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Abstract 

This paper shows, for the first time, that the explicit and exact solution to the Troesch nonlinear 

two-point boundary value problem may be computed in a direct and straightforward fashion 

from the general solution obtained by a generalized Sundman transformation for the related 

differential equation, which appeared with the sinh-Poisson and Poisson-Boltzmann equations 

to be special cases of a more general equation. As a result, various initial and boundary value 

problems for these equations may be solved explicitly and exactly.    

Theory 

The Troesch nonlinear two-point boundary value problem is well known to be of the form [1]   

0)(sinh)(  xauaxu                                                                                                (1) 

where 

 1)1(,0)0(  uu                                                                                                   (2) 

and a  is a positive constant. The sinh-Poisson differential equation is of the form [2] 

0)sinh()( 2  uaxu                                                                                                             (3)  

and the Poisson-Boltzmann equation may be written [2] 

0)sinh()( 2  ubxu                                                                                                               (4)  

The purpose is now to establish that the equations (1), (3) and (4) are limiting cases of a more 

general equation.                                                   

1. Generalized equation 

According to [3-5], the general class of equations for the application of the generalized 

Sundman linearization theory developed by Akande et al. [3] may be written as   

0)( )()(2   dueeaxu uu                                                                                                      (5) 

where 1 , under the conditions that 
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 duey u


)()(  , dxed u)(                   (6) 

and )(y satisfies 

0)()( 2   yay                (7) 

that is  

)sin()( 0   aAy               (8) 

Inserting  

 quu sinhln)(                  (9)  

into (5) yields 

0)2sinh(
2

)(
2

 qu
q

a
xu                                                                                                         (10) 

where 0q , is an arbitrary parameter. The equation (10) is the desired generalized differential 

equation.  Substituting aq 2  into (10), leads to the differential equation (1) of the Troesch 

nonlinear two-point boundary value problem under the condition that 0a . For ,12 q the 

generalized equation (10) gives the sinh-Poisson equation (3). The Poisson-Boltzmann equation 

(4) is obtained from (10) for ,12 q  and 
22 ba  where .02 b  In such a situation the general 

solution to (1), (3), and (4) may be explicitly and exactly established from that of (10). 

2. General solution for the generalized equation 

The application of (6), taking into consideration the equations (8) and (9), may lead to   

)cosh()sin(0 quaqA                                                                                   (11) 

that is 

 )sin(cosh
1

)( 0
1    aqA

q
xu                     (12) 

such that  

dx
aAq

d


 1)(sin22
0

2 


                      (13) 

The integration of (13) yields after a few algebraic manipulations [6] 

  pCxaqAsnpa ,)cos( 0                                                                           (14) 

where
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qA
p , and C is a constant of integration, so that the general solution (12) to the 

generalized equation (10) becomes [6,7]  

   pCxaqAdnqA
q
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1
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3. Exact general solution for the Troesch problem 

Making aq 2 , yields the general solution to the differential equation (1) of the Troesch 

nonlinear two-point boundary value problem as  

 
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 (16) 

where 

2
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




aA
p . Therefore, the exact solution to the Troesch nonlinear two-point 

boundary value problem may be computed by the determination of the two integration constants 

by applying the boundary conditions (2). In this perspective the application of (2) leads, for the 

constants of integration 0A  and C , from the general solution (15), to the two transcendental 

equations                                                           
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  
0

0
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aqA

q
pCaqAdn                                                                                                      (18) 

Therefore, the exact solution to the Troesch nonlinear two-point boundary value problem, for 

2

a
q  , is given by the solution (16) under the conditions. 
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4. Exact general solution for the sinh-Poisson equation                                                                   

 For 12 q , the  exact general solution for (3), using (15) takes the form  
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where  
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5. Exact general solution for  the Poisson-Boltzmann equation 
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The application of 12 q , and 22 ba  , where 02 b  to (15), yields as general solution for 

(4), the expression  
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where 
2

0

2 4
1

A
p  . Using the identity  

)',(),( pudcpiudn     
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0
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p  , the solution (22) takes definitively the form  
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