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1. Introduction 
In particle physics, the magnetic monopole is a 

hypothetical elementary particle that is an isolated magnet 
with only one magnetic pole. Furthermore, a magnetic 
monopole would have a net magnetic charge. Many 
particle theories, the grand unified and superstring theories 
predict the existence of magnetic monopole. The quantum 
theory of magnetic charge started with the physicist Paul 
A. M. Dirac in 1931 [1]. Dirac showed that if any 
magnetic monopoles exist in the universe, then all electric 
charge in the universe must be quantized (called Dirac 
quantization condition). The electric charge is, quantized, 
which is consistent with the existence of monopoles. The 
subject of magnetic monopoles [1,2] has intrigued and 
fascinated the physics community dating back to the early 
twentieth century. Recently, the question of existence of 
monopole has become a challenging new frontier and the 
object of more interest in connection with quark 
confinement problem of quantum chromo dynamics. The 
eight decades of this century witnessed a rapid 
development of the group theory and gauge field theory to 
establish the theoretical existence of monopoles and to 
explain their group properties and symmetries. Keeping in 
mind t’Hooft’s solutions [3] and the fact that despite the 
potential importance of monopoles, the formalism 
necessary to describe them has been clumsy and not 
manifestly covariant, Rajput et.al. [4,5] developed the 
self-consistent quantum field theory of generalized 
electromagnetic fields associated with dyons (particles 

carrying electric and magnetic charges). The analogy 
between linear gravitational and electromagnetic fields 
leads the asymmetry in Einstein’s linear equation of 
gravity and suggests the existence of gravitational 
analogue of magnetic monopole [6]. On the other hand, 
there has been a revival in the formulation of natural laws 
so that there exists [7] fourdivision algebras consisting the 
algebra of real numbers, complex numbers, quaternions 
and octonions. All four algebra’s are alternative with 
totally anti symmetric associators. Quaternions [8,9] were 
very first example of hyper complex numbers have been 
widely used [10,11,12] to the various applications of 
mathematics and physics. Recently, Chanyal et al 
[13,14,15] studied the role of highest norm division 
algebra (i.e. octonions O ) in higher dimensional theories 
of physics. 

Since quaternion is non commutative norm division 
algebra, it has four dimensional structure which may be 
useful to express the 4-dimensional theory of dyons. In 
order to understand the theoretical existence of monopoles 
as well as dyons in grand unified theories (GUTs) and 
keeping in view their recent potential importance, the fact 
that the formalism necessary to describe them has been 
clumsy, in the present paper we discuss the generalized 
electromagnetic EM-field equations of massive dyons 
along with the quaternion formulation in consistent 
manner. The quaternionic algebra shows the four 
dimensional representation of space-time in Euclidean 
space. We describe the generalized charge, potential, field, 
current source of dyons in quaternionic form along with 
real and imaginary parts of electric and magnetic 
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constituents. After that we formulate the quaternionic 
representation of generalized complex-electromagnetic 
(C-EM) field equations and generalized Proca-Maxwell’s 
(GPM) equations for massive dyons. Finally, it has been 
concluded that the quaternion formulation be adopted in a 
better way to understand the explanation of the field 
equations, generalized Proca-Maxwell’s (GPM) equations 
as the candidate for the existence of massive monopoles 
and dyons where the complex parameters be described as 
the constituents of quaternion. As such the unified theory 
of electromagnetism in presence of massive magnetic 
monopole are discussed in terms of quaternion algebra. 

2. 4-dimensional Theory of Dyons 
A dyon is defined as a particle which simultaneously 

carries electric and magnetic charge in 4-dimensional 
theory. The grand unified theories predicted the existence 
of both magnetic monopoles and dyons. Starting with the 
idea of Cabbing and Ferrari [16], the generalized charge, 
generalized four-potential, and generalized current of 
dyons can be written in terms of complex quantity with 
their real and imaginary parts of electric and magnetic 
constituents 

 

( )

e + g ;

,

, 0,1, 2,3;& 1

i
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J iK i

ν ν ν

ν ν ν ν

 =
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= + ∀ = = −
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where (e, g; ,Aν  ,Bν  Jν  and Kν ) are respectively the 
electric charge, magnetic charge, electric four-potential, 
magnetic four-potential, electric four-current and magnetic 
four-current. We may write the symmetric Maxwell’s 
equations known as Generalized Dirac Maxwell’s (GDM) 
equations for dyons given by 

 ,eE ρ∇ ⋅ =
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Here E


 is the electric field, H


 is the magnetic field, 
eρ  is the charge source density due to electric charge, 

mρ  is the charge source density due to magnetic charge 
(monopole), j



 is the current source density due to 

electric charge and k


 is the current source density due to 
magnetic charge. We have used the following notations: 
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 (2.3) 

We have also used the unit value of coefficients along 
with natural units ( )1c = =  through out the text. The 
electric and magnetic fields of dyons satisfying the GDM 
equations (2.2) are now expressed in terms of components 
of two four potentials in a symmetrical manner i.e. 

 ,AE B
t

φ
 ∂

= − ∇ + +∇× 
∂ 



   

 

 .BH A
t

ϕ
 ∂

= − ∇ + −∇× ∂ 



  

 (2.4) 

The complex vector field ψ  associated with 
generalized electromagnetic fields of dyons is defined as 

 ( ) ,E iHψ = +
 

  (2.5) 

which reduces the four GDM equations (2.2) to following 
two differential equations as 

 ;ψ ζ∇ ⋅ =


  

 ;i J
t
ψψ ∂ ∇× = − + ∂ 



 

  (2.6) 

where ( )e miζ ρ ρ= +  is the generalized charge density 

and ( )J j ik= +





 is the generalized current source density 

of dyons. These are regarded as the temporal and spatial 

components of generalized four current { } { },J Jν ζ=


 of 

dyons. As such, we may write the generalized 
electromagnetic field vector ψ  in the following manner in 
terms of components of generalized four potential 

{ } { },V Vν = Θ


 with ( )iϕ ϕΘ = +  and ( )V A iB= +
 

 as 

 ( ).V i
t

ψ ∂
= − −∇Θ− ∇×∇

∂



  

  (2.7) 

Thus, we can express the GDM equations (2.2) of 
dyons in the following covariant notation [17], 

 , ;F F Jν
µν ν µν µ= ∂ =  

 , ;Kν
µν ν µν µ= ∂ =F F  (2.8) 

where ( )0 1,2,3 ,i
iF E i= ∀ =  ( ), , 1, 2,3 ,k

ij ijkF H i j kε= ∀ =  

1
2

Fσλ
µν µνσλε=F  while µνσλε  is completely 

antisymmetric Ricci tensor of rank four. Therefore, we 
may write the Lagrangian which follows the minimum 
action principle for generalized electromagnetic fields of 
massive dyons as 

 
2
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µ

µ
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 (2.9) 

where 2µ  is the mass term of dyons. The Euler-Lagrange 
equations can be expressed as 
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µ ν µ

 ∂ ∂ − ∂ =
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0.
B Bν
µ ν µ
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 ∂ ∂ ∂ 
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Then, the generalized Proca equations are defined: 

 2 ;F A Jµν ν ν
µ µ∂ − =  

 2 .B Kµν ν ν
µ µ∂ − =F  (2.11) 

The Proca equation [18] describing electrodynamics 
with finite range (or equivalently with a non-zero mass). 
In the case of massive dyons, the generalized fields 
equation may be written as [19], 

 2 .µν ν ν
µ µ∂ − =    (2.12) 

On the other hand, the ’t Hooft-Polyakov monopole 
solutions [3,20,21] describe an object of finite size which 
from far away can not be distinguished from a Dirac 

monopole of charge 1 .g
e

−  In view of the energy 

density of generalized electromagnetic-vector field, we 
may write the mass formula for dyon as 

 ( ) ( )2 2e,g e g e g ,iµ µ µ= + +
 (2.13) 

which plays an important role in supersymmetric gauge 
theories. Furthermore, according to Bogomolny bound 
[22], the mass of a dyons (or massive dyon) is expressed 
as 

 ( ) ( )2 2e,g v v e g v e g ,iµ = = + = +D  

which is known as BPS [22,23] mass formula where v 
specifies the magnitude of the vacuum expectation value 
of scalar Higgs field. Moreover, in Higgs mechanism, the 
Higgs-field providing the mechanism whereby the vacuum 
spontaneously breaks the SU(2) gauge symmetry down to 
the U(1) group. The above mass formula does not 
distinguish between the fundamental quantum particles 
and the magnetic monopoles, being applicable to all of 
them, like meson-Solitons democracy in Sine Gorden 
Model. The BPS mass formula is universal and is also 
invariant under electromagnetic duality transformations. 
Thus, for massive magnetic monopole (e→0) or ’t  
Hooft-Polyakov monopole, the Bogomolny bound [22] is 
given by 

 ( )0,g v g ,µ ≥  (2.14) 

which is possible in Prasad-Sommerfield limit [23]. 

3. The Quaternion 
The algebra   of quaternion [8,9] is a four-

dimensional algebra over the field of real numbers  . 
The quaternion is very suitable to express the typical four-
qualities in physics, such as four-position, four-momentum, 
four-force, four-potential and four-current etc. Similar to a 

complex number ( )0 1q iq= +  where 2 1,i = −  a real 
quaternion   which is a four component number can be 
defined as 

 
3

0 0 1 1 2 2 3 3
0

,j j
j

q e q e q e q e q e
=

= = + + +∑


  (3.1) 

where the scalar part of the quaternion is represented by 
0 ,q  the vector part is represented by 1 2,q q  and 3,q  while 

0 1,e =  ( )1,2,3je j =  are quaternion units. The 

quaternion units ( )0 1 2 3, , ,e e e e  is known as the quaternion 
basis and its elements satisfy the following conditions, 

 2 2
0 0 01, ,je e e e= = = −  

 ( )0 0 1,2,3 ,j j je e e e e j= = =  

 ( ), , 1, 2,3 .i j ij ijk ke e e i j kδ ε= − + ∀ =  (3.2) 

Here ijδ  is the delta symbol and ijkε  is the Levi Civita 

three index symbol having value ( )1ijkε = +  for cyclic 

permutation, ( )1ijkε = −  for anti cyclic permutation and 

( )0ijkε =  for any two repeated indices. Addition and 

multiplication are defined by the usual distribution law 

( ) ( )j k l j k le e e e e e=  along with the multiplication rules 

given by equation (3.2).   is an associative but non 
commutative algebra. If 0 1 2 3, , ,q q q q  are taken as 
complex quantities, the quaternion is said to be a  
bi-quaternion or complex quaternion. The quaternion 
conjugate ( ){ }0 0 , 1, 2,3j je e e e j→ → =  is defined as 

Here ijδ  is the delta symbol and ijkε  is the Levi Civita 

three index symbol having value ( )1ijkε = +  for cyclic 

permutation, ( )1ijkε = −  for anti cyclic permutation and 

( )0ijkε =  for any two repeated indices. Addition and 

multiplication are defined by the usual distribution law 

( ) ( )j k l j k le e e e e e=  along with the multiplication rules 

given by equation (3.2).   is an associative but non 
commutative algebra. If 0 1 2 3, , ,q q q q  are taken as 
complex quantities, the quaternion is said to be a  
bi-quaternion or complex quaternion. The quaternion 
conjugate ( ){ }0 0 , 1, 2,3j je e e e j→ → − =  is defined as 

 
3

0 0 1 1 2 2 3 3
0

.j j
j

q e q e q e q e q e
=

= = − − −∑


  (3.3) 

In practice   is often represented as a 2 2×  matrix 

0 .q i qσ= −
  where 0 2 2 ,e I ×=  ( )1,2,3j je i jσ= − =  

and jσ  are the usual Pauli spin matrices. The quaternion 

  and quaternion conjugate   may be written as a linear 
combination of scalar 0q  and spatial vector ,q  i.e. 
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The real part of the quaternion 0q  is defined as 

 ( ) 0
1 ,
2

q= + =  Re  (3.5) 

where Re  denotes the real part and if 0=Re  then we 
have = −   and imaginary   is known as pure 
quaternion written as 

 ( )1 1 2 2 3 3 .q e q e q e= + +  (3.6) 

Now the internal and external vector products and the 
vector itself can be used in quaternion equations. The 
quaternion sum and product are as follows: 

( ) ( )
( ) ( ) ( ) ( )

0 0

0 0 1 1 1 1 1 2 1 1 3;

p q p q

p q p q e p q e p q e

± = ± + ±

= ± + ± + ± + ±

  
(3.7) 

 [ ][ ]0 0

0 0 0 0 . ;
p p q q

p q p q q p p q p q
= + +

= + + − + ×

 

     


 (3.8) 

where the dot and cross, respectively indicate the usual 
three-dimensional scalar and vector products. It should be 
noted that ,≠  because p q q p× ≠ − ×

    . The 
quaternion product is associative and distributive: 

 ( ) ( ) ( ), .= + = +          (3.9) 

The norm ( )N   of a quaternion   may be expressed 
as 

 ( )
3

2
0

0
. .N eα

α=
= = = ∑     (3.10) 

Accordingly, the inverse of a quaternion   (non-zero 
norm) is defined as 

 
( )

1 1 1 1.
N

− − −= ⇒ = =
   


 (3.11) 

The norm ( )N   of a quaternion   is zero if 0,=  
and is always positive otherwise. It also satisfies the 
following property of normed algebra 

 ( ) ( ) ( ) ( ) ( )1 2 1 2 2 1 .N N N N N= =      (3.12) 

4. Quaternion Formulation of massive 
Complex Fields of Dyons 

Keeping in mind the quaternionic formulation which 
shows a formulation of Euclidean four-dimensional 
spacetime in the universe, we discuss the generalized 
Dirac-Maxwell’s equations and also generalized Proca-
Maxwell’s equations for massive dyons in the case of 
quaternion algebra. In this section we study the various 
classical field equations for massive magnetic monopole, 
e.g. the equations of complex-potential, complex-field and 
complexcurrent and then relate these equations in terms of 
quaternionic basis for massive dyons. To do this let us 
define the space time four differential operator as 

 
( )

( )

0 1 2 3 0

1 2 3 0

, , , ,

,

j i x y z t

x y z t

e i e e e e i e

e e e i e

= ∇ − ∂ = ∂ ∂ ∂ − ∂

= ∂ + ∂ + ∂ + − ∂







D
 (4.1) 

which shows the quaternionic form of four differential 
operator 

 ( ), ,v t
v

i
 ∂
∂ → ⇒ ∇ − ∂ 
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and 0,1, 2,3.v =  The quaternionic conjugate differential 
operator (i.e. , 1, 2,3j je e j→ − ∀ = ) of equation (4.1) can 
be written as: 
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( )1 2 3 0

,

.
i

x y z t

i

e e e i e

= −∇ − ∂

= −∂ + ∂ + ∂ + − ∂



D
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Then, the product of DD  will be 

 
( )
( )

2 2 2 2

2 2 .

x y z t

t

= ∂ + ∂ + ∂ − ∂

= ∇ −∂ =

DD

DD
 (4.3) 

Here ( )2 2
t∇ −∂ =  is defined the D’ Alembert operator. 

In order to consider the generalized electromagnetic fields 
of massive dyons, we can define quaternionic form of 
generalized four potential of dyons as 

 ( ) 1 2 3 0, ,x y zV V e V e V e e= Θ ≡ + + +Θ




  (4.4) 

where ( ) ( ) { }, , , ,x y zV V V V µΘ = Θ =


  are described as 

the components of generalized four potential associated 
with generalized charge ( )e ig= +D  of dyons. We have 

assumed the generalized dyonic charge ( )D  which is 
complex in nature [5], as the same way we can take the 
quaternionic generalized potential ( )µ  of dyons in 

complex nature. Thus, we may now identify the 
components of generalized complex-potential 

( )A iBµ µ µ→ +  of massive dyons as 

 
( ) ( )
( ) ( )

, ,

, .
x x x y y y

z z z

V A iB V A iB

V A iB iϕ φ

+ +

+ Θ +

 

 

 (4.5) 

Therefore, the generalized complex-potential 
( )    of massive dyons can be expressed in terms 
of quaternionic elements, 

 ( ) ( ) ( )
( ) ( )

1 2

3 0

,

.
x x y y

z z

V A iB e A iB e

A iB e i eϕ φ

= Θ ≡ + + +

+ + + +



  (4.6) 

As such, we can write the generalized quaternionic 
electromagnetic fields Ψ  of massive dyons as 

 ( ), ,tψ χ= Ψ


D  (4.7) 

where Ψ  is defined by 
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 ( ) 1 3 3 0, .t x y z te e e eψ χ χΨ = ≡ Ψ +Ψ +Ψ +




 (4.8) 

In quaternionic representation of Y, we have used the 
EM-field components { } ( ), , ,x y zH Eψ ψ ψ ψ=

 

  and 

{ }0 0, 0t H Eχ =  because of Lorenz gauge conditions 
applied separately on electric and magnetic four potential. 
Using (4.7), the generalized quaternionic complex-
electromagnetic fields ( )Ψ Ψ   of dyons can be 
written as 

( ) ( ) ( )1 2 3,x x y y z zH iE e H iE e H iE eΨ = + + + + + (4.9) 

where ( ) ( ) ( ), , z z zx x x y y y H iEH iE H iE ψψ ψ → +→ + → +  
are respectively the components of complex-electromagnetic 
field for massive dyons. Thus the generalized vector field 
can be expressed in terms of following quaternionic form, 
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,

j

j j

H iE e

B AA e i B e
t t

ϕ φ

Ψ +

  ∂ ∂
= −∇ − +∇× + −∇ − −∇×  ∂ ∂   

 





    



 

where the electric and magnetic field vectors for dyons are 
already defined in equation (2.4). 

4.1. Generalized Proca-Maxwell’s (GPM) 
Equations for Massive Dyons 

In order to obtain the generalized massive field 
equations of dyons in four-dimensional space-time, we 
may now applying differential operator D  to the 
generalized quaternion complex EM-fields Ψ  given by 
the following way 
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 ∂ ∂    + ∇× − + ∇× −    ∂ ∂    

 + ∇ + ∇ 

   

   

   

   

D

(4.10) 

The definition for the general quaternionic field of 
massive dyons will be, 

 ( )2 ,µΨ = +   D  (4.11) 

where 2µ  is the mass term for dyons given by (2.13) and 

  is the quaternionic form of generalized complex-
current source of dyons. Thus using generalized complex 
potential of dyons, we can write 
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2 2 2
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x x y y

z z

A iB e A iB e

A iB e i e

µ µ µ

µ µ ϕ φ

= + + +

+ + + +

  (4.12) 

and the quaternionic form of generalized complex-current 

 ( ) 1 2 3 0, ,x y zJ J e J e J e eζ ζ= = + + +




  (4.13) 

which may be reduced in term of dyonic form, i.e., 

( )
( )

( )
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0
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n

Current density for Dyons

x x y y

z z m e

j ik e i e

j ik e j ik e

j ik e i e
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ρ ρ

=
= + + +

= + + +

+ + + +
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(4.14) 

here ( ) { } ( ) { }, , ,e mj J k Kµ µρ ρ= =




 and ( ) { },J µζ =


  

are respectively the four currents associated with electric 
charge, magnetic monopole and generalized fields of 
massive dyons. Thus the right hand part of the equation 
(4.11) can be expressed as 
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1
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 (4.15) 

From equation (4.11), we get the following differential 
equations 
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1;(vector term of e )x
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µ
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1
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H
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µ

∂ ∇× + + = − ∂ 
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2
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y
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H
E B k

t
µ

∂ 
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 ( ) 2

3

;

(imaginary vector term of e )

z
z zz

HE B k
t

µ
∂ ∇× + + = − ∂ 

 

 

 ( ) 2
0. ; (scalar term of e )mH µ ϕ ρ ∇ + = 

 

 

( ) 2
0. .(imaginary scalar term of e )eE µ φ ρ ∇ − = 

 

(4.16) 

In equation (4.16), we have obtained eight components 
of generalized EM-field of dyons in terms of quaternionic 
vector and scalar parts. First three sub-equations are 
vector field equations, next three sub-equations are the 
imaginary parts of vector field equations, and last two sub-
equations are scalar field equations. Thus the quaternionic 
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formulation can be used to study each components of 
generalized EM-field of massive dyons. As such, equation 
(4.16) leads to following compact form: 

 ( ) 2. ;mH µ ϕ ρ∇ + =
 

 

 ( ) 2. ;eE µ φ ρ∇ − =
 

 

 ( ) 2 ;EH A j
t

µ ∂
∇× − = +

∂



 


 

 ( ) 2 ;HE B k
t

µ ∂
∇× + = − −

∂




  

 (4.17) 

which are the generalized Proca-Maxwell’s (GPM) 
equations of generalized fields of massive dyons. If we put 

0µ →  i.e. massless particles, then (4.17) exhibits the 
simplest generalized Dirac-Maxwell’s equation for dyons. 
The present quaternion reformulation of generalized fields 
of massive dyons represents well the invariance of field 
equations under Lorentz and duality transformations. It 
also reproduces the dynamics of electric (magnetic) 
charge yielding to the usual form of Maxwell’s equations 
in the absence of magnetic (electric charge) in compact, 
simpler and consistent way. 

4.2. Wave Equations for Massive Dyons 
In the case of quaternionic wave equations for massive 

dyons, let us start with the following equation 

 ( )2 .µ− =  DD  (4.18) 

Equation (4.18) can be expressed in terms of following 
real and imaginary parts of quaternionic potentials and 
currents, i.e. 

 ( )2
0 0;me eϕ µ ϕ ρ− =DD  

 ( )2
1 1;x x xA A e j eµ− =DD  

 ( )2
2 2;y y yA A e j eµ− =DD  

 ( )2
3 3;z z zA A e j eµ− =DD  

 ( )2
1 1;x x xi B B e ik eµ− =DD  

 ( )2
2 2;y y yi B B e ik eµ− =DD  

 ( )2
3 3;z z zi B B e ik eµ− =DD  

 ( )2
0 0;ei e i eφ µ φ ρ− =DD  (4.19) 

which can be reduced as 

 

( ) ( )
( )
( ) ( )

2 2
0 0 0 0 0

2

2

; ,

;

, 1, 2,3

m

n n n n

n n n n

e e e e

A e j e

B e k e n

µ φ ρ µ ϕ ρ

µ

µ

   − = − =      
 − =  
 − = ∀ =  

 





 (4.20) 

with the Lorenz gauge condition for electric and magnetic 
charges: 

 0,A
t
φ∂ ∇ ⋅ + = ∂ 



 

 0.B
t
ϕ∂ ∇ ⋅ + = ∂ 

 

 (4.21) 

Accordingly, we get the following eight differential 
equations called quaternionic potential wave equations in 
presence of massive magnetic monopole, 

 
2

2 2
12 ;(vector term of e )x

x x x
A

A A j
t

µ
 ∂
∇ − − = 

∂  
 

 
2

2 2
22 ;(vector term of e )y

y y y
A

A A j
t

µ
 ∂
 ∇ − − =
 ∂ 

 

 
2

2 2
32 ;(vector term of e )z

z z z
AA A j
t

µ
 ∂
∇ − − = 

∂  
 

 

2
2 2

2

1

;

(imaginary vector term of e )

x
x x x

B
B B k

t
µ

 ∂
∇ − − = 

∂    

 

2
2 2

2

2

;

(imaginary vector term of e )

y
y y y

B
B B k

t
µ

 ∂
 ∇ − − =
 ∂ 

 

 

2
2 2

2

3

;

(imaginary vector term of e )

z
z z z

BB B k
t

µ
 ∂
∇ − − = 

∂    

 

2
2 2

2

0

;

(scalar term of )

m
t

e

ϕϕ µ ϕ ρ
 ∂
∇ − − = 

∂    

 

2
2 2

2

0

;

(imaginary scalar term of e ).

e
t
φφ µ φ ρ

 ∂
∇ − − = 

∂    (4.22) 

The beauty of quaternionic formulation is that, each 
quaternionic basis element has its own complex fields, e.g. 
in potential wave equations, 1e  basis has one vector and 
one imaginary vector fields. However, if 0,µ =  then 
(4.22) exhibits the simplest n quaternionic potential wave 
equation for massless dyons. Moreover, in case of free 
space ( ){ }, 0 ,J ζ ⇒



 there is a pleasing symmetry in 

Maxwell’s wave equations for massive dyons, i.e. 

 

2 2
2 2 2 2

2 2

2 2
2 2 2 2

2 2

0; 0,

0; 0,

t t

A B
t t

µ φ µ ϕ

µ µ

   ∂ ∂
∇ − − = ∇ − − =      ∂ ∂   
   ∂ ∂
∇ − − = ∇ − − =      ∂ ∂   

 

(4.23) 
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which yield, 

 
( ) ( )

( ) ( )

2 2

2

0, 0,

0, 0,1,2,3 .v

V

V v

µ µ

µ

− Θ = − =

⇒ − = ∀ =



 



 (4.24) 

Therefore, the generalized electromagnetic potential 
wave equation for massive dyons is a second-order partial 
differential equation that describes the propagation of 
electromagnetic waves through a medium or in a vacuum 
if to put 0,Θ =  and 0.µ =  Furthermore, equation (4.24) 
shows the well known Klein-Gordon equation for four 
potentials of dyons in terms of quaternionic formulation. 
Similarly we also can obtain the Klein-Gordon field 

equations for dyons (i.e. ( )2 0µ− Ψ = ) if we operate 

quaternionic differential operator D to the equation (4.18). 

Therefore, we concluded that the four dimensional 
quaternion algebra is very simple and consistent to 
represent the electromagnetic theory of massive dyons. 

5. Conclusion 
In this paper, we have considered the electric and 

magnetic four complex-potentials of dyons in usual 
fourdimensional quaternionic space. In four-dimensional 
quaternionic theory, a massive dyon is a hypothetical 
particle with both electric and magnetic charges. A 
massive dyon with a zero electric charge is usually 
referred to as a massive magnetic monopole. In Table 1, 
we summarized the dyonic components corresponding to 
its complex structure of the quaternion unit elements. 

Table 1. Generalized quaternionic components of dyons 
Dyonic Components Complex form Dyonic Components Complex form 

Generalized Charge ( )e ig+  Generalized Potential 
( ) ( )
( ) 0

, 1 3

,
n nA iB n to

i eϕ φ

 + =


+
 

Generalized EM-field 
( ) ( )
( )0 0 0

, 1 3

,
n n nH iE e n to

H iE e

 + =


+
 Generalized Current 

( ) ( )
( ) 0

, 1 3

,
n n

m e

j ik n to

i eρ ρ

 + =


+
 

Thus, we have described the quaternionic formulation 
of generalized complex-electromagnetic fields equations 
and generalized Proca-Maxwell’s (GPM) equations of 
massive dyons. Equation (4.17) is the compact form of 
GPM equations of massive dyons. After that, we have 
obtained the wave equations for massive dyons (4.20) in 
usual four-dimensional quaternionic space. The 
quaternionic EM-wave equations in free space has been 
discussed by equation (4.23). The advantage of presents 
formalism are discussed in terms of compact and simpler 
notations of quaternion valued complex-potentials, 
complex-fields and complex-currents of massive dyons 
despite of non commutative of quaternion. Finally, it has 
been concluded that the quaternion formulation be 
adopted in a better way to understand the explanation of 
the field equations, GPM equations as the candidate for 
the existence of massive monopoles and dyons where the 
complex parameters be described as the constituents of 
quaternion. 
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