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Electromagnetic-Power-based Characteristic Mode
Theory for Metal-Material Combined Objects

Renzun Lian

Abstract—As a companion to the ElectroMagnetic-Power-based
Characteristic Mode Theory (EMP-CMT) for PEC systems
(PEC-EMP-CMT) and the EMP-CMT for Material bodies
(Mat-EMP-CMT), an EMP-CMT for Metal-Material combined
objects (MM-EMP-CMT) is established in this paper, and then
some power-based Characteristic Mode (CM) sets are constructed
for depicting the inherent power characteristics of metal-material
combined objects. The MM-EMP-CMT is valuable for analyzing
and designing the metal-material combined electromagnetic
structures, such as the microstrip antennas and the Dielectric
Resonant Antennas (DRAs) mounted on metal platforms etc. In
addition, a variational formulation for the scattering problem of
metal-material combined objects is provided based on the
conservation law of energy.

Index Terms—Characteristic Mode (CM), Electromagnetic
Power, Input Power, Interaction, Metal-Material Combined
Object, Output Power.

1. INTRODUCTION

THE modal theories and methods can efficiently reveal the
inherent characteristics of physical systems, so they are
widely applied in both theoretical research and engineering
practice. The original works on modal problems can be dated
back to Euler era. After a nearly 300-year study, it has evolved
into a relatively complete theoretical system, and is now called
as Eigen-Mode Theory (EMT). In mathematical physics, the
EMT is divided into two categories, normal EMT and singular
EMT [1]. The EMT corresponding to open electromagnetic
structures belongs to the singular EMT, and some modal
methods for analyzing the open electromagnetic structures,
such as the Singularity Expansion Method (SEM) [2],
determinant root seeking method [3], and model-based modal
methods (e.g., cavity model method [4]), etc., have been
developed under the EMT framework.

Around 1970, a new electromagnetic modal theory called as

Characteristic Mode Theory (CMT) was introduced by Robert J.

Garbacz [5]-[6], and subsequently refined by Roger F.
Harrington and Joseph R. Mautz under the MoM framework
[7]-[9]. Recently, the Poynting’s theorem-based derivations for
some traditional MoM-based CMTs are provided in [10]-[11],
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such that the physical pictures of these MoM-based CMTs
become clearer. In addition, a series of
ElectroMagnetic-Power-based CMTs (EMP-CMTs) are
developed in [12]-[14], such that the applicable range of the
traditional MoM-based CMT is expanded.

As a companion to the EMP-CMT for PEC systems
(PEC-EMP-CMT) [12] and the EMP-CMT for Material bodies
(Mat-EMP-CMT) [13]-[14], an EMP-CMT for Metal-Material
combined objects (MM-EMP-CMT) is established in this paper.
The main destination of MM-EMP-CMT is the same as the
PEC-EMP-CMT and Mat-EMP-CMT, i.e., to construct the
power-based Characteristic Mode (CM) sets which have
abilities to reveal the inherent power characteristics of the
metal-material combined objects. The MM-EMP-CMT is
valuable for many engineering applications related to the
metal-material combined structures, such as the microstrip
antennas [4] and the Dielectric Resonant Antennas (DRAs)
mounted on metal platforms [15] etc. In addition, a variational
formulation for the scattering problem of metal-material
combined objects is provided in this paper based on the
conservation law of energy [16].

This paper is organized as follows. The fundamental
principles and formulations related to MM-EMP-CMT are
provided in Secs. II-V, and Sec. VI concludes this paper. In
what follows, the ¢’ convention is used throughout.

II. SCATTERING SOURCES AND BASIC VARIABLE

In this paper, the metal-material combined object is simply
called as scatterer. When an external excitation F™ incidents
on scatterer, some scattering sources will be excited on the
scatterer, and then the scattering field F*“ is generated by the
scattering sources. The summation of F™ and F*“ is the total
field F ,i.e., F* =F"™ + F*  here F=E,H .In addition, it is
restricted in this paper that the source of F™ doesn’t distribute
on scatterer.

A. Scattering sources.

For the metal-material combined objects, the scattering
currents include the following kinds: the line electric current
J' on the metal line part, the surface electric current J;, - on
the metal surface part, the surface electric current J,, ,, on the
boundary of the metal volume part, the volume ohmic electric
current J* on the material volume part, the volume polarized
electric current J” on the material volume part, and the

volume magnetized magnetic current "™ on the material
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volume part [17]-[19]. In addition, the summation of the J*
and J7 is denoted as J'” in this paper. Various scattering
charges are related to the corresponding scattering currents by
current continuity equations, so the scattering field can be
uniquely determined by the scattering currents mentioned
above [17]-[19].

The domains occupied by the metal line part, the metal
surface part, the metal volume part, and the material volume
part are respectively denoted as D", p™*' D" *'  and
D" | and their boundaries are correspondingly denoted as
oD D™ D™ and D™ respectively. In the
three-dimensional Euclidean space R, it is obvious that [20]

oD line
aDmer, surf

pretiine _
Dt _

(1.1)
(1.2)

To simplify the symbolic system of this paper and to efficiently
distinguish the different domains from each other, the D"
and D™ are respectively denoted as L™ and §™ , and
their boundaries have the same symbolic representations as
themselves because of (1); the D™, D" dD™"™ , and
oD"*' are respectively denoted as V™, V", oV™ , and
ar™; the term “material volume part” is simply called as
“material part”, because there is no need to distinguish it from
the material line and surface parts, which are not considered in
this paper.

When the magnetized magnetic current model is utilized,
there doesn’t exist the material-based surface electric current
on V™ [17]-[19], so the metal-based surface currents J,
and J?, ,, can be uniformly denoted as J*, i.e.,

met , vol

s
met, surf

Tncur (F) . (F€5™)
T(F) = Tou(F) . (FeV™) 2

met , vol

0 . (Fes™Uorm™)

In fact, the domain S$™ UdV"™ in (2) can be equivalently
rewritten as follows [20]

Smer U anet — a(Smef U Vmet) — a (Dmft‘sur_/ U Dme[.val) (3)
so the domain S§"™ UdV™ can also be simply denoted as
a Dmer,sv .

Some typical examples of the scattering currents, domains,
and boundaries mentioned above are illustrated in Fig. 1.

Various scattering currents satisfy the following relations
[17]-[19].

o “)

for the line electric current, and

B N G G A (O N LT e
T (F)= : b (7 ,) )
0 , (r ¢ aD'”"””)
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Fig. 1. The metal-material object excited by incident field.

for the surface electric current, and

. T (F)+ TP (F) = jere,E”(F) , (FeV™) -

T (7) = .
(}") 0 , (FEVWH) ( )

A F[’m - , - Vmat

i) = " ") (ie ) (6.2)

0 s (reV )

for the volume currents.

In (4), the symbol qS,ﬂ% ” represents that the integral
domain is a closed line which encloses J', and that all points
7 on the integral line approach to the point 7 e L™, and then
that the area enclosed by the integral line approaches to zero. In
(5), the subscripts “+* and “ - respectively represent the two
sides of surface aD"* " ; the subscript “7, — 7 ” represents that
the point 7, approaches to the point 7 from the “*” side; the
vector 7, is the normal unit vector pointing to the “+ * side; the
symbol “x” is the cross product of field vectors. In (6),
J*=cE", and J” = jwAeE™ ; Au=u—-u,, Ae=¢e—¢,, and
Ag, =¢,-¢,; the ¢, =¢+0/jw is complex permittivity; the &
and ¢, are the permitivities in material part and vacuum; the
and y, are the permeabilities in material part and vacuum,; the
o is the electric conductivity in material part, and its vacuum
version is zero; all these material parameters can be the
functions about spatial position 7, except the g, and g, ; the
w=2rf is angle frequency, and the f is frequency.

B. Basic variable.

It has been pointed out in [10]-[11], [13]-[14] that to express
various related scattering sources as the functions of a single
variable is indispensable for the CMT, and the single variable is
specifically called as the basic variable in [13].

In this paper, the basic variable used to express various
volume scattering currents on V"™ is selected as H" (7), here
FeV™ , and the reason can be easily found out from the
following discussions. Based on this, the incident and total
fields on V" and the scattering currents on V" can be
expressed as the following linear operator forms [13].

FX(r) = FY(H";F) . (Fevr™) (7
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T = Pr(ATF) L (FeR)  (8.1)
M™(F) = M™"(H";7) , (FeR’) (8.2)
In (7), X =inc,tot , and F=E,H, and the definition domain

represents that the operator in (7) is not defined for the points
7¢ V" [13]. When 7e V", the currents J'” (7) and M (7)
can also be viewed as the functions of the H* on V™,
because they are zeros for any 7 ¢ V", and this is just the
reason why the definition domains of the operators in (8) are
written as R’. The mathematical expressions for the operators
in (7)-(8) can be found in [13].

It can be found out from (5) that the J*(7) is automatically
determined, if the H“”(7, »7) and H"(Fx —>7) are
simultaneously determined, here e dD"* . Considering of
this, the boundary points 7 on dD"* are divided into two
categories in this paper, based on whether or not
Feint(y" Yo" Ur™ Joy™) . The one kind is the free
surface  boundary  points  corresponding to  that
e int(V”’” Uap™-yvm yov ’) , and the other kind is the unfree
surface  boundary  points  corresponding to  that
Feint(y" UoD™* Ur™ Uar™ ). The symbol “int S ” represents
the interior of set §. The set constituted by all free surface

boundary points on dD™*" is denoted as dDj:, ™, and the set
constituted by all unfree surface boundary points on dD""*" is
denoted as dD,7"" . It is obvious that
oDy U apgy = ©.1)
oDy N D, = & 9.2)
Based on (9), the following free surface electric current J;
and unfree surface electric current J; . are introduced.
J(F) . (FeoDpe)
Jhe(7) = 1 0 . (FeaDyyr) (10.1)
0 , ( ¢ oD™" s\)
0 ., (reoDje™)
Topee(F) = 1T°(F) ., (Fe oDy (10.2)
0 . (Feop™™)
$0
j‘ ( ) - J;ru’(i) ‘zfnfree (?) > (FE R;) (11)

Some typical cases are plotted in Figs. 2 and 3. Based on above
discussions and considering of (5) and that H*(7,)=0 for any
7, € inty™, it is easy to find out that the J,,,, . is only related to
the H on V™ ,sothe J®  can be expressed as the function

unfiree

ofthe H on V™ as follows

jxfnfr‘ee( ) - Juy”f’et’(Hmr;F) 2 (FER.‘) (12)

and this is the reason why the J  is called as unfree surface

unfree

< >
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Vmat

Fig. 2 (a). The metal surface and material parts don’t contact with each other.
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Fig. 2 (b). The metal surface and material parts contact with each other.
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Fig. 2 (¢). The metal surface part is partially immerged into the material part.
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Fig. 3 (a). The metal volume and material parts don’t contact with each other.
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Fig. 3 (b). The metal volume and material parts contact with each other.

current.

Similarly to the above discussions for J°(7), the points 7
on L™ are divided into two categories, based on whether or not
Feint(y" Uor™) The set constituted by the points
corresponding to 7 ¢ int(¥" Uar™) is denoted as L}, , and the
set constituted by the points corresponding to
Feint(y" Uor™) is denoted as L7 . . It is obvious that [20]

Lmet

firee

met
Lfee

U i _ Lmef

‘unfree

n Lmet — @

‘unfree

(13.1)
(13.2)

Based on (13), the following two kinds of line electric currents
are introduced.
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J(F) (FeL’;‘f(,’(,)
Jheo (T) = 0 ., (Fery.) (14.1)

0 . (Fer™)

0 ) (Fe L’;f(,’(,)
Toee(F) = T (F) o (Fe L) (14.2)

0 , ( Lmet)

and then

JUF) = Th(F) 4 T 0 (F) » (FeRY) (15)

Some typical cases are plotted in Fig. 4. Based on (4), it can be
concluded that the J, ., is only related to the #* on V", so
the J,,,. can be expressed as the function of the A on V"
as follows
Tupee (F) = Topee(HF) . (FER) (16)

Based on (8), (11), (12), (15), and (16), and considering of
that the scattering field is the one generated by all scattering
sources in vacuum [17]-[19], the scattering field on whole R
can be expressed as follows

Fsﬂa (7) = F( _]“’1’ M”” .7)
] i( e F s+ s M) o
= F( free> fretso 0 V)+F(J,m/m,JL:NML’J""F’MW ’7)
= ( firee f,ﬂ,o O r) (Htoz 47)

here 7e R’. In (17), the operator F(J',J°,J",M";7) represents
the field generated by line current J', surface current J°*,

Lmel Lmel

Jree \

Vo |

2
L - L/ree / Vmat \

Fig. 4 (b). The metal line and material parts contact with each other.

mct

e

Lmel
mct /
unfree

Fig. 4 (c). The metal line part is partially immerged into the material part.

-

volume electric current J* , and volume magnetic current A",

and its mathematical expression can be found in [17]-[18]; the

operator F'(A“;¥) is the composite of the operator

F(J'.J°,J",M";7) and the operators (8), (12), and (16); the third

equality in (17) is based on the linear superposition principle

[16]. For simplifying the symbolic system of this paper, the (17)
is simply denoted as the following linear operator form.

¥) . (FeR’)

Based on the above discussions, the basic variable can be
expressed as follows

F:m 7 F:ca Jl ,JS ’Hrat; 18
free>* free

j;vw (7) 2 (7 LV;:LZL )
o' (7) , (Fel.)
To(F) o (Feappe
Basic Variable V' (7) : e r) (reanz”) (19)
H(%) . (FeaDyr)
Aoy L (Fevm)
0 , (FE Lmez UaDmez,sv U Vma/)
here #,7,e V"™ ,and 7,7, > 7 .

Inserting the (19) into the (7), (8), (12), (16), and (18), the
various fields and currents can be further written as the
following linear operator forms.

FY(F) = F*(riF) . (Fevm™) (20)
Fe(F) = Fe(ViF) , (FeR?) 21D
T(F) = T(7F) . (FeR) (22)
J(F) = J(rF) . (FeR) 23)
JrF) = Jr(iE) o, (FeR?) (24.1)
M™(F) = M"(ViF) , (FeR?) (24.2)

here X =inc,tot ,and F=E,H .

III. INTERACTION, INPUT POWER, AND OUTPUT POWER

The interaction between incident field and scatterer is just the

interaction between F™ and {J',J°.7,M"] and its
mathematical expression is as follows
I — Imet‘lme +Imez,sv +Imat (25)

The Z""* in (25) is the interaction between F™ and J', and

e _ V5w _ L= =,
et = 2<J1,E ) = 2<J1,E ) (26.1)

et

The Z"* in (25) is the interaction between F™ and J*, and
[12]
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mesv _ L[5 ine L5 7
me = E<J ETY L= —E<J E)

D™

- (26.2)
The Z"“ in (25) is the interaction between F" and {J* 4"},
and [13]-[14]

T mat  __

yyyyyyyyyyyy

(1/2)(.7"“",E’“f>w +(1/2)<1?'“f,1\71“’">y

(26.3)

;;;;;;

T, ) ),

The inner product in (26) is defined as (g.7), 2[ g7 dQ , and
the symbol “=*” denotes the complex conjugate of relevant
quantity, and the symbol “-” is the scalar product for field
vectors. The second equality in (26.2) is based on the surface
EFIE [17]-[18], and the second equality in (26.3) is due to that
F"™ = F — F** _ Inserting the (26) into (25), the interaction Z
can be written as follows

rrrrrr

Based on the source Poynting’s theorem [18], the first three
lines in (27) can be rewritten as follows

~(Y2)(7".E*),..
~(Y2) (T E*), .. 28)
~(2)(7 B, - (Y2) (M)
— Psca.md +szac,rea:t‘va:
here
pe = gf [Ex(E) |d (29.1)
pacs react, vac

_ 2(05(?1“‘“, i) _%<gogx«ra,5m>@ (29.2)

here the symbol S_ represents a spherical surface at infinity.
Based on (6), the fourth line in (27) can be rewritten as follows

s Y
here
pr = (0B E") (GL)
prrtnt szWAﬂmf)V ,,,,, —1<A5E’”’,E’”‘>VWJ (312)

Inserting the (28) and (30) into the (27), the interaction Z
can be written as follows

T = Psca,md +Pmr,loss +j (P:m,reacz, vac +onz,reacz.mar) (32)

Based on the conclusions given in [12]-[14], the output
power P* and input power P™ are respectively as follows

Poul _ Psm,md +Plol,loss +j(Psca,reacz,mc +Pml,rmd,ma/)

(33)

lllllllllll
v

and

P = T
= (Y2)(7".E"),.
+(1/2)(7*,E™)
(Y2 (T, B+ (y2)(E )

(34

D"

ymat

The conservation law of energy [16] corresponding to the
electromagnetic power version is as follows
Pom‘ — I — Pmp (35)

Inserting the (20)-(24) into the (33)-(34), the output and input
powers can also be written as the following operator forms.

Puuf — Puut (17) (36)
P = P"(V) (37

IV. THE MATRIX FORM FOR OUTPUT POWER
Similarly to the PEC-EMP-CMT [12] and the

Mat-EMP-CMT [13]-[14], many power-based CM sets can be
constructed for the metal-material combined objects. As a
typical example, the Output power CM (OutCM) set is
discussed in this paper.

The basic variable V' is expanded in terms of the basis
function set {b, ()} as follows

(3%

here B=[b (7).b,(F)..b.(F)] , and @=[a.a,,-.a.] , and the
superscript “ T ” represents matrix transposition; the basis
functions are zeros for the points 7 ¢ L™ UaD"™"™ UV"; the
symbol “- in (38) represents matrix multiplication.

Inserting (38) into (37) and employing (35), the matrix form
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for output power P* can be written as follows

Pouz(a) — aH Pouz — (39'1)
here P™ = [pgg’ _.-and
out L= 7\ gsea (7
& = _§<J/(b¢)’E (b:)>L
1 /= /7 \ msealT
(7 (B:). B (7)), (39.2)
1 TFvop (7, Irine (1 1 inc vm (1
(77 () B (), (7 (B) o4 (),

In (39.2), the relevant operators are given in (20)-(24).
The matrix P* in (39.1) can be decomposed as [12]-[14]

;HMI — R()Xl/ +j;_0ul (40'1)
here
= = H
P = % [PW, +( P,m,) }
(40.2)
= 1 = \H
Pon = 7[ PW,_( Pm‘,) }
2j

Obviously, the matrices P and P* are Hermitian, so the
a” P™.a and @" P™ @ are always real numbers for any
vector @ [21], and then

Re{P™ (7)) = @ -P™ @ 4L
— Psca,md( )+P/ut loss ( )
Im{Pour (E)} — EH _Rouf .q (41 2)

— me,react.vac (5) + Pml.rearz,mal (a)

V. OUTCM SET AND OUTCM-BASED MODAL EXPANSION

The OutCM set and corresponding modal expansion method
are discussed in this section. The fundamental principles and
procedures to construct the OutCM set are similar to the
PEC-EMP-CMT [12] and Mat-EMP-CMT [13]-[14], so only
some important conclusions and formulations corresponding to
the MM-EMP-CMT are simply given as follows.

A. Output power CM (OutCM) set.

When the matrix 2™ is positive definite at frequency £, the
OutCM set can be obtained by solving the following
generalized characteristic equation [12]-[14], [21].

P (f)a(f) = A (f) P (f)-a (/) (42.1)
When the matrix P™ is positive semi-definite at frequency f,,

the modal vectors can be obtained by using the following
limitations for any £=1,2,---,Z [12]-[14].

(fo) = llmai(f) (42.2)

=1

The modal basic variables are as follows for any £=1,2,---,2

V.(7) = B-a, , (FeR’) (43)
The modal scattering currents are as follows
Jir) = J’(I@;?) , (7€R3) (44)
BE) = ) L (eR) @)
) = ) L (reR)  we)
p) = W)L (FeR)  w62)

here the relevant operators are defined as (22)-(24). Various
modal fields corresponding to above modal currents are as
follows

Fr(F) = F*(Var) . (Fev™) 47
Fg (7) = }7(;7) , (reR3) (48)
here X =inc,tot , and F=FE,H ; the relevant operators are

defined as (20) and (21). In addition, the following relation (49)
exists.
Fzmr (7) — Ffmx (7) _ fgm (7) , (Fe Vmut) (49)
Above modal currents and modal fields satisfy the following
power orthogonality [12]-[14].

POH(& - P:)Xl/
. (50)
= Pgé’ sca, rad Pf{ tot, loss J (P§[ sca, react , vac Pg{ tot, react, mat)
In (50), the J, is Kronecker delta symbol, and
P = Re Pouz iy Im Pour]
C e 5D
= Rf sca, rad + Rf tot, loss ] (Pf sca, react, vac + f’f tot, react, mar)
and
Pz%ur — _(1/2)<Jl Esca> .
~(Y2) (T3 ) (52.1)
+(1/2)<J\0p Eum> ’’’’’ 1/2)<H::4’M2m> VVVVVVVV
P = U, | B () |- a5 (52.2)
Pis = (2)(CEEL),, (52.3)

P = 20 G 1) e BB, | (524

ou 1= 01 L7 to 1 Totot  Toto
P = 200 (A, (0eE2 ), | 529
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out out out out out out
In (5 1) Pg sca, rad ng sca,rad 9 Pg tot, loss ng:mt.loss > Pg’;sm,/'mu vac Pf{ sca, react, vac
out __ pout
a'nd P‘ s tot, react, mat ng tot, react, mat *

B. OutCM-based modal expansion method.

Because of the completeness of the OutCM set [12]-[14],
[21], the basic variable 7 , the scattering currents
{7'.7°,7 ;) , the scattering fields {£*,/7}, and the fields
{E™.H"™} and {E”,H"'} on V™ can be expanded in terms of
the OutCM set as follows

C. Expansion coefficients.

When the external excitation is given, the interaction Z and
output power P* can be respectively written as the following
(60) and (61) based on the discussions in Sec. III.

(V) = (1/2 (71(7).E") . +(/2)(T (7).E™) )
W2) (T (7).E™) . +(/2)(H" 0" (V))
Poul — Poul( ) (61)

V(r) = W7 FelR’ 53 _ _
(7) ;65 () (reR) (53) The E™ and H™ in (60) are known, and the operator (61) is
the same as (36).
and Based on the conservation law of energy (35) and the
variational principle [22], the ¥ will make the following
_ = functional be zero and stationary.
J'(F) = 205 é(r) s (76 R3) (54)
_ - F)=z(r)-r (1) (62)
J(r) = ZC§ g(r) s (Fe R3) (55)
i 1 Inserting the (53) and (60)-(61) into (62) and employing the
J(F) = e (F) (FG R3) (56.1)  Ritz’s procedure [23], the following simultaneous equations for
! the expansion coefficients {c,} in (53)-(59) are derived for any
Mvm(;) — 2 M,,;m (7) , (7€R3) (56.2) £=12,--,E.
=]
(V2)(TLE™) . +(1/2) (T E™). ..
and +(l/2)<j§vup , Em >me +(1/2)<If1m,M§vm >V ’’’’’’
5 _ = —(2) (7130 e Ex)  —(12) (D7 e, Tl E
F(F) = Y c.F(F) . (re R3) (57) (W )< ¢ z{:‘ ¢ >L fffff (v )<zszl_4 ¢ >L 63.1)
3 UL I W UE) 0 /38 - N
FUR) = R0 L (Fer™) 9 (g BB (S e T B
w(2)(F 5 ey) +(U2)( X5 e i)
here X =inc,tot ,and F=FE H .
Based on the power orthogonality for OutCM set, the output d
power can be expanded in terms of the modal powers as follows an
- Skl T E, OB,
= c S o
=i —(/2)(Tz7 ), +(2)(H 6y
) [ s”u\iu rad +i‘65‘ Pémzn /,,*‘J (59) - (1/2)<jé’zz=‘cggzm >u """" _(1/2)<ZZ=‘ c;jé,Eg“” >L’”‘" (63 2)
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In (63), the relation (49) has been utilized.

By solving (63), the coefficient {c,} can be determined. If
the orthogonality of (52.1) is utilized in (63), the coefficient
{c;} canbe concisely written as the (64) for any £=1,2,--,Z.

VI. CONCLUSIONS

In this paper, an electromagnetic-power-based CMT for the
metal-material combined objects is established. The material
part can be lossy and inhomogeneous, and the metal part can
include the line, surface, and volume structures.

The physical essence of MM-EMP-CMT is the same as the
PEC-EMP-CMT and Mat-EMP-CMT. The MM-EMP-CMT
has many engineering applications, such as the analysis and
design for the microstrip antennas and the DRAs mounted on a
metal platform.

In addition, a variational formulation for the scattering
problem of metal-material combined objects is provided based
on the conservation law of energy.

ACKNOWLEDGEMENT

This work is dedicated to Renzun Lian’s mother, Ms.
Hongxia Zou, for her constant understanding, support, and
encouragement.

REFERENCES

[1]1 A. Zettl, Sturm-Liouville Theory. American Mathematical Society, 2005.

[2] C. E. Baum, “On the singularity expansion method for the solution of
electromagnetic interaction problems,” AFWL Interaction Notes 88,
December 1971.

[3] D. Kajfez and P. Guillon, Dielectric Resonators, 2nd. Noble Publishing
Corporation, 1998.

[4] K. F. Lee and W. Chen, Advances in Microstrip and Printed Antennas.
New York: Wiley, 1997.

[5] R.J. Garbacz, “Modal expansions for resonance scattering phenomena,”
Proc. IEEE, vol. 53, no. 8, pp. 856-864, August 1965.

[6] R.J. Garbacz and R. H. Turpin, “A generalized expansion for radiated
and scattered fields,” IEEE Trans. Antennas Propag., vol. AP-19, no. 3,
pp. 348-358, May 1971.

[71 R. F. Harrington and J. R. Mautz, “Theory of characteristic modes for

conducting bodies,” IEEE Trans. Antennas Propag., vol. AP-19, no. 5, pp.

622-628, May 1971.

[8] R.F. Harrington, J. R. Mautz, and Y. Chang, “Characteristic modes for
dielectric and magnetic bodies,” [EEE Trans. Antennas Propag., vol.
AP-20, no. 2, pp. 194-198, March 1972.

[91 Y. Chang and R. Harrington, “A surface formulation for characteristic

modes of material bodies,” IEEE Trans. Antennas Propag., vol. 25, no. 6,

pp. 789-795, November 1977.

Y. K. Chen and C.-F. Wang, Characteristic Modes: Theory and

Applications in Antenna Engineering. Hoboken: Wiley, 2015.

Y. K. Chen, “Alternative surface integral equation-based characteristic

mode analysis of dielectric resonator antennas,” [ET Microw. Antennas

Propag., vol. 10, no. 2, pp. 193-201, January 2016.

R. Z. Lian, “Electromagnetic-power-based characteristic mode theory for

perfect electric conductors,” arXiv: 1610.05099.

R. Z. Lian, “Electromagnetic-power-based characteristic mode theory for

material bodies,” viXra citation number: 1610.0340.

[10]

[11]

[12]

[13]

[14]

[15]
[16]
[17]
[18]

[19]

[20]
(21]
[22]

(23]

R. Z. Lian, “Surface formulations of the electromagnetic-power-based
characteristic mode theory for material bodies,” viXra citation number:
1610.0345.

K.-M. Luk and K.-W. Leung, Dielectric Resonator Antennas.
Hertfordshire U.K.: Research Studies Press, 2003.

R. P. Feynman, R. B. Leighton, and M. Sands, The Feynman Lectures on
Physics. Addison-Wesley Publishing Company, 1964.

A. F. Peterson, S. L. Ray, and R. Mittra, Computational Methods for
Electromagnetics. New York: IEEE Press, 1998.

J. V. Volakis and K. Sertel, Integral Equation Methods for
Electromagnetics. SciTech, 2012.

M. 1. Sancer, K. Sertel, J. L. Volakis, and P. V. Alstine, “On volume
integral equations,” IEEE Trans. Antennas Propag., vol. 54, no. 5, pp.
1488-1495, May 2006.

J. B. Conway, A Course in Point Set Topology, Switzerland: Springer,
2014.

R. A. Horn and C. R. Johnson, Matrix Analysis, 2nd. New York:
Cambridge University Press, 2013.

K. Rektorys, Variational Methods in Mathematics, Science and
Engineering, 2nd. Dordrecht: D. Reidel Publishing Company, 1980.

J. M. Jin, The Finite Element Method in Electromagnetics, 2nd. New
York: Wiley, 2002.



