = Fhys) CImlay + Bl 5CIZ3)

1=0
with m = [#52| = [£21 |, In particular, among the natural numbers 2k + 1,
where k satisfies this property, we find all prime integers strictly greater than 3.

1.5.2 Case 2: [®] = [52|+1=m
We have

k—1

\_Tj:m@)k—lzl%m—i—p

As before,

16



1.5.21 p=0
p=0=k—-1=3m
<~— k—-2=3m-1

1.5.2.2 p=1

p=1=—=k—-1=3m+1
<~ k—2=3m

1.5.2.3 p=2

p=2=—=>k—-1=3m+2
<~ k—-2=3m+1

And in this case, p can only be equal to 0. We also note

2k+1=0«<=k=1 (3)
—k-1=0 (3)

We then have (see the relation 1.28 established on page 15)

m m—1
j o 1 j—21 l j—21—1
D2k—2 - E FZk—lck—2—3l - E , FQk—SCk—3—31
1=0 =0
m—1 m—1
_ m j—2(m+1) 1 j—21 l j—21—1
= F2k—lck—2—3(m+1) + F2k—1ck7273l - E F2k—3ck—373l
1=0 1=0
m—1

m j—2(m+1 j—21 j—21
= F2k7101172(73(m)+1) + Z ((F2lk71 - F2lk73) Cli—2—3l + F2lk73cli—3—3l>

with m = L%J and m —1= Lks;ﬂ

Let’s return to Case 1 and take our hypothesis 1.27 stated on page 15
m
l j—21 j
ZFQIC73C]JC—3—3Z = Dyj,_3
1=0
then, in accordance with the relation 1.31 set out on page 16
. . -
D;k—2 - D%k—s = D%k—4
and finally, we get the equality
1552
j—1 ! j—21
D%k74 = Z F2k—4cljc7273l (1.32)

=0
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with, in accordance with the relation 1.26 established on page 15
lek—4 = F2lk—1 - F2lk—3

We still have to establish that the equality 1.32 on page 17 is true when k& > 4
describes N. We first ensure by a simple calculation that it is indeed verified
when k successively takes the values 4, 5 and 6 - - -, while j describes its domain.

We then assume that this equality holds true for any given natural integer
less or equal to 2k, for all j < (k — 1), that is

j+1-21
2k - 2 :FQka 3l

We can notice that the calculations made to get the formula giving D,;:% as a
function of the coefficients FY, and the binomial coefficients C; 5~ *! are gener-
alizable to any value of i in N. We just have to verify by mathematlcal induction
the correctness of the formulation of the odd index h coefficients D} _,, ., to

obtain a valid result whatever the parity of the index h.

Let us go back to the initial hypothesis on the odd index coefficients (see our hy-
pothesis 1.27 stated on page 15) and let us make use of what we just established.
We verify
ng+1 = ng + D%Z_ll
with
Dy, = ZF%CIJe—%l .

and
L1552 ]
Jj—1 _ }: l j—21
Dzk—l - F2k—10k—2—3l
=0

According to the calculations we have just made on pages 16 and 17, we have

5)=m
j ! j—21 ! —21
Dy, = Z Fopa Oyl + Fap 1 G155
1=0
[4)=m
! j—2l 21
> D}, = Z (Fipr — Fiyoy) O g+ Fo i O3
1=0
L& ]=m [E]=m
j—21 l j—20—1
zk— Z F2k:+1 k—1-31 Z F2kflcl]c7173l

=0
J J Jj—1
— Dzk D2k+1 D2k 1

This result is in agreement with the equality 1.14 established on page 8.
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As we know how to express Iy, _, and Fl, | against [ and k, we can now
calculate F3, ;. We thus find

L%]
j j—21
D%k+1 = ZFQlk-&-lCiflfm
=0
with
P  RE+1)(E-1-1)
LT QL4 D) (k-1 - 30)!

Our mathematical induction is therefore complete for every coefficient D{l, with
of even or odd index h.

Let us now summarize all the results we obtained in the previous pages (see
the equations 1.8 and 1.12 on pages 7 and 8)

n—2
(VneN)(n>3) | (@"+y") =a"+y" +ay Y _ Ay (z,y)
j=1
with n = 2k (see the equation 1.8 on page 7)
k .
A (o) = 3 D zy) (x+y)* 7
j=0
and
. 3
(vk € N°) (k> 1) (¥j €N) (j < k= 1) | D= > FoClly ™
and

L 2k (k—1-1)
2k 20! (k — 31)!

and for n = 2k + 1 (see the equation 1.12 on page 8)

k—
A2k+1 (:v y LU +y Z 2k+1 )J (;13 + y)2(k717])
3=0

and
(ke N*)(Vj €N)(j <k—1) | D}y, = ZF%HC;J?I a1

and
. 2k+1)(k—1-=1)

F =
LT 204 1) (k-1 - 30)!
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1.6 Study of Ay 1 (z,y) wherein k € N*

We will show in this section how further factorize the quantity Asxy1 (x,y).
Using the previous results, we can write

wla

k—1L3]
Az (@) = (7 +9) Fypn O 15 (-1) (2y)! (x4 y)* 7
j =0

<
I
=)

We then have, for each k, and for all j and all [

j—21 j j 2(k—1—j
Fyen O (1) (o) (@)
_ F2lk+lci:?l_31 (_1)j72l+21 (xy)j72l+2l (x + y)Z(k‘71731+317(‘]72l)72l)

j—21 j—21 j—21 2(k—1-31—(j—21 2l 2l 2l
= (Bl O3y (1) ()™ (w4 ) 20720 (1) ()™ (24 )
We can therefore write Aggi1 (z,y) in the following manner

Ask11 (2, y)
=(r+y)

ﬁ
Wl
i

21 21
Fyea (1) (z+y)

(=)

1=
k-1 . . . .
C}Z}:?I_zﬂ (71)]—2l (xy)]—2l (fE + y)Q(k—l—3l—(]—2l))
=0

<

If j varies from 0 to k — 1, then j — 2[ varies from 0 to k — 1 — 2[, and as we
necessarily have
j—20<k—-1-3Il

we get
Aoy (2,y)
L%) k—1-31
21 21 ‘ j j 2(k—1—31—j
=@+ Fho D" @) D Gy (1) (ay) (@ +) ( 2
1=0 §=0
but
k—1-31 4 , 4
S Ol g (F1) (ay) (a4 )P
j=0
) k—1-31
= ((x +y)” — xy)
_ ({1’,‘2 + Ty + yz)k7173l
and lastly
L) k—1-31
Aot (2,9) = (z +y) Z Faji (-1 (@ +y)” (2 + 2y +9°)
1=0
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If, in addition, we assume that 2k + 1 is an odd natural number strictly greater
than 3 and not a multiple of 3, then (see the equality 1.29 on page 16)

k—1£0 (3)

and therefore k — 1 — 3] does not vanish for any value of [. Consequently
Aokt (z,y) is always divisible by 22 + zy + y? and we can write for any natural
number n =2k +1 >3

Aoy (z,y) =
%] l l
2 2
(@+y) (@ +ay+9°) > Fhop (D) (z+ )™ (2% + 2y +¢?)
=0

k—2-3 (1.33)

1.7 Various ways to express the Binomial expan-
sion

We are getting now close to the end of this study, the purpose of which
was to express the Newton binomial expansion in other manners. As enounced
(see the equation 1.2 on page 2) and later established (see the equation 1.1 on
page 1), we have

n
(+y)" =) Cla" iy
=0

n—1
=" +y" + Z C’f;xnijj
=1
n—2
=" +y" +ay Z CItlgn=2=dyi
§=0
n—2 ] .
=" +y" +ay Y (w+y)" 7 (2 o)
j=0

Moreover, depending on whether the natural integer n is even or odd, the bino-
mial expansion can be equally expressed as follows

n = 2k even
k=1 _ _ _
@+ =2 + ™ + 2y Y DY (-1) (ay) (x+y)* "
=0
with )
i 2kRk—1—(j+1))!

G HDNRE-2(+ 1)

as established above (see the equation 1.8 on page 7).
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n=2k+1 odd

k—
(+ )" =2y gy (o 4y Z Spst (1) (xy) (@ +y)* 1Y)
j=0
with )
; (2% +1) (2% — (j + 1))!
D2k+1 = 7 | — . ]
G+ 2E+1-2(+1))
as established above (see the equation 1.12 on page 8).
n=2k+1>3and n#0 (3)
(z+y)" =a" +y"+
L) ! k—2-31
21 2 —2-
vy (@ +y) (@ +2y+9°) D> Fopr (D" (z+9)* (2° + 2y +9°)
1=0
(1.34)
with
2k+1)(k—1-=1)
Fopqr = (1.35)

@+ (k—1-3)!
=0 (n=2k+1)

as established above (see the equation 1.33 on page 21).

Let us that the set of these natural integers n contains all the odd prime integers
distinct from 3.

Outlining these results concludes this study. The following chapter is devoted
to the study of some additional properties of the binomial coefficients.

22



Chapter 2

Some additional
considerations on the
binomial coefficients

2.1 Subject of the chapter

The binomial coefficients have multiple properties and this chapter is devoted

to highlighting some of them.

2.2 The classic binomial expansion rearranged

Let us consider the binomial expansion for any integer exponent m > 2

m

+nm=>cy

k=0

recalling that
(Vm € N*) (Ck, = Cm=F)

Let us rearrange it as follows

%) 3] 3]
L+ )™ =3 CHro+ 3 CRt 4+ 3 ot
k=0 k=1 k=2
= am,0 + am,1 + am,2
with
%)
am,0 = CfnkJrO
k=0
%)
am,1 = Z Cferl
k=1

(2.2)



L5 )

o= »  Cobt? (2.5)
k=2

am,05 am,1 and a,, o are the elements of three distinct sequences indexed by N.
Let us look at the values taken by each of the elements of these three sequences.
We will have to consider the values taken by m in Z/3Z.

2.3 The sequences a, \

231 m=0<=m—-1=2 (3)

Then
A+1)" =00 +C3 4+ +CF ..y Om
+Chp+Cp 4+ O O
FCO2 4C8 4 C3EF2 L omod
with

amo =00 + 03+ +CF ...y O™
ama = Cp, + Cp, -+ + CoEF o O 2
ama=C2 +Co + -+ C3ET2 4.y om—!

2.3.1.1 The sequence a,,

amo=CH +Ch + -+ Cals 4 O3+ O
=1
(O34 )
+ (O3 + O3 ) + -
+H(ORa T+ ORnT)
+1
=1+ (C2_ |+ + O3y ol R
+(CE 4+ O O 41
=(Co_y+ 4+ O O on)
+(CO  +C 4+ O O
In the case wherein m — 1 =2 (3) (see relations 2.17 and 2.19 on page 28)
am-1,0=Cp_ 1 +Co 1+ +C + - Cn7?

am-12=02%_ | +Ch |+ +C32 ... 4 om}
and therefore
am,0 = &m—1,2 + &m—1,0 (2.9)

with (due to the symmetry of the binomial coefficients expressed in the rela-
tion 2.1 on page 23)

Am—1,2 = dm—1,0
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2.3.1.2 The sequence a,,

ama =Ch +Co + -+ C3FTL .oy o2
= (Coe1 +Chy)
+ (Cfn—l + Cﬁz—l)
+ ‘e
+ (GRS + G
S (G Y O
= (Ch+ it + Ol 4+ O T7)
+ (O + O e+ O3 oI
In the case wherein m — 1 =2 (3) (see relations 2.17 and 2.18 on page 28)
am10=C% | 4+C3 4. 4O ... poml?

am-11 =0 1 +Ch_ 4+ O oot

m

and therefore
am,1 = am-1,0 T a4m-1,1 (2.10)

with (due to the symmetry of the binomial coefficients expressed in the rela-
tion 2.1 on page 23)
Am—1,0 = Am—1,1

2.3.1.3 The sequence a,,
amo=C2 +Ch + -+ C3EF2 ... om—t

= (Cv%z—l + CrQn—l)
+ (C:'ln—l + C?n—l)

(O + C3)
+ “en

+ (Ot ont)
= (Cimfl + Cﬁz—l +---+ Cz’fij;l 4+ Crr;;b:llfl)
+(CE_ +Co_ +- -+ CEE2 4 o]
In the case wherein m — 1 =2 (3) (see relations 2.18 and 2.19 on page 28)
am_11=CL +CL 4. 4O L omld
Am—1,2 = C2  +Co + e+ Cf;fiﬁ N 0773:11
and therefore

am,2 = am—1,1 + am—1,2
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with (due to the symmetry of the binomial coeflicients expressed in the rela-

tion 2.1 on page 23)
Am—1,1 = dm—1,2

232 m=1l<m-1=0 (3)

then
I+1)"=Co+C3 + +CF ..ot
+ O+ Cp 4+ O o
+CLHCo 4+ OO o2
with
amo=Co +C3 + -+ C3¥ ... 4 Ot (2.11)
Ama1 =CL +Ch ... O3 . om (2.12)
ama=C2 +C + -+ C3EP2 .. O 2 (2.13)

2.3.2.1 The sequence a,, g

amo=Co +C3 +-- +C3 ...y cm?
=1
+(C2_,+CE )
+ (O + ORE)
+(Cno T+ O
=(C2_ +- 4+ . omTTh
+(I+CE 4+ O T

In the case wherein m — 1 =0 (3) (see relations 2.6 and 2.8 on page 24)
am—1,0 = CO L +C3 - +C3 4.4 Cg:;l
aAm—1,2 = C,,anl + C’?nfl + 4 Cg][]ﬁt2 NI Cg:%71

and therefore

am,0 = &m—1,0 + &m—1,2 (2.14)

with (due to the symmetry of the binomial coeflicients expressed in the rela-

tion 2.1 on page 23)
Am—1,0 = dm—1,2
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2.3.2.2 The sequence a,, ;

ami=CL +C 4. C3EFL L om3 4 om
= (C’gl—l + O}n—l)
+ (07?;7,71 + 031,1)
4+
+ (C3E, + C3F
R
+ (Ot opti?)
+1
= (C%—1+C,,31_1+...+C§£1+...+C:nn:11—3+1)
+ (C}n_l + Cﬁl_l N Cgfi—il-l 4ot C$:11_2)
In the case wherein m — 1 =0 (3) (see relations 2.6 and 2.7 on page 24)
am10=C"% | +C3 4+ +CNF +...qomt

am-11=Ch_1+Cp_y + -+ O 4y o1 2
and therefore
Am,1 = &m—1,0 + am—1,1 (2.15)
with (due to the symmetry of the binomial coefficients expressed in the rela-
tion 2.1 on page 23)
Am—1,0 = dm—1,1

2.3.2.3 The sequence a,, >

amo =C2 +Ch + -+ C2EP2 4. O 2
= (Chor +Chy)
(O O )
+ (C3EAY + C3EA2) 4.
(R CenI T
= (Ch_ + O+ O3 o)
+(Co +C, + O Ol
In the case wherein m — 1 =0 (3) (see relations 2.7 and 2.8 on page 24)
am-11=Ch_1+Cp_y + -+ O 4y o1 =2
am12=Cl | +Co_ 4+ + O3 .. 4 om
and therefore
3m,2 = &m—1,1 T &m—1,2 (2.16)
with (due to the symmetry of the binomial coefficients expressed in the rela-
tion 2.1 on page 23)
Am—1,1 = dm—1,2
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233 m=2<—m-1=1 (3)

then
(L+1)" =Ch + 3+ +Cof 4 4 O~
+Cp +Cp -+ O Ot
+CL+Ch 4+ OO
with
am,o:an+cfn+...+cf’nk+...+cfn1*2 (2.17)
Ay = Cly + Cly 4o+ C3H g o (2.18)
ma=C2 +C% 4+ C3+2 4y om (2.19)

2.3.3.1 The sequence a,,

amo=Co + 03+ +C3 ... Cm2
=1
+(C2_,+C3 )
+(C3ETY + O3E )
+ (R + o)
=(C2_ 4+ O O
+(I+CE 4+ O3 o

In the case wherein m — 1 =1 (3) (see relations 2.11 and 2.13 on page 26)

am-10=C0 1 +C3 |+ +C¥} ... cm !

am-12=Cpy 1 +Ch 1+ +CP 4yl ™?

and therefore

Am,0 = Am—1,0 + am—1,2 (2.20)

with (due to the symmetry of the binomial coefficients expressed in the rela-

tion 2.1 on page 23)
Am—1,0 = dm—1,2
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2.3.3.2 The sequence a,, ;

am1 =Cp +Cp + -+ CoEt 4o 173 op!
(OO 4+ Ol )+

CO_y+ 4+ C L+ ol

Ch_y+-+C o]

=(Ch_ +C3 4+ + O O ot
+(CL +Cp -+ O o))

In the case wherein m — 1 =1 (3) (see relations 2.11 and 2.12 on page 26)
am-10=00 1 +C3 _ |+ +C3¥ +...+cmn!!

am-11= Cp_y + Cpp g+ + O -+ O
and therefore
Am,1 = &m—1,0 + Am—1,1 (221)

with (due to the symmetry of the binomial coeflicients expressed in the rela-
tion 2.1 on page 23)
Am—1,0 = dm—1,1

2.3.3.3 The sequence a,, >

am,2 =C2 4+C5 - O3 oM oM
= (anfl + ngfl)
+ (C:Ln—l + C?n—l)
4.
+ (O + )
..
+(CRa T+ R
+1
= (Orln—l +Ch O3 ot 1)
+ (0727171 +CS@71+"'+C;€T2+...+C:nn:ll—2+1)

In the case wherein m — 1 =1 (3) (see relations 2.12 and 2.13 on page 26)

am-11=Ch_1 +Ch _ +- + O3 ...y omz!]
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am-12=Cpy 1 +Ch 1+ +CHP 4 o] ™?

and therefore
Am,2 = am—1,1 + am—12 (2.22)

with (due to the symmetry of the binomial coefficients expressed in the rela-
tion 2.1 on page 23)
Am—1,0 = dm—1,2

The relations 2.9, 2.14 and 2.20 on pages 24 and 28 (they are identical for each
m), which we recall here

Am,0 = Am—1,0 T &m—1,2

aAm,1 = am-1,1 t am-1,0
Am2 =am-12tam-1,1

allow us to write

Am,1 — am,0 = dm—1,1 — &m—-1,2 (223)
Am,1 — aAm,2 = dm—1,0 — dm—1,2 (2~24)
aAm,0 — Am,2 = Am—1,0 — dm—1,1 (225)

It is then easy to verify that for the following values

m=0=0 (3)
ap,0 = 1
ap,1 = 0
ag,2 =0
m=1=1 (3)
a0 =1=agp, +agz
a1 =1=ag1 +ago
a2 =0=ag2+ap1
m=2=2 (3)
asg=1=ajp+ais
a1 =2=ai1 +aiyg
azo=1l=ajp+ar
m=3=0 (3)

ago =2 =ago+azo
ag;1 =3 =ag +agg

agg =3 =ago +ag
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a40 =D =ag, +as?
a4,1 =95 =az1 +azpg

a4 =6=az2+az
and we can write
(Vlﬁ S {0, 1, 2}) (Vk‘g S {0, 1, 2}) (kl 7’5 k‘Q) (|am7k1 — am7k2‘ < 1) (226)

Also, for any given k € {0,1,2}, at least one of the three a,,  is distinct from
the other two (see relations 2.23, 2.25 and 2.24 on page 30).

2.4 The sequences A,

Let us now consider the relation

1+1)" =) 2m=2m"—1 (2.27)
m=0 k=0 m=0

and let us take the identity 2.2 on page 23. We can form three new sequences
An,o, An,l and An,2

n
Apo= g Amo =An_1,0+ 2anpo

m=0

n
A= E am1 =Ap_11+2an

m=0

n
Apo= E amao=An_12+ 2y

m=0

and write, in accordance with the relation 2.27 on page 31
SAn = AnA,O + An,l + An,2 = 2n+1 -1

San s =Apn10+A 11+ A _12=2"-1

which leads, unsurprisingly,
SA, —SA,_, =anotag1 tag2=2"
Let us also note that for any integer k
2 =1=2"-1=0 (3) (2.28)

2L =9 e 2% 1 =1 (3) (2.29)
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2.5 The sequences by,

Let us construct from the sequences a,, x, wherein k € {0, 1, 2}

bm,k = am,k — min am,k (230)
vke{0,1,2}
Each term of each of these sequences by, i, takes its value in the set {0,1}. More-
over, for a given m, one of the three terms b, 5 is distinct from the other two
and we can form, a priori, at most 2% — 2 = 6 distinct triplets (b0, b1, bm.2)-
We have

br—10=am-1,0—_ min _a,_1x
vke{0,1,2}
R

8m—1,0 =Dm—1,0+ min am,_1k
vke{0,1,2}

and likewise

bpm—12=am—12— min a,_1j
vke{0,1,2}
<
am—-1,2=bm_12+ min a,_1x
Vke{0,1,2}
and therefore
bm,O = am,0 — min Am,k
vke{0,1,2}
=amn-1,0tam-_12— mn anpg
vke{0,1,2}
=bm_10+bmn_12+2 min ap,_15p— min a,
vke{0,1,2} vke{0,1,2}
We obtain in the same way
bm,1 =am,1 — min A,
vke{0,1,2}
=am-1,1tam_10— MmN anpg
vke{0,1,2}
=bpm—11+bn10+2 min ap,_1xp— min a,
vke{0,1,2} vke{0,1,2}
and
bm,g =am,2 — min Am k
vke{0,1,2}
=am-12tan-1,1— M agg
vke{0,1,2}
=bp_12+bn_11+2 min ap, 15— min a,
vke{0,1,2} vke{0,1,2}
and therefore
bm,1 —bmo=bm-1,1 —bm-12 (2.31)
b1 —bm2 =bm_10—bm_1,2 (2.32)
bm,o—bm2=bm-1,0—bm-1,1 (2.33)

Let us study the following different cases
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bm,l = bm70 =0« bm’2 =
0-0= bm—l,l - bm—l,z

0—1=bmn-10—bmn1,2
0—1=bm-10—bm-11
which leads to
(bm—1,1 =bm-12=1) <= (bjp_10=0)
and
(bm,1 = bm,o) <= (bp—1,1 = bim_1,2) (2.34)

bm,l = bm,O =1« bm,2 =0
1=1=bm-1,1—bm-12

1-0= bmfl,O - bm71,2
1-0= bmfl,O - bmfl,l
which leads to
(bm—l,l = bm—1,2 = 0) — (bm—LO = 1)
and
(b1 =bmo) <= (bm-1,1 =bm_12) (2.35)

bm,l = bm72 =0<= bm70 =1
0-1= bmfl,l - bm71,2

0-0= bm—l,O - bm—1,2
1-0= bmfl,O - bmfl,l
which leads to
(bm—1,2 = bm—l,O = 1) — (bm_171 = 0)
and
(bm,1 =bm2) <= (bm-1,2 =bm-1,) (2.36)

bm,l = bm72 =1 bm,O =0
1-0=by_1,1—bm_12

1-1=bmn_1,0—bm-12
0—1=bm-10—bm-11
which leads to
(bm-1,2 =bm-1,0=0) < (bp_11 =1)
and
(bm,1 = bm,2) <= (bp—12 = bm_1,0) (2.37)
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bm,O = bm72 =0<= bm,l =1
1-0= bm—171 - bm—1,2
1—0=bm10— b1z
0—-0=bm_10—bm-1,1

which leads to
(bm—1,0 =bm-11=1) < (bp_12=0)

and
(bm,0 = bm,2) <= (bm—1,0 = bm-1,1) (2.38)

bm,O = bm’g =1 bm,l =0
0-1= bm—l,l - bm—172
0-1= bmfl,O - bm71,2
1-1= bm—l,O - bm—l,l

which leads to
(bm-1,0 =bm—11=0) < (bp_12=1)

and
(b0 = bm,2) <= (bm—1,0 = bm-1,1) (2.39)

The equivalences 2.34, 2.35, 2.36 and 2.37 on page 33 and 2.38 and 2.39 on
page 34 now allow us to write

(bm—Ll = bm—LO) — (bm—271 = bm—2,2)

(brm-11 =bm-12) == (bm—2,0 = bm_22)
(bm—l,O = bm—l,Z) = (bm_270 = bm_271)

et aussi
(bi—2.1 = bm_20) <= (bn_31 = bm_32)
(brn—21 =bm—22) <= (bm-30 =bm-32)
(bpm—2,0 = bm—2,2) <= (bm—3,0 =bm—_31)
and finally

(bm,1 =bmo) <= (bm—1,1 =bm_1,2)

<= (bim—2,0 = bim—_22)

— (bm,3’0 = bmfg’l) (240)
(bm,l = bm,2) — (bm—l,O = bm—l,Z)
<= (bm—2,0 = bm—21)
— (bm,3’1 = bmfg’g) (241)
(bm,O = bm,2) — (bm—l,O = bm—l,l)

<= (bim—2,1 = bm—_22)

< (bm73,0 = bm,3’2) (242)

34



2.6 The sequences B, ;,
Let us construct from the sequences b, ; the sequences
Bn,k = Bn—l,k + bn,k

For the first values taken by n, we can manually check

n=0=1 (3)
B070:1
BOJZO
Bo2=0
n=1=1 (3)
Bio=2=DBgo+bio=1+1
B1i=1=Bg1+b;1=0+1
B1’2:0:B0¢2+b1’2:0+0
n=2=2 (3)
B2o=2=Bip+boo=2+0
B271:2:B1_’1+b2’1:1+1
B22=0=Bi2+bao=0+0
n=3=0 (3)
Bso=2=Bayg+bse=2+0
B371=3=B2,1+b3,1:2+1
B32=1=Bos+b3o=0+1
n=4=1 (3)
Bsop=2=DB30+bgo=2+0
Bs1=3=B31+bsy1 =3+0
By2=2=B3a2+byo=1+1
n=5=2 (3)
B5’0:3:B4¢0+b5’0:2+1
Bs1=3=B41+bs1=3+0
B572=3=B4,2+b5,2:2+1
n=6=0 (3)
Bgo=4=Bsg+bgo=3+1
Bg1 =3=DBs1+bg1=3+0
Bs2=3=Bs2+bg2=3+0
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Bro=5=Bgo+bro=4+1
Br1=4=Bg1+br1=3+1
B7’2:3:B6}2+b7’2:3+0

n=8=2 (3)
B8,0:5:B7?0+b8’0:5+0
Bs1=5=B71+bg1=4+1
Bg2=3=DB72+bga=3+0
n=9=0 (3)
Boo=5=Bgo+bgo=5+0
B9,1:6:B8_’1+b9’1:5+1
By =4=Bsgz+bgo=3+1
n=10=1 (3)
B1o,o =5=DBgo+Bso=5+0
Bip1 =6=DBg1 +Bg1 =6+0
B1072:5:B9,2+B672:4+1
n=11=2 (3)

B11,0 =6 =B +b110=5+1
B11,1 =6=Big1+b11,1=6+0
Bi12=6=Big2+bi12=5+1

Several remarks can be made following this verification. As for the sequences
bk, we show below the values they take for m < 11 and k € {0, 1,2}

H m bm,O bm,l bm72 H
0 1 0 0
1 1 1 0
2 0 1 0
3 0 1 1
4 0 0 1
) 1 0 1
6 1 0 0
7 1 1 0
8 0 1 0
9 0 1 1
10 0 0 1
11 1 0 1
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This table tells us that the triplets (b 0, bm,1, bm,2) are periodically repeated
between m = M and m = M + 6 and that these triplets over this period are
distinct two by two. Also

5+1 5+1 5+1

meo—mel_me,z_s (2.43)

m=l

with 1 € {0,1,2,3,4,5,6}

Moreover, the values taken by the elements of the sequences B, ;, when m
and k vary, show that the terms of the triplets (B, 0,Bn,1,Bn2) are pairwise
equal when £k =5 and k = 11.

Also, manual verification of the values taken by the elements of the sequences
B, when m < 11 indicates to us that the difference

(Vk1 € {0,1,2}) (Vk2 € {0,1,2}) (k1 # k2) (|IBnky — Bnk,| < 2)

The relation 2.30 on page 32 and the equivalences 2.40, 2.41 and 2.42 established
on page 34 now allow us to conclude

(Vn € N)
(V (An,Oa An,l7 An,Q))
((An,O = An,l = An72) <= n=5 (6)) (244)
and
(Vn € N)
(Vky € {0,1,2})
(Vko € {0,1,2})
(k1 # k2)
(| n,k1 T n,k2| < 2)

which implies, by construction

(Vn € N)
(Vk1 € {0,1,2})
(Vk2 € {0,1,2})
(k1 # ko)
(JAnk — Ank,| <2) (2.45)

We now turn to the study of Fermat’s conjecture, a conjecture which was proved
by Andrew Wiles (1993/1995).
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Chapter 3

Study of Fermat’s conjecture

3.1 Subject of the chapter

This conjecture was proved by Andrew Wiles between 1993 and 1995. How-
ever, as it has been the case for other problems in the history of Mathematics,
setting up to explore other avenues that could lead to other demonstrations is
not without interest. This what we are going to try and show.

3.2 Reminder of the conjecture

Let the equation
"yt =2" (3.1)

with n prime integer, n > 2 € N*. Pierre de Fermat (1607-1665) stated that
no three non zero natural integers z € N*, y € N* and z € N* could satisfy the
relation 3.1. We shall assume

O<z<y<z
This leads us to write

z+y=z (n)<=z+y=kn+z(keN")
=z >kn (3.2)

Leaving aside the case wherein n = 3, we are going to be interested in all the
other cases wherein n > 3. It is possible, without loss of generality, to consider
only the cases wherein n is prime.

3.3 First point

Let us therefore, if they exist, be z € N* y € N* and z € N* which satisfy
the relation 3.1 (see in this page 38). It is then always possible to suppose that
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x, y and z are pairwise coprime. We have

="~ (1"
= (@- ()9 Yo" ()Y
j=0

In the case where z £ 0 (n), (x — (—1)y) and Z;;()l 2177 (=1) 7 are two
quantities that are coprime and we have

GheN)(x+y=hr")
and
"=0=2=0 (h)

Finally, the relation 1.34 and the formula 1.35 stated on page 22 allow us to
write

(x+y)" —2"=((z+y) sz:chy
=

=nizy (z +y) (2° + 2y + y°) (3.3)

n 1—35 _4
JZJ

with A € N*.

It is obvious that the natural integers z, y, (x +y) and (332 +acy+y2) are
pairwise coprime.

3.4 Second point

Let n and p be two odd prime integers, distinct from each other or not. Let
us place ourselves in Z/pZ, the set of integers modulo p, equipped with addi-
tion (4) and multiplication (x). This set, equipped with these two laws, is a
commutative field and each of its elements u has an inverse u~' = uP~2. Let us
also consider z, y and z, solutions, if they exist, of the equation 3.1 on page 38
as stated above (see section 3.2 on page 38).

We first notice that 2 + xy + y? is always an odd natural integer. We can
now choose p such that
2 2 _
“+rzy+y =0 (p) (3.4)
Let us consider the relation 3.3 on this page 39 and review, when p # n, the
following two cases:

3.4.01 (z+y)—2=0 (p)

We have
(r+y)—2=0<=(z+y)=2z (p)
and
+2zy+y =ay (p)
2 (p)
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and in this case, it is evident that z # 0 (p). And we must have

rZ0 (p)
y#Z0 (p)
(x+y)#Z0 (p)
z#0 (p)
also
Z_:(Hy)"_l Td=n+y)" (p)
j=0
=nz""" (p)
Z0 (p)

3.4.0.2 (z+y)—2%#0 (p)

We have
(z+y)—z2Z0<=z+y#z (p)

and therefore necessarily

i
L

(z+y)" A =0 (p)

j=0
Moreover
z2=0=2"= (p)
—z"4+y"=0 (p)
= (z+y)"=0 (p)
—z+y=0 (p)
But we have just shown that
z+y#0 (p)
and therefore
z#0 (p) (3.5)

In both cases, (zr+y) — z and Z;:ol (x+4)" "7 27 cannot simultaneously
cancel out in Z/pZ. Also

(Vo e N*) (Vy e N*) (V2 € N*) (2" +y" = 2") (2 20 (p))  (3.6)

3.5 Third point

Before we can proceed with the proof of Fermat’s conjecture, we have two
remarks to make. In what follows, we continue to place ourselves in (Z/pZ, +, %),
where p is a prime integer dividing 22 + zy + v2.
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3.5.1 First remark
Recall that in Z/pZ

(Va € Z/pZ)(a#0 (p)) (a* ' ~=1=0 (p))
Let a, b and ¢ be three non-zero natural integers such that
a—b=c (p)

We have

and we can write
a—b=c (p)e=1-a’2b=a""2c (p)

We will agree to write, by abuse of notation

SHE
Il

(Va € N¥) (a—1 = aP~? (p))

Let us write
r+y

=@ty =un (p)

wherein z € N*| y € N* and z € N*, satisfy the relation 3.1 on page 38.

Then (see relations 3.3 and 3.4 on page 39)

up =1 (p)
Clearly,
ubt =1 (p)
and there exists v € Z/pZ such that
wzul=1 ()

Note that in Z/pZ, v is necessarily a divisor of p — 1. Then
up =1 (p) <= (Fk, e N*) (n =k,v)
but, n is assumed to be prime and consequently
n=uv
We deduce that n < p and that p — 1 is a multiple of n.

3.5.2 Second remark

The integers z and y each being distinct from p
2 .
(Fus € Z/pZ) (us = zy P #£1 (p)) Zué =0<=uz;=1 (p)
j=0
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3.6 A proof of the conjecture

Let
ug = xy " (3.7
n—1 x+y>j_n1 ( .’L')j
() =X ) (v
n— . g
- (%) Z (3.8)
7=0 k=0
n—1 l
= ( ) i Csk+o O+C3k+1u1+c3k+2 ?,) () (3.9)
7=0 k=0
and also
n—1 ;v+y> n—1 j \_%J s
= C +0,,0
S () =X () S
+n71 (y)j§(c3k+1 1)
7j=1 z k=0 !
nzf( )]Lz% C3k+22 ()
p
=2 k=0
and
= z+y\’ on_1 Yy jL%J 3k-+0
> () =z () n e
=0 j=0 k=0
n—1 j L%J
+ub 30 ()Y (e
j=1 k=0
n—1 y j L%J
vy (2 @)
j=2 k=0

since uy " = wdkuf = uf (p) with r € {0,1,2}. And we can write

n—1

J
Z(””Zry) = Aoul + Ayul + Aud  (p) (3.10)

J=0

with, by taking the notations used in the relations 2.3, 2.4 and 2.5 on page 23

n—1 \_%J
_ A% 3k-+0
Ag = P (Z) k:OCj (p)
n—1 y j
=3 (4) w0 o (3.11)
i=0 ¢
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(3.12)

(3.13)

Also, it is obvious that for each of the sums 3.11, 3.12 and 3.13, when r takes

the values 0, 1 and 2
(Vi) (VE) (3k + 7 < j)

Let’s take the equalities 3.11 on page 42, 3.12 and 3.13 on this page 43 and write

Ag — Ay

n—1

n—1 .
=ago + Z (%)J aj0 — Z
j=1

j=1

Ao — A

=0 =2

n—1 .
’ (y)]
a aj o E Z) ajg—
0,0 + 1’02+j:2 . 4,0

n—1 . n—1

A — Ay

Jj=1 Jj=2

n—1 n—1
=aj;+ E
Jj=2

j=2

Let us write

25,0 = &;,1 = Qj (0,1) <= 2,0 = ;1 + & (0,1)

S ao- (Y s

(g)j a1 (p)

(p)

n—1

Z (%)] aj2 (p)

Jj=2

(-8 (2 e 0
(O =S () e w

(3.14)

aj0 —aj,2 = Qj,(0,2) <= 2,0 = 852 + 0 (0,2)

a1 — &j2 = Qi (1,2) <= A51 = aj2 + Q; (1,2)

Note that these last three equalities lead to

Qj,(0,2) = Qj,(0,1) T Qj,(1,2)
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Then

n—1 .
J
Ao — A1 =apo+ Z (g) ;0,1 (p)
j=1
y =y
=ago + a1,(0,1); + Z (;) ;0,1 (p) (3.16)
=2
y =y
Apg— Ay =ap0+ a1,0; + Z (;) 5 (0,2) (p) (3.17)
=2
n—1 y j
A — Ay =ai1 + Z (;) aj 2 (p) (3.18)
=2

and we also have, by summing the équalité 3.16 and 3.18 on this page 44 (see
also the équalité 3.15 on page 43)

n—1 . n—1 .
Y Y\’ Y\’
Ao — Az =agp + ayon + Z (;) aj (0,1) ta1,1 + Z (;) aj 2 (p)
j=2 j=2

n—1 .
Y Y\’
=ago+ al,(O,l); +a11 + Z (;) &5.(0,2) (p)
j=2

and therefore
Y _ Y Y _ Y
ag,0 + aL(Oal); —+ a1,1 = ag,o + 84170; < 0117(0,1); —+ a1 = al,og (p) (319)

but in accordance with the equalities 2.6 on page 24, 2.11 on page 26 and 2.17
on page 28

a070 = Cg =1

al’o = C? =1
and similarly, in accordance with the equalities 2.7 on page 24, 2.12 on page 26

and 2.18 on page 28
a171 = Cll =1

and in accordance with the relationship 3.14 on page 43
ay 1) =a1,0 —a11 =0

and therefore the relation 3.19 on this page 44 is written
Y
1= " —z=y (p
We then notice that by swapping = and ¥, we can also write uz = 2~y and

Sy Sy ey

j=0

§=0 k=0
n—1 T j L%J

— 3k+0,,0 3k+1, 1 3k+2, 2

=3 (3) D (0 + O + O ) (p)
§=0 k=0
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with this time

us = 'y
and we deduce from this
l=—<=z=2 (p)
But then
r=y=2>+ay+1°=322=37=0 (p) (3.20)

but we have shown (see conclusion of section 3.5.1 on page 41)
p>n>3=2>=y>=0 (p) (3.21)
which contradicts the initial assumptions in section 3.3 on page 38.

The conjecture is thus proved for every prime integer n > 3. QED.
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