
83 

 

 

  

 
    

 
 
 

FUZZY NEUTROSOPHIC SUBGROUPS 
 

J. MARTINA JENCY, I.AROCKIARANI 
 Nirmala College for women, Coimbatore, Tamilnadu, India. 

martinajency@gmail.com 
 

 

ABSTRACT 

In this paper we introduce  the notion of  fuzzy neutrosophic subgroups. Also 

we obtain the fuzzy neutrosophic subgroups generated by fuzzy neutrosophic 

set and investigate some of their properties. 
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1.INTRODUCTION 

Smarandache [13 ] initiated the concept of neutrosophic set which overcomes the inherent 

difficulties that existed in fuzzy sets[14] and intuitionistic fuzzy sets [5,6].Following this, the 

neutrosophic sets are explored to different heights in all fields of science and 

engineering.I.Arockiarani et al. defined the notion of fuzzy neutrosophic sets [1].In 1989, R.Biswas 

[8] introduced the concept of intuitionistic fuzzy subgroups and studied some of their properties . In 

this paper we define fuzzy neutrosophic subgroups and discuss their properties. 

2.PRELIMINARIES: 

Definition 2.1:[1] A Fuzzy neutrosophic set A on the universe of discourse X is defined as  

A=  𝑥,𝑇𝐴 𝑥 , 𝐼𝐴 𝑥 ,𝐹𝐴 𝑥  ,𝑥 ∈ 𝑋  where 𝑇, 𝐼,𝐹:𝑋 →[0,1] and 3)()()(0  xFxIxT AAA  

Definition 2.2: [1] Let X be a non empty set, and 

)(),(),(,,)(),(),(, xFxIxTxBxFxIxTxA BBBAAA   

(i) A B  for all x if )()(,)()(,)()( xFxFxIxIxTxT BABABA   

(ii) ))(),(min(,))(),(max(,))(),((max, xFxFxIxIxTxTxBA BABABA  

(iii) ))(),(max(,))(),(min(,))(),((min, xFxFxIxIxTxTxBA BABABA  

(iv) A\B (x)= ))(),(max(,))(1),(min(,))(),((min, xTxFxIxIxFxTx BABABA   

Definition 2.3:[1] A Fuzzy neutrosophic set A over the universe X is said to be null or empty Fuzzy 

neutrosophic set if  TA(x) = 0 ,IA(x) = 0 , FA(x) = 1 for all  x X. It is denoted by N0  
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Definition 2.4:[1] A Fuzzy neutrosophic set A over the universe X is said to be absolute  fuzzy 

neutrosophic set if TA(x) = 1 , IA(x) = 1 , FA(x) = 0  for all  x X. It is denoted by N1  

Definition 2.5: [1]The complement of a Fuzzy neutrosophic set A is denoted by Ac and is defined as  

Ac = )(,)(,)(, xFxIxTx ccc AAA
where )()(,)(1)(,)()( xTxFxIxIxFxT AAAAAA ccc   

The complement of a Fuzzy neutrosophic set A can also be defined as Ac = AN 1 . 

Definition 2.6:[2]Let X and Y be two non empty sets and  YXf : be a function . 

(i) If  YyyFyIyTyB BBB  :)(),(),(, is a fuzzy neutrosophic set in Y then the pre 

image of B under f ,denoted by )(1 Bf 
, is the fuzzy neutrosophic set in X defined by 

 XxxFfxIfxTfxBf BBB   :))(()),(()),((,)( 1111  

Where ))(())((1 xfTxTf BB   

(ii) If  XxxFxIxTxA BBB  :)(),(),(, is a fuzzy neutrosophic set in X then the image 

of A under f ,denoted by )(Af ,is the fuzzy neutrosophic set in Y defined by 

 YyyFfyIfyTfyAf AAA  :))(()),(()),((,)( ~   

where 
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And yFfyFf AA ))1(1())((~   

Definition 2.7:[3] Let ),( .X   be a group and let A  be fuzzy neutrosophic set in 

X . Then A  is called a fuzzy neutrosophic group (in short, FNG) in X if it satisfies 

the following conditions: (i) )()()(),()()( yIxIxyIyTxTxyT AAAAAA  and 

)()()( yFxFxyF AAA  (ii) )()(),()(),()( 111 xFxFxIxIxTxT AAAAAA    

 

Definition 2.8:[3]Let ),( .X  be a groupoid and let A and B be two fuzzy neutrosophic sets in X

.Then the fuzzy neutrosophic product of A and B , BA ,is defined as follows: for any Xx , 

 





 

 

otherwise

xyzwithXXzyeachforzTyT
xT

BA
xyz

BA

0

,),()()(
)(  

 





 

 

otherwise

xyzwithXXzyeachforzIyI
xI

BA
xyz

BA

0

,),()()(
)(  

 





 

 

otherwise

xyzwithXXzyeachforzFyF
xF

BA
xyz

BA

1

,),()()(
)(  

 



Bull .Math.&Stat.Res  

Vol.4.Issue.1.2016(Jan-March)   85 

J. MARTINA JENCY, I.AROCKIARANI 

Definiion 2.9:[4] Let G  be a groupoid and let )(GFNSA .Then A  is called a : 

(1) fuzzy neutrosophic left ideal (in short FNLI ) of G  if for any Gyx , , )()( yAxyA  .(i.e.,)

)()(),()( yIxyIyTxyT AAAA  and )()( yFxyF AA   

(2) fuzzy neutrosophic right ideal (in short FNRI ) of G  if for any Gyx , , )()( xAxyA  .(i.e.,)

)()(),()( xIxyIxTxyT AAAA  and )()( xFxyF AA   

(3) fuzzy neutrosophic  ideal (in short FNI ) of G  if it is both a FNLI and FNRI  

It is clear that A  is a FNI  of G if and only if for any Gyx , ,

)()()(),()()( yIxIxyIyTxTxyT AAAAAA  and )()()( yFxFxyF AAA  .Moreover 

,a FNI (respectively FNLI , FNRI ) is a FNSGP  of G .Note that for any FNSGP A  of G

we have )()(),()( xIxIxTxT A

n

AA

n

A  and  )()( xFxF A

n

A   for each Gx , where 
nx

is any composite of  x ’s. 

We will denote the set of all FNSGP s of G  as )(GFNSGP  . 

Definition 2.10:[4]Let ),( .G  be a groupoid and let )(0 GFNSAN  .Then A is called a fuzzy 

neutrosophic subgroupoid in G (in short , FNSGP  in G ) if AAA  . 

Definition 2.11:[4]Let ),( .G  be a groupoid and let )(XFNSA .Then A is called a fuzzy 

neutrosophic subgroupoid in G (in short , FNSGP  in G ) if for any Gyx , , 

)()()(),()()( yIxIxyIyTxTxyT AAAAAA  and )()()( yFxFxyF AAA  .It is clear that 

N0  and N1 are both FNSGP s of G . 

Definition 2.12:[4]Let )(GFNSA .Then A  is said to have the   sup property if for any )(GPT

,there exists a Tt 0  such that  )()( 0 tAtA
Tt

  .i.e.,

)()(),()(),()( 000 tFtFtItItTtT A
Tt

AA
Tt

AA
Tt

A

 ,where )(GP  denotes the power set of G . 

Definition 2.13:[4]Let A  be a fuzzy neutrosophic set in  X  and let I ,, with 3 

.Then the set    
  AAAA FIxTXxxCxAXxX ,,)(:)()(: ),,(

),,(  is called 

a ),,(  level subset of A . 

3. FUZZY NEUTROSOPHIC SUBGROUPS 

Definition 3.1: 

Let  G be a group and let )(GFNSGPA .Then A is called a fuzzy neutrosophic subgroup (in short 

, FNSG ) of G  if  )()( 1 xAxA   .(i.e.,) )()(),()( 11 xIxIxTxT AAAA     and )()( 1 xFxF AA   

for each  Gx . 

Proposition 3.2: 

Let    ).(GFNSGA 
 Then  ).(GFNSGA 





  

Proposition 3.3: 

Let A  and B  be any two FNSG s of a group G .Then the following conditions are equivalent: 

(1) ).(GFNSGBA   

(2) ABBA    

Proof: Proof is immediate. 

Proposition 3.4: Let )(GFNSGA .Then )()( 1 xAxA 
, 

(i.e.,) )()(),()(),()( 111 xFxFxIxIxTxT AAAAAA    and  )()( eAxA  , 
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(i.e.,) )()( eTxT AA  , )()( eIxI AA  , )()( eFxF AA   for each Gx ,where e  is the identity 

element of G . 

Proof: 

Let   Gx . Then  )())(()( 111   xTxTxT AAA , for each Gx . 

)())(()( 111   xIxIxI AAA , for each Gx . 

)())(()( 111   xFxFxF AAA , for each Gx . 

Since )(GFNSGA , )()(),()( 11 xIxIxTxT AAAA     and )()( 1 xFxF AA   for each  Gx . 

Hence )()(),()(),()( 111 xFxFxIxIxTxT AAAAAA   . (i.e.,) )()( 1 xAxA  . 

On the other hand  , 

)()()()()( 11 xTxTxTxxTeT AAAAA   , )()()()()( 11 xIxIxIxxIeI AAAAA   ,

)()()()()( 11 xFxFxFxxFeF AAAAA    

Hence )()( eTxT AA  , )()( eIxI AA  , )()( eFxF AA   for each Gx .(i.e.,) )()( eAxA  . 

This completes the proof. 

Proposition 3.5:If )(GFNSGA ,then 

)}()(),()(),()(.,.),()(:{ eFxFeIxIeTxTeieAxAGxG AAAAAAA  is a subgroup of  

G . 

Proof: 

Let AGyx , .Then )()(),()(),()( eFxFeIxIeTxT AAAAAA   and 

)()(),()(),()( eFyFeIyIeTyT AAAAAA  . 

Thus )()()( 11   yTxTxyT AAA  

)()( yTxT AA      (by Proposition 3.4) 

)()()( eTeTeT AAA  . 

Similarly  , )()( 1 eIxyI AA  . 

)()()( 11   yFxFxyF AAA  

)()( yFxF AA      (by Proposition 3.4) 

)()()( eFeFeF AAA  . 

On the other hand ,  by proposition 3.4 )()( 1 eTxyT AA  , )()( 1 eIxyI AA  , )()( 1 eFxyF AA 

.So )()( 1 eTxyT AA 
, )()( 1 eIxyI AA 

, )()( 1 eFxyF AA 
.(i.e.,) )()( 1 eAxyA 

.Thus 

AGxy 1 .Hence AG  is a subgroup of  G . 

Proposition 3.6: 

Let )(GFNSGA . If )()( 1 eAxyA 
 . (i.e.,) )()( 1 eTxyT AA 

, )()( 1 eIxyI AA 
,

)()( 1 eFxyF AA   for any Gyx ,  ,then )()( yAxA  ,(i.e.,)

)()(),()(),()( yFxFyIxIyTxT AAAAAA  . 

Proof: 

Let Gyx , . Then  )()()()()())(()( 11 yTyTeTyTxyTyxyTxT AAAAAAA  
. 
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On the other hand , by Proposition 3.4 )()( 1 xTxT AA  ,then we have 

)())(()( 1111   yxTyxTxyT AAA and thus 

).()()()()()()())(()( 111 xTxTeTxTxyTxTyxTxyxTyT AAAAAAAAA    

So )()( yTxT AA  .By the similar arguments, we have ).()(),()( yFxFyIxI AAAA   

This completes the proof. 

Corollary 3.7 : 

Let )(GFNSGA .If AG  is a normal subgroup of G , then A is constant on each coset of 
AG . 

Proof: 

Let Ga  and let AaGx .Then there exists AGx' such that 'axx  .Since 
AG  is normal and 

AGx' , AGaaxxa   11 ' .Thus  )()( 1 eTxaT AA  , )()( 1 eIxaI AA  and )()( 1 eFxaF AA  .By 

Proposition 3.6 , )()( aTxT AA  , )()( aIxI AA   and )()( aFxF AA  .So A is constant on AaG  for 

each Ga  . By the similar arguments , we can see that A  is constant on aGA  for each Ga . 

Hence  A is  constant on each coset of 
AG . 

Note: 

Let H be a subgroup of  G .Then the number of right [respectively left] cosets of  H  in G  is called 

index of H  in G  and denoted by  HG : . If G  is a finite group ,then there can be only a finite 

number of distinct right [respectively left] cosets of  H .Hence the index  HG :  is finite .If G  is an 

infinite group ,then  HG :  may be either finite or infinite. 

Corollary 3.8 : 

Let )(GFNSGA  and let AG  be normal .If AG  has a finite index, then A  has the sup -property. 

Proof: 

Let  GT  .Since 
AG  has finite index ,let the index nGG A ]:[ ,say  

 AnA GaGa ,.....1Α ,where ),....1( niGai   and AjAi GaGa   for any ji  .Let Tt .Since 


n

i

iiGaG
1

 Α ,there exists },...2,1{ ni  such that AiGat .Since AG  is normal ,by corollary 

3.7, )()(),()(),()( iAAiAAiAA aFtFaItIaTtT   on AiGa ,say iAiAiA tFtItT   )(,)(,)(

,where Iiii  ,,  and 3 iii  .Thus there exists a Tt 0 such that 

i

n

i
A

Tt
Ai

n

i
A

Tt
Ai

n

i
A

Tt
A tFtFtItItTtT  











1

0
1

0
1

0 )()(,)()(,)()( . Hence A  has the 

sup- property. 

Proposition 3.9 : 

)(GFNSGA  if and only if )()()( 1 yTxTxyT AAA  , )()()( 1 yIxIxyI AAA  ,

)()()( 1 yFxFxyF AAA   for any Gyx , . 

Proof: 

Proof follows from Definition 3.1 and Proposition 3.4. 

Proposition 3.10 : 

A group G cannot be the union of two proper FNSGs . 

Proof: 

Let A and B be proper FNSG s of a group G such that NN ABA 1,1   and  NB 1 . 
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0,1,11  BABABAN FFIITTBA .Then 1AT  or 1BT , 1AI  or 1BI , 

0AF  or 0BF .Since NA 1 and NB 1 , 011  AAA ForIorT  and 

011  BBB ForIorT .In either cases,this is a contradiction.This completes the proof. 

Proposition 3.11: 

If A is a FNSGP  of a group G ,then  A is a FNSG  of  G . 

Proof: 

Let Gx .Since G  is finite , x has the finite order say n .Then exn  ,where e  is the  identity of G

. Thus 
11   nxx .Since A is a FNSGP  of a group G , )()()()( 211 xTxxTxTxT A

n

A

n

AA    

)()()()( 211 xIxxIxIxI A

n

A

n

AA    

)()()()( 211 xFxxFxFxF A

n

A

n

AA    

Hence A is a FNSG  of G . 

Proposition 3.12: 

Let A be  a FNSG  of a group G  and let Gx .Then )()( yAxyA  ,(i.e.,)

)()(),()(),()( xFxyFxIxyIxTxyT AAAAAA   for each Gy  if and only if )()( eAxA  .(i.e.,) 

)()(),()(),()( eFxFeIxIeTxT AAAAAA  ,where e  is the identity of  G . 

Proof: 

Suppose )()( yAxyA  for each Gy .Then clearly )()( eAxA  . 

Conversely, suppose )()( eAxA  .Then  by Proposition 3.4, 

)()(),()(),()( xFyFxIyIxTyT AAAAAA   for each Gy .Since A  is a FNSG  of  G ,then 

)()()(),()()(),()()( yFxFxyFyIxIxyIyTxTxyT AAAAAAAAA  .Thus 

)()(),()(),()( yFxyFyIxyIyTxyT AAAAAA   for each Gy . 

On the other hand ,by Proposition 3.4, 

)()()(),()()(),()()()( 1 xyFxFyFxyIxIyIxyTxTxyxTyT AAAAAAAAAA   . 

Since )()(),()(),()( yFxFyIxIyTxT AAAAAA   for each Gy .

)()()(),()()(),()()( xyFxyFxFxyIxyIxIxyTxyTxT AAAAAAAAA  .So  

)()(),()(),()( xyFyFxyIyIxyTyT AAAAAA   for each Gy .Hence 

)()(),()(),()( yFxyFyIxyIyTxyT AAAAAA  for each Gy . 

Proposition 3.13: 

Let ': GGf  be a group homomorphism, let )(GFNSGA  and let )'(GFNSGB .Then the 

following hold: 

(i) If A  has the sup- property , then )'()( GFNGAf  . 

(ii) )()(1 GFNSGBf  . 

Proof: 

(i) By Proposition 5.4 in [4],(i.e.,)Let ": GGf  be a groupoid homomorphism and let 

)(GFNSA have the sup property . 

(1) If  )(GFNSGPA , then )"()( GFNSGPAf  . 

(2) If A is a ),( FNRIFNLIFNI of  G , then )(Af is a ),( FNRIFNLIFNI of "G . 
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Since )()( GFNSGPAf  , it is enough to show that 

)()(),()(),()( )(

1

)()(

1

)()(

1

)( yFyFyIyIyTyT AfAfAfAfAfAf   for each )(Gfy . 

Let )(Gfy .Then .)(1 Gyf   Since A  has the sup- property ,  there exists  )(1

0 yfx 
 

such that )()(),()(),()(
)(

0
)(

0
)(

0 111
tFxFtIxItTxT A

yft
AA

yft
AA

yft
A  

 . 

Thus )()()()())(()( )(0

1

0
)(

11

)( 11
yTxTxTtTyTfyT AfAAA

yft
AAf  






. 

)()()()())(()( )(0

1

0
)(

11

)( 11
yIxIxItIyIfyI AfAAA

yft
AAf  






. 

)()()()())(()( )(0

1

0
)(

11

)( 11
yFxFxFtFyFfyF AfAAA

yft
AAf  






. 

Hence )()( GFNSGAf  . 

(ii) By Proposition 5.1 in [ ],(i.e.,) Let ": GGf  be a groupoid homomorphism and let 

)"(GFNSB  

(1) If )"(GFNSGPB , then )()(1 GFNSGPBf  . 

(2) If B is a ),( FNRIFNLIFNI of "G  then )(1 Bf   is a ),( FNRIFNLIFNI  of G . Since 

)()(1 GFNSGPBf  , it is enough to show that ))(())(( 111 xBfxBf    for each 

Gx . 

Let Gx .Then 

)())(()))(((())(())(()(
)(

11111

)( 11 xTxfTxfTxfTxTfxT
BfBBBBBf   

, 

)())(()))(((())(())(()(
)(

11111

)( 11 xIxfIxfIxfIxIfxI
BfBBBBBf   

,and 

)())(()))(((())(())(()(
)(

11111

)( 11 xFxfFxfFxfFxFfxF
BfBBBBBf   

. 

Hence )()(1 GFNSGBf  . 

Proposition 3.14: 

Let pG be the cyclic group of prime order p .Then )( pGFNSGA  if and only if 

)0()1()( AAxA  , (i.e.,) )0()1()( AAA TTxT   , )0()1()( AAA IIxI  , )0()1()( AAA FFxF 

for each pGx0 . 

Proof: 

Suppose )( pGFNSGA and  let pGx0 .Then 

)()()(),()()(),()()( xyFxFxyFxyIxIxyIxyTxTxyT AAAAAAAAA   for any pGyx ,

.Since pG is the cyclic group of prime order p , }1,....2,1,0{  pGp .Since x is the sum of s'1  and  

1 is the sum of  sx' , )()1()(),()1()( xIIxIxTTxT AAAAAA   and )()1()( xIIxF AAA 

.Thus ).1()(),1()(),1()( AAAAAA FxFIxITxT  Since 0 is the identity element of pG ,

)0()(),0()(),0()( AAAAAA FxFIxITxT  .Hence the necessary conditions hold. 

Conversely, suppose the necessary conditions hold, and let pGyx , .Then we have four cases : (i) 

yxandyx  0,0 (ii) 0,0  yx (iii) 0,0  yx (iv) yxandyx  0,0 . 

Case (i) Suppose yxandyx  0,0 .Then by the hypothesis, )0()1()()( AAAA TTyTxT  , 

)0()1()()( AAAA IIyIxI   and )0()1()()( AAAA FFyFxF  .So 
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)()()0()(),()()0()( yIxIIyxIyTxTTyxT AAAAAAAA   ,

).()()0()( yFxFFyxF AAAA   

Case (ii) Suppose .00  yandx Since  0 yx ,by the hypothesis,

)()0()1()()( yTTTxTyxT AAAAA  , )()0()1()()( yIIIxIyxI AAAAA  and 

)()0()1()()( yFFFxFyxF AAAAA  .So 

)()()(),()()( yIxIyxIyTxTyxT AAAAAA  , )()()( yFxFyxF AAA  . 

Case (iii) is the same as Case (ii). 

Case (iv) Suppose yxandyx  0,0 .Since ,0 yx by the hypothesis, 

)0()1()()()( AAAAA TTyTxTyxT  , )0()1()()()( AAAAA IIyIxIyxI  ,

)0()1()()()( AAAAA FFyFxFyxF  .So 

)()()(),()()( yIxIyxIyTxTyxT AAAAAA  , )()()( yFxFyxF AAA  .In all, 

)()()(),()()( yIxIyxIyTxTyxT AAAAAA  , )()()( yFxFyxF AAA  .Hence by 

Proposition 3.5, ).( pGFNSGA  

Proposition 3.15: 

The ),( FNRIFNLIFNI  in a group G are just the constant mappings. 

Proof: 

Suppose A  is a constant mapping and let Gyx , .Then )()()( yTxTxyT AAA   , 

)()()( yIxIxyI AAA  , )()()( yFxFxyF AAA  .So A  is a FNI  of G . 

Now suppose A   is a FNLI of G . Then )()(),()(),()( yFxyFyIxyIyTxyT AAAAAA   

for any Gyx , .In particular , )()(),()(),()( eFxFeIxIeTxT AAAAAA   for each Gx . 

Moreover , )()()(),()()(),()()( 111 xFxxFeFxIxxIeIxTxxTeT AAAAAAAAA    

For each Gx .So )()(),()( eIxIeTxT AAAA  , )()( eFxF AA   for each Gx . Hence A  is a 

constant mapping. 

Proposition 3.16: 

Let A  be a FNSG  of a group G .Then for each 3),,( I  with )(),,( eA ,  

(i.e.,) )(),(),( eFeIeT AA   , ),,( 

AG  is a subgroup of G ,where e  is the identity of G . 

Proof: 

Clearly, .),,(  AG Let ),,(, 
AGyx  .Then ),,()( xA  and ),,()( yA .(i.e.,)

  )(,)(,)( xFxIxT AAA  and   )(,)(,)( yFyIyT AAA .Since A )(GFNSG ,

 )()()( yTxTxyT AAA ,  )()()( yIxIxyI AAA ,  )()()( yFxFxyF AAA .Thus 

),,()( xyA .So ),,( 
AGxy .On the other hand ,

   )()(,)()(,)()( 111 xFxFxIxIxTxT AAAAAA .Thus ),,()( 1 xA .So 

),,(1 
AGx  .Hence ),,( 

AG  is a subgroup of G . 

Proposition 3.17: 

Let A  be a fuzzy neutrosophic set in a group G such that 
),,( 

AG  is a subgroup of G  for each 

3),,( I  with )(),,( eA .Then A  is a FNSG  of a group G . 

Proof: 
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For any Gyx , ,let ),,()( 111 rstxA   and let ),,()( 222 rstyA  .Then clearly,
),,( 111 rst

AGx  and 

),,( 222 rst

AGy .Suppose 21 tt   , 21 ss  and 21 rr  .Then 
),,(),,( 111222 rst

A

rst

A GG  .Thus .
),,( 111 rst

AGy

Since 
),,( 111 rst

AG  is a subgroup of G ,
),,( 111 rst

AGxy .Then ),,()( 111 rstxyA  . 

(i.e.,) 111 )(,)(,)( rxyFsxyItxyT AAA  . 

So )()()(),()()( yIxIxyIyTxTxyT AAAAAA  , )()()( yFxFxyF AAA  .For each Gx , 

let ),,()( xyA .Then ),,( 
AGx .Since ),,( 

AG  is a subgroup  of  G , ),,(1 
AGx  .So 

),,()( 1 xA .(i.e.,) )()(),()(),()( 111 xFxFxIxIxTxT AAAAAA   .Hence A   is a 

FNSG  of a group G . 

Proposition 3.18: 

Let A  be a fuzzy neutrosophic set in X and let )Im(),,(),,,( 222111 A .If 

212121 ,,    then ),,(),,( 222111 
AA  . 

Result 3.19: Let  A  be a fuzzy neutrosophic set in a group G .Then A  is a FNSG  of G if and only if  
),,( A  is a subgroup of G for each )Im(),,( A . 

Definition 3.20: 

Let A  be a FNSG  of group G and let )Im(),,( A .Then the subgroup ),,( A   is called a 

),,(  level subgroup of A . 

Lemma 3.21: 

Let A  be any fuzzy neutrosophic set in X.Then  ),,(:)(  AxxTA  ,

 ),,(:)(  AxxI A  ,  ),,(:)(  AxxFA   where Xx and 3),,( I  with 

3  . 

Proof: Let  ),,(:  Ax ,  ),,(:  Ax ,  ),,(:  Ax  and let 0  be 

arbitrary. Then   ),,(:  Ax ,  ),,(:  Ax ,  ),,(:  Ax

.Thus there exist I ,,  with 3   such that ),,( Ax ,

  ,, .Since ),,( Ax ,   )(,)(,)( xFxIxT AAA .Thus 

  )(,)(,)( xFxIxT AAA .Since 0  is arbitrary ,

  )(,)(,)( xFxIxT AAA .  

We now show that   )(,)(,)( xFxIxT AAA .Suppose 321 )(,)(,)( txFtxItxT AAA 

.Then 3321  ttt .Thus ),,( 321 ttt
Ax .So  ),,(

1 :  Axt   ,  ),,(

2 :  Axt  ,

 ),,(

3 :  Axt  .Thus,  ),,(

1 :  Axt   ),,(

2 :  Axt  ,  ),,(

3 :  Axt 

.(i.e.,)   )(,)(,)( xFxIxT AAA . 

This completes the proof. 

We shall denote by  A  the FNSG generated by the fuzzy neutrosophic set  A   in G .We shall use 

the same notation  ),,( A  for the ordinary subgroup of the group generated by the level subset 

),,( A . 

Theorem 3.22: 

Let G be a group and let )(GFNSA .Let )(* GFNSA   be defined as follows :for each 

Gx ,  ),,(:)(*

 AxxT
A

  ),,(:)(*

 AxxI
A

 ,  ),,(:)(*

 AxxF
A

 ,where 
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I ,,  with 3  .Then *A  is a FNSG  of G  such that 

 BAGFNSGBA  :)(*  .In this case , *A  is called the fuzzy neutrosophic subgroup 

generated by A  in G and denoted by  A . 

Proof: 

Let )Im(),,( *

321 Attt   and let 
n

t
n

t
n

t
1

,
1

,
1

321    where n  is any sufficiently 

large positive number .Let Gx .Suppose ),.*( 321 ttt
Ax .Then 321 )(,)(,)( *** txFtxItxT

AAA


.Thus there exist I ,,  with 3   such that   ,,  and  ),,( Ax . 

),,(),,(    and 3  , ),,(),,(  AA  .So ),,( Ax .(i.e.,)  ),,( Ax

.Now suppose  ),,( Ax .Then

        ),,(),,(),,( :,:,:   AxAxAx  .Thus   ),,(:  Ax ,

     ),,(),,( :,:   AxAx  .So 

)(
1

),(
1

),(
1

*** 321 xF
n

txI
n

txT
n

t
AAA

 . 

(i.e.,) )(),(),( *** 321 xFtxItxTt
AAA

 . 

Hence  
),.*( 321 ttt

Ax . (i.e.,)   ),.*(),,( 321 ttt
AA  . 

Hence  ),,(),.*( 321 AA
ttt
 .Since  ),,( A  is a subgroup  of G , ),.*( 321 ttt

A  is a subgroup of .G By 

Result 3.19, *A  is a FNSG  of G . 

Now , we show that *AA .Let Gx .Then by Lemma 3.21,   ),,(:)(  AxxTA  ,

     ),,(),,( :)(,:)(   AxxFAxxI AA  .Thus 

  ),,(:)(  AxxTA  ,      ),,(),,( :)(,:)(   AxxFAxxI AA  .So *AA . 

Finally , let B  be any FNSG  of G such that BA .We show that .* BA  Let Gx  and 

),,()( 321

* tttxA  .Then  ),,(),.*( 321 AA
ttt
 ,where 

n
t

n
t

n
t

1
,

1
,

1
321    , and n is 

any sufficiently large positive integer. Thus  ),,( Ax .So maaax ......21 ,where ia or 1

ia  belongs 

to ).,....1(),,( miA   

On the other hand, )......()( 21 mBB aaaTxT   

)()......()()( 321 mBBBB aTaTaTaT   

n
taTaTaT mAAA

1
)(.....)()( 121   . 

Similarly )......()( 21 mBB aaaIxI   

)()......()()( 321 mBBBB aIaIaIaI   

n
taIaIaI mAAA

1
)(.....)()( 221    and  

)......()( 21 mBB aaaFxF   

)()......()()( 321 mBBBB aFaFaFaF   
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n
taFaFaF mAAA

1
)(.....)()( 321   . 

Since n  is sufficiently large positive integer , 321 )(,)(,)( txFtxItxT BBB  .So .* BA  Hence 

 BAGFNSGBA  :)(*  .This completes the proof. 

Lemma 3.23: 

Let G  be a finite group.Suppose there exists a FNSG A  of  G  satisfying the following 

conditions:for any Gyx , , 

)()()()()( yxyAxAi   

).()()()(,)()(,)()()( yxyFxFyIxIyTxTii AAAAAA  Then G  is cyclic. 

Proof: 

Suppose A  is constant on G .Then )()( yAxA   for any Gyx , .By the condition (i) , )()( yx 

.So )(xG  .Now suppose A  is not constant on G .Let 

 ),,),.......(,,(),,,()Im( 111000 nnn rstrstrstA  ,where 

nnn rrrsssttt  .....,.....,..... 101010 .Then by Proposition 3.18 and Result 3.19, we 

obtain the chain of level subgroups of A : GAAA nnn rstrstrst


),,(),,(),,(
.....111000 . 

Let 
),,( 111  nnn rst

AGx .We show that )(xG  .Let 
),,( 111  nnn rst

AGg . Since 

nnn rrrsssttt  .....,.....,..... 101010 ,
),,( 111)()(  nnn rst

AxAgA . By the condition 

(i) , )()( xg  .Thus )(
),,( 111 xAG nnn rst
  .Now let 

),,( 111  nnn rst
Ag .Then 

)()(),()(),()( 111 xFrrgFxIssgIxTttgT AnnAAnnAAnnA   .By the condition (ii) , 

)()( xg  .Thus )(
),,( 111 xA nnn rst
 .So )(xG  .Hence in either case , G  is cyclic. 

Lemma 3.24: 

Let G  be a  cyclic group of order np ,where p is prime .Then there exists a FNSG A  

of  G  satisfying the following conditions: for any Gyx , , 

)()()()()( yxyAxAi   

).()()()(,)()(,)()()( yxyFxFyIxIyTxTii AAAAAA   

Proof: 

Consider the following chain of subgroups of G : 

GGGGGe nn  110 ....)( ,where iG is the subgroup of G generated by an element of 

order nipi ,...1,0,   and e is the identity of G . We define a complex mapping 

3:),,( IGFITA AAA   as follows: for each ),,()(, 000 rsteAGx   and 

1),,()(  iiiii GGxifrstxA  for any ,,...2,1 ni   where Irst iii ,,  such that ,3 iii rst

nnn rrrsssttt  .....,.....,..... 101010 .Then  we can easily check that A  is a FNSG  

of G  satisfying the conditions (i) and (ii). 

From Lemma 3.23 and Lemma 3.24 we obtain the following : 

Theorem 3.25: 

Let G  be a group of order np . Then G  is cyclic  if and only if there exists a FNSG A  

of  G  such that  for any Gyx , , 

)()()()()( yxyAxAi   
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).()()()(,)()(,)()()( yxyFxFyIxIyTxTii AAAAAA   
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