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Abstract

This paper shows, for the first time, that the explicit and exact solution to the Troesch nonlinear
two-point boundary value problem may be computed in a direct and straightforward fashion
from the general solution obtained by a generalized Sundman transformation for the related
differential equation, which appeared with the sinh-Poisson and Poisson-Boltzmann equations
to be special cases of a more general equation. As a result, various initial and boundary value
problems for these equations may be solved explicitly and exactly.

Theory

The Troesch nonlinear two-point boundary value problem is well known to be of the form [1]

u"(x)+asinhau(x) =0 (1)
where
u(0)=0, u@®=1 (2)

and a is a positive constant. The sinh-Poisson differential equation is of the form [2]
u”(x)+a’sinh(u) =0 (3)
and the Poisson-Boltzmann equation may be written [2]

u”(x) —b?sinh(u) =0 (4)
The purpose is now to establish that the equations (1), (3) and (4) are limiting cases of a more
general equation.

1. Generalized equation

According to [3-5], the general class of equations for the application of the generalized
Sundman linearization theory developed by Akande et al. [3] may be written as

u”(x)+a%e*™ J'e *Wdy =0 (5)

where y =1, under the conditions that
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y(r) = Ie ?Udu, dr=e?Wdx (6)

and y(r) satisfies

y(z)+a’y(z) =0 )
that is

y(z) = A sin(azr + o) (8)
Inserting

@(u) = In(sinhqu) 9)

into (5) yields
2

u” (x) + 2—sinh(2qu) = 0 (10)
24

where q=0, is an arbitrary parameter. The equation (10) is the desired generalized differential
equation. Substituting 2g =a into (10), leads to the differential equation (1) of the Troesch
nonlinear two-point boundary value problem under the condition that a=0. For 2q =1, the
generalized equation (10) gives the sinh-Poisson equation (3). The Poisson-Boltzmann equation
(4) is obtained from (10) for2q =1, and a® = —b*where b = 0. In such a situation the general
solution to (1), (3), and (4) may be explicitly and exactly established from that of (10).

2. General solution for the generalized equation

The application of (6), taking into consideration the equations (8) and (9), may lead to

aAysin(ar +a) = cosh(qu) (11)
that is
u() =§cosh‘1[q%sin(ar+a>] (12)
such that

dr — dx (13)

\/qZAg sin(ar+a)—-1 B
The integration of (13) yields after a few algebraic manipulations [6]

cos(ar +a) = psnlagh, (x+C), p] (14)

2
where p = 1—[%}} , and C is a constant of integration, so that the general solution (12) to the
q

generalized equation (10) becomes [6,7]

w09 = écosh‘l{qudn [aa(x+C). pl (15)



3. Exact general solution for the Troesch problem

Making 2q = a, yields the general solution to the differential equation (1) of the Troesch
nonlinear two-point boundary value problem as

a

u(x) =§coshl{z Aodn{a—z2 Ay(x+C), p}} (16)

2
where p= 1—[%) . Therefore, the exact solution to the Troesch nonlinear two-point

boundary value problem may be computed by the determination of the two integration constants
by applying the boundary conditions (2). In this perspective the application of (2) leads, for the
constants of integration A, and C, from the general solution (15), to the two transcendental

equations

dn(quoc,m:ﬁ (17)

dn[agA,(1+C), p]= %hA(?) (18)

Therefore, the exact solution to the Troesch nonlinear two-point boundary value problem, for

q= % , Is given by the solution (16) under the conditions.

a’ 2

dn —AC,p|= 19
[ > A pj Y (19)
22 cosh(‘;‘)

dn—A,(1+C), p|= 20
{2 A(L+C) p} A (20)

4. Exact general solution for the sinh-Poisson equation

For 2q =1, the exact general solution for (3), using (15) takes the form

u(x) = Zcoshl{% dn[% (x+C), p}} (21)

where p= 1—i2.
| A

5. Exact general solution for the Poisson-Boltzmann equation



The application of 2q =1, and a?> =—b?, where b® =0 to (15), yields as general solution for
(4), the expression

u(x) = 2cosh‘l{% dn { ié{;AO (x+C), p}} (22)

where p° =1—%. Using the identity

dn(iu, p) =dc(u, p")

where p'=/1- p?, thatis p'= % , the solution (22) takes definitively the form

u(x) = 2coshl{% dC|:b%AO(X+C), %}} (23)

References

[1] S. M. Roberts and J. S. Shipman, On the closed form solution of Troesch's problem, Journal
of Computational Physics, 21 (1976), 291-304.

[2] Kim Johannessen, A nonlinear differential equation related to the Jacobi elliptic functions,
International Journal of Differential Equations, vol. 2012, doi:10.1155/2012/412569.

[3] J. Akande, D. K. K. Adjai, L. H. Koudahoun, Y. J. F. Kpomahou and M. D. Monsia, Theory
of exact trigonometric periodic solutions to quadratic Liénard type equations, viXra:
1704.0199v3 (2017).

[4] L. H. Koudahoun, J. Akande, D. K. K. Adjal, Y. J. F. Kpomahou, M. Nonti, M. D. Monsia,
On the general solution to the Bratu and generalized Bratu equations, viXra: 1712.0149v1
(2017).

[5] J. Akande, Y.J.F. Kpomahou, D. K. K. Adjai, L. H. Koudahoun, M. D. Monsia , On the
general solution to the mathematical pendulum and generalized mathematical pendulum
equations, viXra: 1712.0364v1 (2017).

[6] I. S. Gradshteyn, I. M. Ryzhik, Table of Integrals, Series, and Products, Seventh edition,
2007.

[7] F. W. J. Olver, D. W. Lozier, Ronald F. Boisvert and C. W. Clark, Handbook of
Mathematical Functions, NIST and Cambridge University Press, 2010.



