SOME DEFINITE INTEGRALS OVER A POWER MULTIPLIED
BY FOUR MODIFIED BESSEL FUNCTIONS

RICHARD J. MATHAR

ABSTRACT. The definite integrals [ 2915 (z) I () K{ (z) K} (z)dz are consid-
ered for non-negative integer j and four integer exponents s +t 4+ u + v = 4,
where I and K are Modified Bessel Functions. There are essentially 15 types
of the 4-fold product. Partial integration of each of these types leads corre-
lations between these integrals. The main result are (forward) recurrences of
the integrals with respect to the exponent j of the power.

1. 15 QUADRUPLE PRODUCTS

1.1. Classification. The definite integrals of the form [~ 27 I§ () I} () K§ (x) K} (x)dx
with integer exponents require s 4+t < uw + v to converge at the upper limit, which
leads to 22 4-tuples of the four integers s, t, u, and v if we exclusively consider
products of 4 Bessel Functions, s + ¢+ u +v = 4. A further reduction of the set of
the four integers s, t, u, and v to 15 cases is achieved, if any product In(z)K;(x) is
substituted by [1, 9.6.15]

1) To(@)Ki(x) = 5 = (@) Kofa).

Out of these, the cases with s + ¢ = 1, which means the 5 cases with exponents
(s,t,u,v) = (1,0,3,0), (0,1,3,0), (0,1,2,1), (0,1,1,1), and (0, 1,0,3) are consid-
ered in Section 2. The cases with s+t = 0, which means the 5 cases with exponents
(0,0,4,0), (0,0,3,1), (0,0,2,2), (0,0,1,4), and (0,0,0,4) are considered in Section
3. The cases with s +¢ = 2 are considered in Section 4.

To converge at the lower limit, the exponent of the power must be j+¢t—v >0
according to the known limits.

1.2. Reduction Strategy. The generic approach in this manuscript to correlate
integrals over powers and the Bessel Functions is to rise the exponent in the power
and to differentiate the Bessel Functions by partial integration. The differentiation
involves the product rule and [, 9.6.26, 9.6.27)

@) @) = ).

0 Kia) = —F(a)

() @) = Dz -1,
) Ki@) = —Kolw) - 202
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We only deal with integrals in the limits between zero and infinity: the limits 0 and
oo are usually omitted; the pre-integrated term will be indicated by triple dots to
indicate if it becomes irrelevant when it vanishes once these limits are inserted. If
a product Ip(z)K;(x) appears, it will be substituted via (1) to keep the types of
integrals at a minimum.

The argument of the Bessel Functions is always () and omitted for brevity.

2. GROUP 1: ONE FirsT KIND, THREE SECOND KIND
2.1. Class [(KJ.

) j+1
6) /xﬂfngdq; =... —/ 7”+1[11K3 — 3I,K2K)dx

J+1
:...—/x IlKde+3/“T
jt1 i+

i+l i+l
:...—/ - IlKgd.’I)-i-?)/ —— (1/1‘—[1K0)Kgdl‘
J

+1
: I K2K dx

+1
pItl zitl
=...— Ide+3/—Kd 3/, LEK3dx
/]-i— 1o j+ 0 j+1 150
3x2972 144 4 ,
=... r - I L K3dz.
TG (=) 1+j/”” 1Rodr

We have replaced the integral over two Bessel Functions in the last step with [3,
6.576.4]:

Definition 1.

. . 1 1 ]
(7) / 2) Ko(x)de = 2772 alty
0 I(

1+j)r( 2

) =Too(4)-
The first few special cases are
(8)
Doo(0) = 7%/4; Too(1) = 1/2; Too(2) = 7%/32; Too(3) =1/3; Too(4) = 277%/512.

2.2. Class L KJ.

) J+1
9) /xﬂflKgd:c = ...f/;r—[IOKO ~LK§ - 8L KK Jde

i+l
=...+ LK2dy — / IL,K3 — 31 K2K;|dx.
/Jrllo ]+1[00 1K K]

Whenever an integral re-appears on the right hand side we combine it with the left
hand side:

J i 3 zitt
1 _— LK de = ... — IZK7d L K2K,d
(10) j+1/x10x /J+OO$+3/J R0

(11) j/xjflKg’dx = ...—/xj+1I(]KS’d:c+3/xj+1llKgK1dx.
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2.3. Class [ KZK;.

(12)

. J+1 )
/xJIIKgKldx =...— / Z 1[101(31(1 — fllKgKl — 2 KoK} — I K3)dx

Jj+1
- / ;”+ [(1/z — [ Ko)K2 — fllKOKl — 9 KoK? — I, K3)da

i+l 9 i+l ) ) 3
= —/ [1/.1?[(0 7]1K0K1]d$—/j+1[—11K0K0—211K0K1—IlKO]dJE

=...— / ] 1 Kodl' + 2/ j IlKOKldIE + 2/] T1 [IlKO +11K0K1]d
Merging common integrals of both sides yields

13 7 [win ka2 k2aese [ E KR 1 LK K
(3)]+1 T LK Kdr = ... 1 0adT + ]+1[1 o t11£9 1].1,‘.
Then with (7)
(14)
. 1 1 ‘
(j—l)/:rJIlKgKlda:: 22T ;L])Jrz/ 3+111K3’dx+2/x7+111K(]K12dx.
J!
2.4. Class IlKOK%.
(15)
j 2 at! s 3 2 3 2
/$J11K0K1d$ =... —/]+ 1[I0K0K1 — EleOKl _IlKl - 2]1K0K1]d$

LR AR 3 9 3 9
=...— j T 1[(* — IlKQ)KoKl IlKQKl - IlKl - QIlKOKl}d.’L‘

=...— KoK, — 31 Ko K?)d
/j+1[ oft1 =30 Ko ﬂ“/jﬂ

[ K3 43I K2K,d.

Merging common integrals yields

(16) g/ﬂ[}(}(?dm— —/”“"jKKda:Jr/ il
j+1 om0 j+1

With the notation [8, 6.576.4]

[ K343 KS Ky ]dx

Definition 2.

1 T WKy Kydr = 94— 1L =Ty (), >0
(17) /O v KoKydz G- () =Taul), J>
this simplifies to
(18) ‘ ‘
(j—2)/xﬂ'11KoKl2dx =.. . -2 G _] 1)!F4(%)+/x7+1hde:v+3/:EjHIlKgKldx.

The first few values of the constants defined above are

(19)  Tou(1) =7/8 Toi(2) =1/2 Toi(3) =37"/64; Toi(3) =2/3.
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2.5. Class [ K3.

j 3 altt 3 4 3 2
(20) YL Kjde = ... — T KT = — LK} = 31 Ko K{]dx
G [( L1k, VK3 ALKP - 30K K?)d
=...— - — - = — x
j+1 x 140 1 x 1489 14804801

A B U 2it1 ) )
:...—/ —— [~ K7 —;IlKl]dx—/j+1[—IlKoK1 — 3N KoK?)da

:Ej Ij E IjJrl
:...f/ﬁdeerZL/ ,+111dex+4/ ,+111K0dez.
J J J

Merging common integrals yields

(21) ﬁ/xjn(?’dx— —/ijde—&-él/xjHIKKde
j+1 e S S

Definition 3. [3, 6.576]

(22)

/xj[ﬁ(x)Qdat = 276 U (; 1);])']_ 1)F4(‘7 ; 1) =I'n(y) = ; fil—‘()O(j% j>1
(23) . . .

(i —3)/xj11deg; — U G i)g)'; Dred 3 L +4/xj+1I1KoK12dx.

2.6. Synthesis. The partial integrations of the 5 classes of the previous sections
are summarized by the matrix equation

(24)
[ I K3 0 —ﬁj 0 0 0 [ 2/t I, K3
LK -1 0 3 0 0 K3
4 0 J Fi , 0
[ hK2K, | = 0 j% 0 ]%1 0 [T L K2R, |+
fl‘jllKoKlQ O 0 % 0 %2 f$j+111K0K12
j 3 J 4 7 G+1 3
[ 2L K 0 0 0 £ o [T LK

<.
|
w

The matrix is singular, which inhibits a standard inversion that aims at creating a
forward recurrence j — j + 1 at this place. We substitute j — j + 1 and insert the
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result into the right hand side:

(25)
[ 2 I K3 0 -5 0 0 0 0 —55 0
[ K} -5 0 3 0 0 0
Jonigr, |=| 0 & 0 2 0 [ 0 20
j 2
Ja? KoKy 0o 0 & 0 4 0 0
J 2 iKY 0 0 0 4 0 0 0 0
fxﬂizIOKOi j%Fo% (j+1) j%lz)oo (/)
) IlKo
Jo2nkgk, [+ —tToG+1) |+ ] —75To()
fx]+2€1K01’§12 7‘7_%1_\01(] + 1) 7‘7_721_\01(])
Ja LG 45T +1) —=3T1 ()
4 12
. 0 -z 0 0 :
)2 (+5)? [T 2K
2(5j+6) 6 . 0
02 72(2+79) 1(2)_ 72 2 fg:J“IlKS’
= | TG-DaH 0 4@'71)2%1@ 0 G=1)2 . fa:7+211KgK1
6 0 205 -6) 0 [T LK K}
0 3(30—2) 12 (J—g) J 4 fJ?HQIle’
G-3)G-1) G-3)G-1

8 x 2-204((1 4+ §)/2) /(1 + j)!
3 x 274D (j/2) /(2 + ) - D)
+ G - 1)/2)/( - 2)
—29-4(352 — 8j — 2)T4(j/2) /(1 + ) (j — 2)(j — )]
3% 21710 — 3)3(j — 1)2(1+ HI(( — 3)/2)/ 1 — 2)!

Here 0! = 1. This iteration has separated the subspace of the second and fourth
equation with a 2 x 2 matrix,

2L K3 e B 2! I K
@ ( fnioks )~ ( i 150 ) (A )
. ( O S3xPTTAG/2)/12+ ) - 1Y )
—274(34% = 35 = 2)5T(/2)/[A+ )G -2 G- D )

That matrix is not singular and is inverted to support a calculation of integrands
with a higher power 2712 from integrands with a lower power z7:

(27)

P e et \ g

< a2 KoK? ) _3(2+3)2(J*2) (5J+%)2(Jyf2) ( [ 2 KoK? )
( 3x 27524 +5° = 272)T4(j/2) /(1 + 5) (5 — DY) )

278652 +35° =55 —6)I'(j/2)/[A+5)(G -1 )

Algorithm 1. (1) For the (finite) integrals for j < 2 use (28)—(32): |
A255986]

)

oo
(28) / I (2) K3 (x)da = €(3)/4 ~ 0.30051422578989857134993454038;
0

"w oL © O

<
|
N

<.
O\‘HOOO
=
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(29) / oI (2) K3 (z)dz ~ 0.10116007103409665114227760576;
0
oo
(30) / 221 (2) K3 (x)da ~ 0.0665748624659575431614221562534;
0
(31) / oIy (2) Ko (2) K2 (z)da ~ 0.54735455135794868179362042374;
0

(32) / 2214 (2) Ko () K2(2)dz ~ 0.18342513753404245683857784375.
0

(2) Compute [° 21 (z)K§(z)dx and [~ 2?11 (x)Ko(x)KE(x)dx for j > 3 re-
cursively via (27), but for

(33) / 2 (@) Ko (2) K2 (2)dz = 1/6
—obtained by inserting j = 3 in (23).
The first, third and fifth line of (24) are unrolled as follows:

Algorithm 2. (1) The integrals fooo 2 gK3dx are evaluated recursively with

[3, 4]
(34)
(k+1)° / 2* Io(2) K3 (x)dx — 4(k + 2)(5k* 4 20k 4 23) / "2 [0 (2) K3 () dx
0 0

+ 64(k + 3) / ¥4 o (2) K3 (x)dx = 0.
0

starting at [12, A273951]

(35) / Io(z)K3(z)dx ~ 6.9975630166806323595567578269;
[12, A222068][5, (89)]
1

(36) /xIOKS’dm = EWQ;
(37) / 22Ty () K3 () da ~ 0.21790296563849283706539235962;

3 3 L
(38) /o: In(2) K (z)dx = a
Remark 1. [12, A245058]

1

(39) / rL KK dr = @7&

is obviously correlated to (36) by putting j =0 in (11).

Remark 2. According to the first line of (24), the value in (29) is obtained from
(35) by subtracting 372 /4 and dividing through —4.
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Remark 3. Recurrences equivalent to (34) are derived for the remaining 4 classes
of integrals by insertion of the recurrence into (24). From the first line e.g.

F2(3K3 + 14k2 + 18k >
(40) 2R GK AR HISEH8) oy ke 2)(k + 4) / LK de

(k+1)(k+3) 0

+16(k + 1)(k + 4)(5k* + 10k + 8) / 2L KR dx
0

— 256(k + 2)? / L K dr = 0.
0

Supposed all the values of [ 291y (2) K§(2)dx are known from Algorithm 2, one
can lift the degeneracy in (24) and invert the 4 x 4 matrix:

(41)
J@nK S O R WA Y AN e d AL
JohK§K, | _ | 7 0 7= O [# U LEGEy || —rle(d)
[ L KoK? 0 25 0 - [ a7 LK K? 5T01(7)
[ LK} 0 0 A5 0 ST LK —5T0()
(42)
0 F o0 [ LK} j S K LK
§ 0 0 o ||| [¥LEGE | %lFoo(j) _ | [P KRR,
o o o P J 2 LK K? ﬁFm(J) | ST LKKY
-j 0 j-2 0 RV S 2501 0) S LY

Algorithm 3. Given the [~ a7Iy(x)K§(x)dz, compute the others in this group
recursively with

ij+111Kg 3-J lelKg

0 =5 0 =
(43) fI‘i+111KgK1 _ % 0 0 O fl‘jleOKl
fl’jflllKoKlz O O O % fl’jflKoKl
[T LK - 0 j—2 0 [ L K3
iToo 1T11(5)
+ 1 ij—HI()K
1T11(4)

— [@I T K + To1(4)

3. GrRouP 2: Four SECOND KIND

The other five cases of integrals discussed in this manuscript contain four factors
of K functions.

3.1. Class K{.

(44) /g;jK4dx— /xm( AK3K, )do = +4/a”j+1 K3K dx
0 =... ]+1 ofi1 .. ]—|—1 ofi1 .
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3.2. Class KjKj.

) j+1 1
(45) /megKldx = ...—/%[—SK(?K% ~ Kj — K} K)]de
[ ke [ K2 R? 4 K
1ot j1oTen TR

Merging common integrals yields

j , j+1
(46) ]Jﬁ P KKy dr = ...+/;+—1[3K3K12+K§]dx.
(47) j/ijgKldx = ...+3/xﬂ'+1K§K%dm+/xj“Kgdx
3.3. Class KZK?2.

P22 . B xjﬂi 3 o3 2202
(48) P KiKidr = ... ,+1[ 2Ko Ky —2K3 K, KjK;]|dx

] X
i+l 2 5 i+l 3 3
= ...—/j+1[—;K0K1]dx—/j+1[—2KoK1 — 2K Ky ]dx

a’ 2 12 a/t! 3 3

Merging common integrals yields

J=bU [ 22 ! 3 3

(50) (j — 1)/ijgK12dm = ...—|—2/xj+1KOK13dx+2/xj“Kg’Kld:c.

3.4. Class KoK3.

. J+1 3
(51) /zJKOde:c =..— / ;,”+ SR} - 3KOKT - S KoK ilde
2t 3 I+l

+3 i KoK3de + o (K} 4+ 3K2K?)d
j+1 0 j+1t 07t

Merging common integrals yields

J—2 j 3 g/t 4 a/t! 2 72

63 (-2 [oKaktdo =+ [o K e s [0 KGR
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3.5. Class K.
(54)

/ K de = —/ o [—4K0K3—7K |dx = +4/ o [KOK?’—I—fK ld
! ' dx
v’ Kidx ; 1 1]dx ; 1 1

J J+1
- ...+4/,I—dex+4/ T K K3dz.
J+ Jj+1
Merging common integrals yields

J=3 [ i altt 3

. Kidr=...+4 KoK3d
(55) 1 o’ Kidx + /j+1 oKidx
(56) (j—?))/ijfdx:...+4/Ij+1K0Ki°’d:c

3.6. Synthesis. Gathering these 5 partial integrations forms a homogeneous sys-
tem of equations very similar to (24):

[ 2K} (1) T 0 0 0 [t K
[ K3 K, ;0 32 0 0 [ KK,
(57) JOKE? | =] 0 2 0 2 0 I TKEK?
j 3 3 1 1 3
J 2 KoK} 0 0 2 0 4 [T KK
f:EJK'iL 0 0 0 % 0 ij+1K4
This is also iterated:
(58)
. 4 4 .
[ x]K(‘)l (1) T4 2 0 0 (1) P (3) 0 0 [ L-UJ+2K61
[P KK, ;i 0 5 00 m 0 o 00 [P RS K,
/KK [ =] 0 24 0 %4 0 o 2 o0 %2 0 [ 2P KZK?
j 3 / 3 1 2 3 . 1 j+2 3
J 2 KoKj 0 0 = 0 = 0 0 = 0 == J 2P Ko Kj
; Jj—2 j—2 j—1 j—1 .
J 2 K} 0 0 0 A 0 0 0 0 A o J 22K
4 12
w0 T 0 0 2K
J .
2 72(2+7) 12j 7z 2 :{Jﬁizl(éffé
2 g 12 2= || [+ K2K?
(J 1)0(1+J) . (J 1)0(1+J) 2(556) (4 01) fCEjHKoKiO’
7(—2) 12 (1—2)%5 4 f xj“Kf
0 O Gmem 0 Gweo
The subspace of lines 2 and 4 in (58) reads:
i 2(5j+6) 6 ;
(59) (fo@K§>::<ﬁ@ﬂ) %f6)>.(fxi?QKg)
J 6 5j— J :
J @ KoKy G- G-2% J# KoKy

By matrix inversion we obtain the forward recursion

; 55—6)(2+j 3(5—2)2(2+j ;
(60) f337+2]<3}<1 (o 3)2( 2 u 3)2j( - . fCUJ'Kglﬁ
[ I TP K K3 3(=2)2+j)  (5j+6)(i=2) [ KoK} )
01 32 325 021

Algorithm 4. (1) For the (finite) integrals j < 4 use (61)—(66):

(o)
(61) / rKK dr ~ 6.8103346044514933516774950661;
0
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(62) / 22 K3 Kydz = 7¢(3)/16 ~ 0.525899895132322499862385445661;
0

(63) / xSKS’Kldx ~ 0.14682796893546593791309356246;
0
[12, A273841],see the first line in (57)

(64) / 2 K3 K dx = [7¢(3)/2 — 3]/16 ~ 0.0754499475661612499311927228306;
0

(65) / 3 KoK} dr ~ 0.95559936093190163449691260135;
0

(66) / ' KoK}dr = 1/4.
0
(2) For j >5 calculate [~ 2/ K§(x)K1(z)dx and [~ 27 Ko(x) K1 (x)3dx recur-
sively with (60).

Remark 4. (66) follows from the partial integration

(67) | K @) Roe)de = lim <@ K@) = 11

(62) is half of (70) and that is proved by setting j =1 in (44).

Algorithm 5. Compute the [° 27 K§(x)dx recursively with [3, 1]
(68)

(k+1)° / 2F K§(x)de—4(k+2) (5k*+20k-+23) / " 2K (2)do+64(k+3) / " K (x)dr = 0
0 0 0

starting at [3, (73)][12, A273839]
(69)

oo 7.[.4

111
K§(z)de = —4F3(=, =, =
0 0(‘%) €T 44 3(272727

[5, (90)][12, A233091]

4

;1,1,151) &~ e 1.1186363871641870683496192575256.

(70) / K (x)dr = 7¢(3)/8 ~ 1.0517997902646449997247708913;
0
[12, A273840)]

(71) / 22K (z)dz ~ 0.19577062524728791721745808328;
0

[12, A273841]

(72) / 23K (x)de = [7¢(3)/2 — 3]/16 ~ 0.075449947566161249931192722831.
0
To obtain fooo 2 K2(x)K?(z)dx and fooo 2/ K{(x)dr one may plug these values
of Algorithm 5 into the first and last line of (58). The alternative is to eliminate
the [;° 2/ K{da from (57) and to invert the remaining 4 x 4 matrix:
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(73)
[ KK 0300\ wNRIK, (b [
foKgKlz _ =1 0 =1 0 ] f:cﬁ_lKgK% I 0
[T Ko K3 0o 2 0 2+ [T K K3 0
. J J .
[ K} 0 0 4 o [ it K 0
(74) '
0 0 N\ [/ [aiKE, L f et [ KK
i 0 0 0 [oKSRY | 0 _ | JoirKEKE
0 o o i3 [ 2 KoK} 0 J 2T KoK
-3 0 45-2 0 foKf 0 fl‘-H'lKil

Algorithm 6. Given the fooo v/ K§(z)dxz, compute the others in this group recur-

sively with

(75)
AN S AN AN
fCEJV 1K0K% _ é 0 0 _03 . f‘/L.JKOK:ls + §f$J+ KO
J ot Kok 0002 [ TR 0
2T K] - 0 j—-2 0 2K} — [2ITIKY

4. Group 3: Two FIrRsT KIND, TWO SECOND KIND

In this group there are two Modified Bessel Functions of the First Kind in the
integrand. The reductions are similar to the treatment in the other two groups,
but (1) is not used, because this leaves diverging integrals of the mixed type

fooo 291, (x)K,(z)dz. In consequence, 9 coupled classes of integrals emerge.

4.1. Class IgKg.

, paS!
(76) /xfnggdx =...- 2/3 n 1[Io(x)11(x)K§(m) — I2(2)Ko(z) K, (z)]dz

Jj+1

a/tt 2 T 2
_ 2/ L@ h @)K (@) + z/j BB Ko o) K ()

4.2. Class IgKoKl.

(77)

; J+1 1
/xfngoKldz =...- / I KoKy — PK? — I2K2 — ~I2KK:]dx
X

Jj+1

zJ i+l
= +/ _ lngoKldx —/ 210 KoK, — I3 K? — I2KZ)da.

7+ Jj+1

Merging common integrals yields
(78)

J 772 r
—— | IS KgKide =...—2
j1 ) oo /j+1

I+l 9o zJ
Io[lKoKld.T—F/ 7IOK1dJ?+/ "

J+1 i+
j+1

+1

j+1

IBKZdx.
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(79)
j/xjngokldx = ...—2/xj+11011K0K1dx—|—/ :cf‘“IgKl?der/ P 2K d.

4.3. Class IZK?.

) Jj+1 )
(80) /xﬂngfdx =...— / ;: 20K} — 23 KoKy — ~[TK|de

al o a/ 2 2
:+2/.H71]0K1d$7/j+1[2[0I1K1 72[0K0K1]d$.

Merging common integrals yields

(81) Il g = - 2/ L Kde + 2/WIQK Kidx
j+1 omEE T I R
(82) (j — 1)/ij§K12d1: = ... - Q/xj“fohf(%dx + 2/xf’“I§KoK1dz-

4.4. Class IyI; K3.
(83)

/leollKgdx = —/ ;2:_1 [112(x)Kg(x)—l—lg(x)Kg(x)—iIo(x)Il(x)(x)Kg(x)—2IO(w)Il(m)Ko(a:)Kl(x)]dx
j+1
. (17 (2) K§ (2)+15 (2) K§ (2) =210 (2) 11 (2) Ko () K1 (2) | da

- ...+/ji1fo(x)I1(:c)(:c)Kg(x)d:cf/ ;E+1

Merging common terms on both sides yields

(84)
J j 2 It 2 2 2
S o In[1 Kgde = —/ j_|_71[]1 () K§(z)+15(x) K§ () —200(2) 1 (2) Ko (2) K1 ()] dx
(85)
j/leollKgdx = ...—/:Ej+1I12(x)K§(x)dx—/xj+1lg(x)Kg(;v)d:r+2/xj+1I()(x)Il(x)KO(x)Kl(x)dac.

4.5. Class IOIIKOKI'
(86)
/a:jIO(x)Il(x)Ko(x)Kl(z)dx = 7/

Jj+1 2
;4_—1[IfKOKlJrIgKOKlf;IOIlKOKlffollefloflKg]dx
Y K Kad
+1 ol1foL14T.

J+1
= _/ J”f+ 1[112(x)KOKl—i—IgKOKl—Iolle—IollKg]dx+2/

Merging common integrals yields

(87)
Jj—1 j alt 2 2 2 2
]7_’_ 1 xX Io(l‘)ll (J})Ko(l‘)Kl(l‘)dx = ...~ ‘]74— 1 [Il KoKl—f—IOKoKl—I()IlKl —IollKO]dl‘.
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(88) (—1) / 2 I (@) I () Ko (2) Ky (2)dz =
...7/xj“IfKoKlda:f/:cj+1I§KOK1dx+/xj+11011K12dx+/:cj“IOIlKgd:r.

4.6. Class IyI; K%

(89) /xffofledx = ...—/;]:11[[12[(12—5—[3[(12—ifolle—QfoflKoKl]d:v.
Merging common integrals yields
(90) %/xﬁthfdm - /;”3:11[1121{12 + I2K? — 211 KoK da.
(91)
(j—2)/zj1011K12do: = ...—/xj“Ifodo:—/:z:j+II§K12dx+2/:z:jHIoIlKOKldx.

4.7. Class I?K3.

. j+1 2
(92) /xJIf(x)Kg(m)dx = - / %[2101117(3 — SKE - 2 KoK, |dx
J €T

T a’tt 2 2
=...+2 jﬁ[lKOdm— ]+1[210]1K0 —2[1K0K1]d$.

(93)

j—1 , It it

T () KE(z)de = ... — 2/], m lfoflKgdx +2 T 1112K0K1da:.
(94) (j—1)/xjff(x)K§(x)dx = ...—2/a:j+11011K§d33+2/xj+1112K0K1dm.

4.8. Class I?KoK;.

(95)

P RKyKde=...— L 2o KoK — S I2KoK — K} - I} Kg)d
2KoKidx = ... j+1[0101z101 187 — i Kgldx
Y o T (i 2l KoK, — I2K? — [?K2)dx
=... j—i—llOl 1 of1f80481 1489 130 @0

(96)
9 4 j+1 j+1 Jj+1
(97)

(j—2)/xj112K0K1dx = ...—2/:cj+1IOIlK0K1dx+/x-7+1112K12dx+/9cj+1I12K02dx.
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4.9. Class I?K3.

. J+1 4
(98) /xJJfK%dx =... —/ Z 1[210111(12 — Elfo — 2I? KoK, |dx

J
! 2 72 a/t 2 2
=...+4 mleldx_ j+1[21011K1—211K0K1]d1:.

(99) g/leszdx - 2/ o LK + 2/ P e Ky
]+1 1 1 = ... j—|—101 1 ]+11 0 1 .
(100) (j — 3)/mj112K12d;U = ...— Q/xj“IOIledx + Q/xj“IfKOKldx.

4.10. Synthesis. The 9 partial integrations may be summarized as:

(101)
2 2
[ 13K 0 71 0 —F 0 0 0 0
j = 0 = 0 —= 0 0 0
[ Ry o0 20
740 12 1 2 1
ijlollKO j 0 0 0 3 0 j 0
S L KoKy | = 0 —j%l 0 ]%1 0 J%l 0 —j%l
J @ I L K3 0 0 -—ZL o & o 0 0
Ja ITKG 0 0 0 % 0 I
ffjgllflo(fjl 0 0 0 0 -2 0 L 0
€T 2 2
12 0 0 0 0 0 53 0 =3
[ 2t 2K
fl‘jflngoKl
[ 2K
ij+110]1Kg
ijfIIOIIKOKl
fiEjJ‘rll()IlK%
[ @It 2K2
f.’Ej+‘1[12K0K1
[ EK?

The matrix has 3 vanishing eigenvalues, and the basic strategy needs 3 independent
anchor values before we can start to invert the matrix. One iteration decouples the
equations into two groups of 5 + 4:

o O o o o

<.
| [

[

o

<.
|
N
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[P KG
J P IEKE
(102) fZCjIQ‘IlKoKl
S RKG
Jair2ic?
4 2 8 2 0 _
+5)° 1+5)? (1+5)? (1+5) [P IEKG
2 . R ¥ — 0 2 i+272 2
(J*l)(QlJﬂ) (J*1)22(j1+]) (J*ls)j (1+3) 2 (J*12) fi 041
BV e R c ey o= B v oy S ey o=y B vy A B I (ST T8
LS f 2 [ 7RG
(G=1)(1+5) ) (j—1)§(1+j) (j—l);(1+j) (j—41)2 ij+212K2
0 GBG-D  GDAH)  GAHG-D  GIGD e
This 5 x 5 matrix has two vanishing eigenvalues.
f:EjIgKOKl
f.’E]I()IlKg
IIJI%K()Kl
2(3j+4) _A40+7) _ 4 2 )
jzzf(QlJf‘)) 2{5(%:2;) J 7 [P IRK K,
J J ;
o R 2(3? 4) 4_<721> ' ijﬁﬁo?ﬁ
—_—— — 27— %) — =) X o187
— — —9)2 —9)2 )
J(ﬁ 2 _j(J 42) _(]4(?)_13) 2%]'_221)] [P IRK K,
3(-2) 3(-2) (1—-2)%5 (1—-2)%j

This 4 x 4 matrix has one vanishing eigenvalue. Overall the recurrences are of no
importance, because there are only a few cases with small integers j in the range
-2...0, where the 9 integrals converge.

4.11. Converging Cases. The Taylor Expansions of Modified Bessel Functions of
the first kind are Hypergeometric Series [1, 9.6.47]

z/2)"
(104) L,(Z) = 1_\((1/_#)1/)(]}71(1/4-1;22/4).
Their products are also Hypergeometric Series [0]:
PN
(105) I§(z) = Zmo(])?j!

j=0
where igp(j) = 0 if j is odd, and [12, A002894]

(106) io0(2) = [(2; )]2-

xJ

(107) Io(x)I1(z) = > i1 () 7

Jj=0
where 401(j) = 0 if j is even, and [12, A060150]

(108) in(2i =) =[P

j—1
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(109) () = Z“l( )2J g
>0 J:

where i11(j) = 0 if j is odd, and [12, A135389]

n=(%)(2)

We exchange the order of summation and integration in these series and insert the
integrals (7), (17) and (22) to end up with representations as generalized hyperge-
ometric functions [11]:

(111) /Oooxjfg(x)f{g(x)dx > /xzoo 2W}(()d

k=0,2,4,6,.
2k ka 2% ) 1 .
_1;)/ xJ ( ) 22k(2k) Ko( )dm:;N[(k)} WPOO(]+2k>
2KV L_gjran- L L4+ 2k
_Z[<k)]222k(2k)!2 o 2p(1+j+2k)r4( )

k>0

CIT(1/2)T3((1+4)/2) 3 T(k+1/203(k+ (1+4)/2T(1+4/2) 1
4 L(1+5/2) L2(1+k)D(j/2+ k+1DI3((1+5)/2)T(1/2) k!

_ITO/2TH +5)/2)

1145 14+ 145

J
= (1,1, 1+ =51).
4 T(+j2) * s R I iR
This converges only at j = 0, where it equals (69) divided by 7%
o 2 1111
112 P(2)K2(x)de =, Fa(=. = =. =:1.1,1: 1
( ) A O(z) O(‘r) x 44 3(27272a27 y Ly 4y )

oo 00 .’Ek
(113) / 2 Io(x) [ (2) K (2)de = /Omjilo(k)Zk—k!Kg(x)dx:

2k +1 x2k+l 5 2k + 1Y 5 1 ,
Z/ ( )] 22kH(szr1)!1(0(30)05913:z:[( i )] mroo(,?—i—%—i—l)

k>0

2k +1 1 1
— —2J+2k 17F4/€ 1 i /9
;;)( k >} 251 (2% + 1)! TGr2hg . FH1+i/2)

_ LT/ 5/2) 5 (3/20(0 45/ 4 5/2(1+/20

1 TGR) & HEMGR 2%
_1T(3/2)0%(1+4/2)
B (CESD)

The two converging cases are at j = —1

;2,2,1;1)

N |

1y [ @n@rgee = Tac g,

2
~ % -1.067821023030172872049238222951.
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and at 7 =0 [2]

o 1
(115) / Io(m)ll(m)Kg(x)dx = 13F2(1,1,1;2,2;1)
0

1 72

= 76(2) = 37 ~ 0.41123351671205660911810379166.
(116)

o0 ) o0 ) I‘k

/ 2 Io (@) I () Ko () K1 (2)dz = / Piro(k) g Ko(e) K () =
k=1,3,5,7,... 7 0 :
2k +1 p2ktl 2k +1 1 ,
];)/ ( )] WMKO(x)Kl(x)dx—kzm[( . )]2WWF01(]+2k+1)
2% + 1 1 ohosd ¥ 2k +1 )

_;O( A )] mz +2k 3mr4(k+1/2+3/2)
_1TE/2)r3(1/2+4/2) , , (3/2)k(1/2 + j/2)y
T S e B R R TR T

1+ T(3/2)T3(1/2+5/2) 3+7 3 145 145 1+ j 1+j
B T'(1+j/2) I B B s T IS

At j =0 this is

172 3311

F5(=,=-,=-,=;2,2,1;1
8243(2222 77)
2

~ % - 1.3200141469579356241340239985190.

Remark 5. The contiguous relations imply [7, 10]

311 1111
- 1) =4 F(=,=,=,-:2,2,1:1

1111 11
S 2 2911 1) + AP (=, =
2222””>+43(22

_ kz;l/ ( ) <2kk> 2252;6)![(37(;)@ = Z <k;2_k1> (2:) mfoo(]ﬁr%)

k>1

2k P 1 |
_;1( ) () mam? ™ a2 97

_LEG/T/2+5/2) 5 (3/206(3/2 55/ 2032+ 3/26(3/2-+ /2
T1OTeNGRTY) A H(3)e@)0/2 + 2)x

_1D(3/2)1%(3/244/2) (3 3+j 3+ 3+g
T8 I(j/2+2) Yty 2 27

3,2,2+ 1)
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The three converging cases are at j = —2

(120)

/oo ! IF(2)KE(x)dx = 77—2 F: (§ 11 1'3 2,1;1) = 12 1.0398951971477615654901270587830
o x21x Oxx_164327252,2aaa7 N16 . )

at j = —1

(121)

o] 1 1
/ “R(@)Kf(2)dr = aFa(1,1,1:3,2;1) & £-1.280868133696452872044830333292,
0

and at j =0
(122)
" R(a)K2 = ——F
| B@ssea = Tan

Remark 6. There is a weak link to (69) via [9]

113 1 , 1 3333
S —8/n - R0, 0,0 209,31
(123) 4F3(2 9'9’ 27171’1’1) 8/m 324 3(27272727 ,2,3;1)
111 1 1111
— 2 Fy(=, 5o LLLL) — 4Py, 5,251,115 1),
4 3(272727 2a s Ly by ) 4 3(2 2 2 2 )

(124) /O h I I (x) Ko(x) Ky (x)dr =

k=2,4,6,8...

5 ) ) oo

k>1

?Ji’l) (2:>22k<12k>!r°1(2’“”)

k>1

_1T(3/2)r°(1 +5/2) , (/2+2)k 3/2)k(1+5/2)r(1+5/2)k(1 +5/2)k
— - /2§72y =

4TEG/2+7/2) & (/24 Dk RU3)k(2)k(3/2 4 5/2)k

1 o T(3/2)T3(1 +5/2) j 3 Jj+3
=—(1 2 4F524+ =, -1 71 73271

The two converging cases are at j = —1
(125)

/oo lI 2(2)Ko(2) Ky (x)dx = 77—2 F (§ 31 1'3 2,1;1) = W—Q 1.151598500677406791726571715453

o 1 o\ 1T $—32432a2a2527777 N32 . )
and at j =0

(126) /Ooo I (2)Ko(2) Ky (2)dx = %2}«1(1, 1;3;1) = 1/4.
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(127) /Ooolef(x)Kf(x)dx: 3 /szll Qkk‘Kl()d

k=240,
5[
=2 () () g
B ,; ( ) ( ) 22k(12k)!22k+j_6 (2](62;: i; ??ﬁé:_{;l)ﬁ‘% +3/2-1/2)
%F é( )((igijg)ﬁgjﬁ;?ﬂ) g(l/ﬂj/z)’“k!(s)k(g:(?z)ij/z)k(j/2+5/2)’“(j/2+3/2)k
- iF(3/2)FE{/f;)]§)(22Ez(/J'2/)2+3/2)4F3(142-1’ ;;;573 359047 )

The only converging case occurs at j = 0:

(128)

}[GDIQ(x)I(Q(x)dm-— s B33 20031~ 3T 1 6306820042141129112270480203907
o LT BT AT R AR M DT T '
d

The values (114), (112), (117) an
j=-—L.

(122) are coupled via the 4th line of (101) at

5. SUMMARY

Algorithms 2, 3, 5 and 6 compute 10 different types of products of four Modified
Bessel Functions multiplied by a power 27 recursively for increasing exponent j.

APPENDIX A. NUMERICAL INTEGRATION

For small upper limits, a series expansion of the product of the Bessel Func-
tions in the integrand leads to stable numerical representations. The basic series
expansions are [1, 9.6.10]

1

(129) z) = >Om(z/2)zz+y
and
(130)
)=l G = w5 RS- G

CILP (k1)?

k>1 k>0

where H(k) = Zle 1/1, H(0) = 0, are the Harmonic Numbers.
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The multinomial expansion is

(131)

1 1 2v v
(2/2) 1 (2)K{(2) = —n® 72222 (kD2(m — k)12 (n — m)!)2 (v—n)'F(ervfnJrl)(/z) o

v>0n=0m=0 k= O

H(m—k 1 1 oty
—3lng ZZ Z Z klz — (m — k))'2 ((n—m)!)2 (U—n)!F(y+v—n+1)(z/2)2 e

v>0n 0m=0 k=0

v n m 1 H m k) 1 1 . ,
+3In’ 722 Z Z (K12 ((m—k)! )2 (n=m2 (v—n)Tv+v—n+ 1)(Z/2) "

v>0n=0m=0 k= O

k)y—~yH(n—m)— 1 Yol
+ZZZZ k'2 m—k)!QV (((nm))!);y(vn)!F(V+vn+1)(Z/2) Bt

v>0n=0m=0 k=0

The presence of the log(z/2) factor proposes to use z = 2 as an upper limit, [3,
2.722)

25!

—_— =0,1,....
(2’U+1+Z)J+17 07 )

2 o .
I

(133)
/ Q(z/2)lly(z)K§(Z)dz—§)v! . >3y (’Z) (7’;) (n) (”Z”) ey e
> Zmzki () G G Yerwr=snaton 421
s EEE 0 (Ot
Z SIOENI ZmZ ki ( ) (Z) (n) ( ’ ) (HOR) =) (B (m—K) =) (H(n=m) =) 52—
In an equivalent way [1, 9.6.11]

s 11 1 1z 1 (z/2)2k

Ka(2) = 22/2+§1“§§M<Z/2)%‘22 2 )= ATy

where we have replaced

(135) (k-+1)+0(k+2) = H(k)+H(k+1)—2y = 2H(k+1)—k—i1—2~y, k>0,

Definition 4.

(136) Hy(k) = H(k)+ H(k +1) — 2y.
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The multinomial expansion of the product is

(137) (2/2)'L(2)K3(2) = 2i3 Z m (2 j2)2 0341
o 7;0;);,;)1@'1+k (m—k)! (1+m ) (n — )!(11+n—m)!(U_n)gr(yiv_n+1)(2/2)2v+v+
oz Z(:););O,i ki(k + 1) (m Zj((:rvlz—]& D! (n - Zj'((r;—nrgju ! (0 — n)!r(u1+ ey G
* g Z Z k!<11+k)! (m— k)!r<u1+m e G
_?5;;}[ R k+1> <m—k)!r<u1+m_k+1)<2/2>2”””’1”
g ;,;);o,;) ML+ B)! m—k)!(ll—i-m—k)!(n—m)!I‘(Vl—Fn—m—i—1)(Z/2)2n+y+1+l
22;; (+ (m %(&_Ix 1)!(nfm)!r(uinfm+1)(2/2)2”+V+1+l
E @;ii Rk 4 1)! m—k>!<;—k+1>!(n—gj'(gz_—rzj+ ! (v—n)'F(V:—v—n—i—l)(Z/Q)var
% Y zz T R BT G e T B e
L I I DR T S L
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The definite integral is

2 1 1 1
(138) /O(z/2)lfu(z)Ki”(Z>?Zk!r(uwﬂ) % +v—2+1

1 1 1
_262222k'1+k (m— k)(1+m W =m0 £ m =) (0= )T+ v —n+1) @0+ v +4-

v>0n=0m=0 k=0

“ Hy(m — k) Hy(n—m) 1 1
221;)nz()n;)k2ok' m=—El(m—-k+D)!n-—m)n-m+)(wv-—n)Tv+v—m+1)2v+v+4+

m 1 1 1
ZZk'(l—H@) 'm—E)T(v+m—-—k+1)(2m+v+1)?

m>0 k=0
31 “ 1 1 1
_557;);:0}[2(]{)/{!%4—1)! m— T +m—F+1)2mt v+l

1 1 1 1
Jr3'222Z;z_:k‘!(l—i—k I m—=—klA+m—-kl(n—m)Tv+n—m+1) 2n+v+2+1)3

)
"\ Hy(k) Hy(m — k) 1 1
+3ﬁ;§§k'(k2 R R T T (SR oty

- — 1 Hy(n —m) 1 1
B2 2 ng'kﬂ) [m = Bm =k + 0l (n—m)(n—m+ 1)l (o~ )T (v + v —n+ 1) Qv+ v +4-

7\ e — Hy(m — k) Hy(n —m) 1 1
_’;T;%;kvkﬂ Nm—E)m—k+1)(n—m)ln—m+1)(v—n)Tw+v—-—n+1)u+v+4+

Hy(m — k) 1 1
2 gamz:o;k'k“ (m—k)lm—k+1)!(n—m)T(v+n—m+1)(2n+v+2+10)?

APPENDIX B. HIGHER DERIVATIVES

In conjunction with Euler-Maclaurin formulas, higher derivatives of the Modified
Bessel Functions are needed. They both obey a differential equation of the form [1,
9.6.1]

2
(139) Yy

dz? zdz
By repeated differentiation, these derivatives may be bootstrapped from the value
and first derivative at the desired argument z, where the prime denotes derivation
with respect to the argument z:

d3 1
d* 1
dd 1
(142) ko= ;4[(24 + 722 4 2N L)+ (=122 — 223) L)
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ds 1

(143) —wLo= (=120 - 3322 — 324)L{ + (602 + 92° + 2°)Lo).

d’ 1 2 4 6\ 3 5
(144) Lo = —5[(720 + 1922 + 152" 4 2°)L + (3602 — 512° — 32°) o).

z z
This defines reduction polynomials p

dm 1
(145) o Ly = F[pom(z)ﬁé + poon (2)Lo].
with recurrences
(146) Poin = (1 = 1n)porn—1 + 2Pp1n—_1 + 2Po0on—1;
(147) Poon = (2 — n)Poon—1 + 2Doon—_1 + 2Po1n—1-
In the equivalent manner for index v =1
d? 1 3\ 7 2
(148) Eljl = ;[(32 +2°) L + (—2° — 3)L4].
d* 1 3\ 7 2 4
d° 1 3 5\ o 2 4

(150) %Ll = 2—5[(60z +92° + 2°) L7 + (=242 — 60 — 22%)L4].

d° 1 3 5y pr 2 4 6
(151) @[,1 = E[(_%OZ —512° — 32°)L7 + (1412° 4 360 — 122" + 2°)L4].

’ 1 3 5, 7\ 2 4 6
(152) L1 = —[(25202+3452° +182° +27) L] +(~9752" - 2520 7821~ 3:°) L],
dm 1 ,
(153) Tk = Zj[plln(z)ﬁl + pron(2)L4].
(154) Piin = —NP1in—1 + 2P11p—1 + ZP10n—1-
1

(155) Pion = (1 = n)p1on—1 + 2Pign_1 + (z + ;)Punﬂ-

If a break point is set at z = 2 for a Euler-Maclaurin expansion, the starting
values are [12, A070910,A096789]

(156) Ip(2) ~ 2.2795853023360672674372044408;

(157) I)(z) = 11 (2) ~ 1.5906368546373290633822544250;
(158) I (2) ~ 1.4842668750174027357460772283;

(159) Ko(2) ~ 0.11389387274953343565271957493;
(160) K1(2) = —K}(2) ~ 0.13986588181652242728459880703;

(161) K1 (2) ~ —0.18382681365779464929501897845.
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