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Abstract. The definite integrals
∫∞
0 xjIs0(x)It1(x)Ku

0 (x)Kv
1 (x)dx are consid-

ered for non-negative integer j and four integer exponents s + t + u + v = 4,

where I and K are Modified Bessel Functions. There are essentially 15 types
of the 4-fold product. Partial integration of each of these types leads corre-

lations between these integrals. The main result are (forward) recurrences of

the integrals with respect to the exponent j of the power.

1. 15 Quadruple Products

1.1. Classification. The definite integrals of the form
∫∞
0
xjIs0(x)It1(x)Ku

0 (x)Kv
1 (x)dx

with integer exponents require s+ t ≤ u+ v to converge at the upper limit, which
leads to 22 4-tuples of the four integers s, t, u, and v if we exclusively consider
products of 4 Bessel Functions, s+ t+ u+ v = 4. A further reduction of the set of
the four integers s, t, u, and v to 15 cases is achieved, if any product I0(x)K1(x) is
substituted by [1, 9.6.15]

(1) I0(x)K1(x) =
1

x
− I1(x)K0(x).

Out of these, the cases with s + t = 1, which means the 5 cases with exponents
(s, t, u, v) = (1, 0, 3, 0), (0, 1, 3, 0), (0, 1, 2, 1), (0, 1, 1, 1), and (0, 1, 0, 3) are consid-
ered in Section 2. The cases with s+t = 0, which means the 5 cases with exponents
(0, 0, 4, 0), (0, 0, 3, 1), (0, 0, 2, 2), (0, 0, 1, 4), and (0, 0, 0, 4) are considered in Section
3. The cases with s+ t = 2 are considered in Section 4.

To converge at the lower limit, the exponent of the power must be j + t− v ≥ 0
according to the known limits.

1.2. Reduction Strategy. The generic approach in this manuscript to correlate
integrals over powers and the Bessel Functions is to rise the exponent in the power
and to differentiate the Bessel Functions by partial integration. The differentiation
involves the product rule and [1, 9.6.26, 9.6.27]

I ′0(x) = I1(x),(2)

K ′0(x) = −K1(x);(3)

I ′1(x) = I0(x)− I1(x)

x
,(4)

K ′1(x) = −K0(x)− K1(x)

x
.(5)
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We only deal with integrals in the limits between zero and infinity: the limits 0 and
∞ are usually omitted; the pre-integrated term will be indicated by triple dots to
indicate if it becomes irrelevant when it vanishes once these limits are inserted. If
a product I0(x)K1(x) appears, it will be substituted via (1) to keep the types of
integrals at a minimum.

The argument of the Bessel Functions is always (x) and omitted for brevity.

2. Group 1: One First Kind, Three Second Kind

2.1. Class I0K
3
0 .

(6)

∫
xjI0K

3
0dx = . . .−

∫
xj+1

j + 1
[I1K

3
0 − 3I0K

2
0K1]dx

= . . .−
∫

xj+1

j + 1
I1K

3
0dx+ 3

∫
xj+1

j + 1
I0K

2
0K1dx

= . . .−
∫

xj+1

j + 1
I1K

3
0dx+ 3

∫
xj+1

j + 1
(1/x− I1K0)K2

0dx

= . . .−
∫

xj+1

j + 1
I1K

3
0dx+ 3

∫
xj

j + 1
K2

0dx− 3

∫
xj+1

j + 1
I1K

3
0dx

= . . .+
3× 2j−2

j!(j + 1)
Γ4(

1 + j

2
)− 4

1 + j

∫
xj+1I1K

3
0dx.

We have replaced the integral over two Bessel Functions in the last step with [8,
6.576.4]:

Definition 1.

(7)

∫ ∞
0

xjK0(x)2dx = 2j−2
1

Γ(1 + j)
Γ4(

1 + j

2
) ≡ Γ00(j).

The first few special cases are
(8)
Γ00(0) = π2/4; Γ00(1) = 1/2; Γ00(2) = π2/32; Γ00(3) = 1/3; Γ00(4) = 27π2/512.

2.2. Class I1K
3
0 .

(9)

∫
xjI1K

3
0dx = . . .−

∫
xj+1

j + 1
[I0K

3
0 −

1

x
I1K

3
0 − 3I1K

2
0K1]dx

= . . .+

∫
xj

j + 1
I1K

3
0dx−

∫
xj+1

j + 1
[I0K

3
0 − 3I1K

2
0K1]dx.

Whenever an integral re-appears on the right hand side we combine it with the left
hand side:

(10)
j

j + 1

∫
xjI1K

3
0dx = . . .−

∫
xj+1

j + 1
I0K

3
0dx+ 3

∫
xj+1

j + 1
I1K

2
0K1dx.

(11) j

∫
xjI1K

3
0dx = . . .−

∫
xj+1I0K

3
0dx+ 3

∫
xj+1I1K

2
0K1dx.



INTEGRALS OVER FOUR MODIFIED BESSEL FUNCTIONS 3

2.3. Class I1K
2
0K1.

(12)∫
xjI1K

2
0K1dx = . . .−

∫
xj+1

j + 1
[I0K

2
0K1 −

2

x
I1K

2
0K1 − 2I1K0K

2
1 − I1K3

0 ]dx

= . . .−
∫

xj+1

j + 1
[(1/x− I1K0)K2

0 −
2

x
I1K

2
0K1 − 2I1K0K

2
1 − I1K3

0 ]dx

= . . .−
∫

xj+1

j + 1
[1/xK2

0 −
2

x
I1K

2
0K1]dx−

∫
xj+1

j + 1
[−I1K0K

2
0 −2I1K0K

2
1 −I1K3

0 ]dx

= . . .−
∫

xj

j + 1
K2

0dx+ 2

∫
xj

j + 1
I1K

2
0K1dx+ 2

∫
xj+1

j + 1
[I1K

3
0 + I1K0K

2
1 ]dx.

Merging common integrals of both sides yields

(13)
j − 1

j + 1

∫
xjI1K

2
0K1dx = . . .−

∫
xj

j + 1
K2

0dx+ 2

∫
xj+1

j + 1
[I1K

3
0 + I1K0K

2
1 ]dx.

Then with (7)
(14)

(j−1)

∫
xjI1K

2
0K1dx = . . .−2j−2

1

j!
Γ4(

1 + j

2
)+2

∫
xj+1I1K

3
0dx+2

∫
xj+1I1K0K

2
1dx.

2.4. Class I1K0K
2
1 .

(15)∫
xjI1K0K

2
1dx = . . .−

∫
xj+1

j + 1
[I0K0K

2
1 −

3

x
I1K0K

2
1 − I1K3

1 − 2I1K
2
0K1]dx

= . . .−
∫

xj+1

j + 1
[(

1

x
− I1K0)K0K1 −

3

x
I1K0K

2
1 − I1K3

1 − 2I1K
2
0K1]dx

= . . .−
∫

xj

j + 1
[K0K1 − 3I1K0K

2
1 ]dx+

∫
xj+1

j + 1
[I1K

3
1 + 3I1K

2
0K1]dx.

Merging common integrals yields

(16)
j − 2

j + 1

∫
xjI1K0K

2
1dx = . . .−

∫
xj

j + 1
K0K1dx+

∫
xj+1

j + 1
[I1K

3
1+3I1K

2
0K1]dx

With the notation [8, 6.576.4]

Definition 2.

(17)

∫ ∞
0

xjK0K1dx = 2j−4
j

(j − 1)!
Γ4(

j

2
) ≡ Γ01(j), j > 0

this simplifies to
(18)

(j−2)

∫
xjI1K0K

2
1dx = . . .−2j−4

j

(j − 1)!
Γ4(

j

2
)+

∫
xj+1I1K

3
1dx+3

∫
xj+1I1K

2
0K1dx.

The first few values of the constants defined above are

(19) Γ01(1) = π2/8; Γ01(2) = 1/2; Γ01(3) = 3π2/64; Γ01(3) = 2/3.
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2.5. Class I1K
3
1 .

(20)

∫
xjI1K

3
1dx = . . .−

∫
xj+1

j + 1
[I0K

3
1 −

4

x
I1K

3
1 − 3I1K0K

2
1 ]dx

= . . .−
∫

xj+1

j + 1
[(

1

x
− I1K0)K2

1 −
4

x
I1K

3
1 − 3I1K0K

2
1 ]dx

= . . .−
∫

xj+1

j + 1
[
1

x
K2

1 −
4

x
I1K

3
1 ]dx−

∫
xj+1

j + 1
[−I1K0K

2
1 − 3I1K0K

2
1 ]dx

= . . .−
∫

xj

j + 1
K2

1dx+ 4

∫
xj

j + 1
I1K

3
1dx+ 4

∫
xj+1

j + 1
I1K0K

2
1dx.

Merging common integrals yields

(21)
j − 3

j + 1

∫
xjI1K

3
1dx = . . .−

∫
xj

j + 1
K2

1dx+ 4

∫
xj+1

j + 1
I1K0K

2
1dx.

Definition 3. [8, 6.576]
(22)∫

xjK1(x)2dx = 2j−6
(j2 − 1)(j − 1)

(j − 2)!j
Γ4(

j − 1

2
) ≡ Γ11(j) =

1 + j

j − 1
Γ00(j), j > 1.

(23)

(j − 3)

∫
xjI1K

3
1dx = . . .− 2j−6

(j2 − 1)(j − 1)

(j − 2)!j
Γ4(

j − 1

2
) + 4

∫
xj+1I1K0K

2
1dx.

2.6. Synthesis. The partial integrations of the 5 classes of the previous sections
are summarized by the matrix equation
(24)

∫
xjI0K

3
0∫

xjI1K
3
0∫

xjI1K
2
0K1∫

xjI1K0K
2
1∫

xjI1K
3
1

 =


0 − 4

1+j 0 0 0

− 1
j 0 3

j 0 0

0 2
j−1 0 2

j−1 0

0 0 3
j−2 0 1

j−2
0 0 0 4

j−3 0

·


∫
xj+1I0K

3
0∫

xj+1I1K
3
0∫

xj+1I1K
2
0K1∫

xj+1I1K0K
2
1∫

xj+1I1K
3
1

+


3
j+1Γ00(j)

0
− 1
j−1Γ00(j)

− 1
j−2Γ01(j)

− 1
j−3Γ11(j)

 .

The matrix is singular, which inhibits a standard inversion that aims at creating a
forward recurrence j → j + 1 at this place. We substitute j → j + 1 and insert the
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result into the right hand side:

(25)
∫
xjI0K

3
0∫

xjI1K
3
0∫

xjI1K
2
0K1∫

xjI1K0K
2
1∫

xjI1K
3
1

 =


0 − 4

1+j 0 0 0

− 1
j 0 3

j 0 0

0 2
j−1 0 2

j−1 0

0 0 3
j−2 0 1

j−2
0 0 0 4

j−3 0

·
[


0 − 4
2+j 0 0 0

− 1
1+j 0 3

1+j 0 0

0 2
j 0 2

j 0

0 0 3
j−1 0 1

j−1
0 0 0 4

j−2 0

 ·


∫
xj+2I0K

3
0∫

xj+2I1K
3
0∫

xj+2I1K
2
0K1∫

xj+2I1K0K
2
1∫

xj+2I1K
3
1

+


3
j+2Γ00(j + 1)

0
− 1
jΓ00(j + 1)

− 1
j−1Γ01(j + 1)

− 1
j−2Γ11(j + 1)


]

+


3
j+1Γ00(j)

0
− 1
j−1Γ00(j)

− 1
j−2Γ01(j)

− 1
j−3Γ11(j)



=



4
(1+j)2 0 − 12

(1+j)2 0 0

0 2(5j+6)
j2(2+j) 0 6

j2 0

− 2
(j−1)(1+j) 0 12j

(j−1)2(1+j) 0 2
(j−1)2

0 6
j(j−2) 0 2(5j−6)

(j−2)2j 0

0 0 12
(j−3)(j−1) 0 4

(j−3)(j−1)

·


∫
xj+2I0K

3
0∫

xj+2I1K
3
0∫

xj+2I1K
2
0K1∫

xj+2I1K0K
2
1∫

xj+2I1K
3
1



+


3× 2j−2Γ4((1 + j)/2)/(1 + j)!

−3× 2j−4jΓ4(j/2)/[(2 + j)(j − 1)!]
−2j−5(j − 1)Γ4((j − 1)/2)/(j − 2)!

−2j−4(3j2 − 3j − 2)jΓ4(j/2)/[(1 + j)(j − 2)2(j − 1)!]
−3× 2j−10(j − 3)3(j − 1)2(1 + j)Γ4((j − 3)/2)/[j(j − 2)!]

 .

Here 0! = 1. This iteration has separated the subspace of the second and fourth
equation with a 2× 2 matrix,

(26)

( ∫
xjI1K

3
0∫

xjI1K0K
2
1

)
=

(
2(5j+6)
j2(2+j)

6
j2

6
j(j−2)

2(5j−6)
(j−2)2j

)
·
( ∫

xj+2I1K
3
0∫

xj+2I1K0K
2
1

)
+

(
−3× 2j−4jΓ4(j/2)/[(2 + j)(j − 1)!]

−2j−4(3j2 − 3j − 2)jΓ4(j/2)/[(1 + j)(j − 2)2(j − 1)!]

)
.

That matrix is not singular and is inverted to support a calculation of integrands
with a higher power xj+2 from integrands with a lower power xj :

(27)( ∫
xj+2I1K

3
0∫

xj+2I1K0K
2
1

)
=

(
(5j−6)(2+j)

32 − 3(2+j)(j−2)2
32j

− 3(2+j)(j−2)
32

(5j+6)(j−2)2
32j

)
·
( ∫

xjI1K
3
0∫

xjI1K0K
2
1

)
+

(
3× 2j−8(2 + j + j3 − 2j2)Γ4(j/2)/[(1 + j)(j − 1)!]
2j−8(6j2 + 3j3 − 5j − 6)Γ4(j/2)/[(1 + j)(j − 1)!]

)
.

Algorithm 1. (1) For the (finite) integrals for j ≤ 2 use (28)–(32): [12,
A255986]

(28)

∫ ∞
0

I1(x)K3
0 (x)dx = ζ(3)/4 ≈ 0.30051422578989857134993454038;
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(29)

∫ ∞
0

xI1(x)K3
0 (x)dx ≈ 0.10116007103409665114227760576;

(30)

∫ ∞
0

x2I1(x)K3
0 (x)dx ≈ 0.0665748624659575431614221562534;

(31)

∫ ∞
0

xI1(x)K0(x)K2
1 (x)dx ≈ 0.54735455135794868179362042374;

(32)

∫ ∞
0

x2I1(x)K0(x)K2
1 (x)dx ≈ 0.18342513753404245683857784375.

(2) Compute
∫∞
0
xjI1(x)K3

0 (x)dx and
∫∞
0
xjI1(x)K0(x)K2

1 (x)dx for j ≥ 3 re-
cursively via (27), but for

(33)

∫
x4I1(x)K0(x)K2

1 (x)dx = 1/6

–obtained by inserting j = 3 in (23).

The first, third and fifth line of (24) are unrolled as follows:

Algorithm 2. (1) The integrals
∫∞
0
xjI0K

3
0dx are evaluated recursively with

[3, 4]

(34)

(k + 1)5
∫ ∞
0

xkI0(x)K3
0 (x)dx− 4(k + 2)(5k2 + 20k + 23)

∫ ∞
0

xk+2I0(x)K3
0 (x)dx

+ 64(k + 3)

∫ ∞
0

xk+4I0(x)K3
0 (x)dx = 0.

starting at [12, A273951]

(35)

∫
I0(x)K3

0 (x)dx ≈ 6.9975630166806323595567578269;

[12, A222068][5, (89)]

(36)

∫
xI0K

3
0dx =

1

16
π2;

(37)

∫
x2I0(x)K3

0 (x)dx ≈ 0.21790296563849283706539235962;

(38)

∫
x3I0(x)K3

0 (x)dx =
1

64
π2.

Remark 1. [12, A245058]

(39)

∫
xI1K

2
0K1dx =

1

48
π2,

is obviously correlated to (36) by putting j = 0 in (11).

Remark 2. According to the first line of (24), the value in (29) is obtained from
(35) by subtracting 3π2/4 and dividing through −4.
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Remark 3. Recurrences equivalent to (34) are derived for the remaining 4 classes
of integrals by insertion of the recurrence into (24). From the first line e.g.

(40) 24
k2(3k3 + 14k2 + 18k + 8)

(k + 1)(k + 3)
Γ01(k)− 4k4(k + 2)(k + 4)

∫ ∞
0

xkI1K
3
0dx

+ 16(k + 1)(k + 4)(5k2 + 10k + 8)

∫ ∞
0

xk+2I1K
3
0dx

− 256(k + 2)2
∫ ∞
0

xk+4I1K
3
0dx = 0.

Supposed all the values of
∫∞
0
xjI0(x)K3

0 (x)dx are known from Algorithm 2, one
can lift the degeneracy in (24) and invert the 4× 4 matrix:
(41)

∫
xjI1K

3
0∫

xjI1K
2
0K1∫

xjI1K0K
2
1∫

xjI1K
3
1

 =


0 3

j 0 0
2
j−1 0 2

j−1 0

0 3
j−2 0 1

j−2
0 0 4

j−3 0

·


∫
xj+1I1K

3
0∫

xj+1I1K
2
0K1∫

xj+1I1K0K
2
1∫

xj+1I1K
3
1

+


− 1
j

∫
xj+1I0K

3
0

− 1
j−1Γ00(j)

− 1
j−2Γ01(j)

− 1
j−3Γ11(j)

 .

(42)
0 j−1

2 0 3−j
4

j
3 0 0 0

0 0 0 j−3
4

−j 0 j − 2 0

·



∫
xjI1K

3
0∫

xjI1K
2
0K1∫

xjI1K0K
2
1∫

xjI1K
3
1

+


1
j

∫
xj+1I0K

3
0

1
j−1Γ00(j)
1
j−2Γ01(j)
1
j−3Γ11(j)


 =


∫
xj+1I1K

3
0∫

xj+1I1K
2
0K1∫

xj+1I1K0K
2
1∫

xj+1I1K
3
1

 .

Algorithm 3. Given the
∫∞
0
xjI0(x)K3

0 (x)dx, compute the others in this group
recursively with

(43)


∫
xj+1I1K

3
0∫

xj+1I1K
2
0K1∫

xj+1I1K0K
2
1∫

xj+1I1K
3
1

 =


0 j−1

2 0 3−j
4

j
3 0 0 0

0 0 0 j−3
4

−j 0 j − 2 0

 ·


∫
xjI1K

3
0∫

xjI1K
2
0K1∫

xjI1K0K
2
1∫

xjI1K
3
1



+


1
2Γ00(j)− 1

4Γ11(j)
1
3

∫
xj+1I0K

3
0

1
4Γ11(j)

−
∫
xj+1I0K

3
0 + Γ01(j)

 .

3. Group 2: Four Second Kind

The other five cases of integrals discussed in this manuscript contain four factors
of K functions.

3.1. Class K4
0 .

(44)

∫
xjK4

0dx = . . .−
∫

xj+1

j + 1
(−4K3

0K1)dx = . . .+ 4

∫
xj+1

j + 1
K3

0K1dx.
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3.2. Class K3
0K1.

(45)

∫
xjK3

0K1dx = . . .−
∫

xj+1

j + 1
[−3K2

0K
2
1 −K4

0 −
1

x
K3

0K1]dx

= . . .+

∫
xj

j + 1
K3

0K1dx+

∫
xj+1

j + 1
[3K2

0K
2
1 +K4

0 ]dx.

Merging common integrals yields

(46)
j

j + 1

∫
xjK3

0K1dx = . . .+

∫
xj+1

j + 1
[3K2

0K
2
1 +K4

0 ]dx.

(47) j

∫
xjK3

0K1dx = . . .+ 3

∫
xj+1K2

0K
2
1dx+

∫
xj+1K4

0dx

3.3. Class K2
0K

2
1 .

(48)

∫
xjK2

0K
2
1dx = . . .−

∫
xj+1

j + 1
[−2K0K

3
1 − 2K3

0K1 −
2

x
K2

0K
2
1 ]dx

= . . .−
∫

xj+1

j + 1
[− 2

x
K2

0K
2
1 ]dx−

∫
xj+1

j + 1
[−2K0K

3
1 − 2K3

0K1]dx

= . . .+ 2

∫
xj

j + 1
K2

0K
2
1dx+ 2

∫
xj+1

j + 1
[K0K

3
1 +K3

0K1]dx.

Merging common integrals yields

(49)
j − 1

j + 1

∫
xjK2

0K
2
1dx = . . .+ 2

∫
xj+1

j + 1
[K0K

3
1 +K3

0K1]dx.

(50) (j − 1)

∫
xjK2

0K
2
1dx = . . .+ 2

∫
xj+1K0K

3
1dx+ 2

∫
xj+1K3

0K1dx.

3.4. Class K0K
3
1 .

(51)

∫
xjK0K

3
1dx = . . .−

∫
xj+1

j + 1
[−K4

1 − 3K2
0K

2
1 −

3

x
K0K

3
1 ]dx

= . . .−
∫

xj+1

j + 1
[− 3

x
K0K

3
1 ]dx−

∫
xj+1

j + 1
[−K4

1 − 3K2
0K

2
1 ]dx

= . . .+ 3

∫
xj

j + 1
K0K

3
1dx+

∫
xj+1

j + 1
[K4

1 + 3K2
0K

2
1 ]dx.

Merging common integrals yields

(52)
j − 2

j + 1

∫
xjK0K

3
1dx = . . .+

∫
xj+1

j + 1
K4

1dx+ 3

∫
xj+1

j + 1
K2

0K
2
1dx.

(53) (j − 2)

∫
xjK0K

3
1dx = . . .+

∫
xj+1K4

1dx+ 3

∫
xj+1K2

0K
2
1dx.
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3.5. Class K4
1 .

(54)∫
xjK4

1dx = . . .−
∫

xj+1

j + 1
[−4K0K

3
1−

4

x
K4

1 ]dx = . . .+4

∫
xj+1

j + 1
[K0K

3
1+

1

x
K4

1 ]dx

= . . .+ 4

∫
xj

j + 1
K4

1dx+ 4

∫
xj+1

j + 1
K0K

3
1dx.

Merging common integrals yields

(55)
j − 3

j + 1

∫
xjK4

1dx = . . .+ 4

∫
xj+1

j + 1
K0K

3
1dx

(56) (j − 3)

∫
xjK4

1dx = . . .+ 4

∫
xj+1K0K

3
1dx

3.6. Synthesis. Gathering these 5 partial integrations forms a homogeneous sys-
tem of equations very similar to (24):

(57)


∫
xjK4

0∫
xjK3

0K1∫
xjK2

0K
2
1∫

xjK0K
3
1∫

xjK4
1

 =


0 4

1+j 0 0 0
1
j 0 3

j 0 0

0 2
j−1 0 2

j−1 0

0 0 3
j−2 0 1

j−2
0 0 0 4

j−3 0

 ·


∫
xj+1K4

0∫
xj+1K3

0K1∫
xj+1K2

0K
2
1∫

xj+1K0K
3
1∫

xj+1K4
1

 .

This is also iterated:

(58)
∫
xjK4

0∫
xjK3

0K1∫
xjK2

0K
2
1∫

xjK0K
3
1∫

xjK4
1

 =


0 4

1+j 0 0 0
1
j 0 3

j 0 0

0 2
j−1 0 2

j−1 0

0 0 3
j−2 0 1

j−2
0 0 0 4

j−3 0

·


0 4
2+j 0 0 0

1
1+j 0 3

1+j 0 0

0 2
j 0 2

j 0

0 0 3
j−1 0 1

j−1
0 0 0 4

j−2 0

·


∫
xj+2K4

0∫
xj+2K3

0K1∫
xj+2K2

0K
2
1∫

xj+2K0K
3
1∫

xj+2K4
1



=



4
(1+j)2 0 12

(1+j)2 0 0

0 2(5j+6)
j2(2+j) 0 6

j2 0
2

(j−1)(1+j) 0 12j
(j−1)2(1+j) 0 2

(j−1)2

0 6
j(j−2) 0 2(5j−6)

(j−2)2j 0

0 0 12
(j−3)(j−1) 0 4

(j−3)(j−1)

·


∫
xj+2K4

0∫
xj+2K3

0K1∫
xj+2K2

0K
2
1∫

xj+2K0K
3
1∫

xj+2K4
1

 .

The subspace of lines 2 and 4 in (58) reads:

(59)

( ∫
xjK3

0K1∫
xjK0K

3
1

)
=

(
2(5j+6)
j2(2+j)

6
j2

6
j(j−2)

2(5j−6)
(j−2)2j

)
·
( ∫

xj+2K3
0K1∫

xj+2K0K
3
1

)
.

By matrix inversion we obtain the forward recursion

(60)

( ∫
xj+2K3

0K1∫
xj+2K0K

3
1

)
=

(
(5j−6)(2+j)

32 − 3(j−2)2(2+j)
32j

− 3(j−2)(2+j)
32

(5j+6)(j−2)2
32j

)
·
( ∫

xjK3
0K1∫

xjK0K
3
1

)
.

Algorithm 4. (1) For the (finite) integrals j ≤ 4 use (61)–(66):

(61)

∫ ∞
0

xK3
0K1dx ≈ 6.8103346044514933516774950661;
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(62)

∫ ∞
0

x2K3
0K1dx = 7ζ(3)/16 ≈ 0.525899895132322499862385445661;

(63)

∫ ∞
0

x3K3
0K1dx ≈ 0.14682796893546593791309356246;

[12, A273841],see the first line in (57)

(64)

∫ ∞
0

x4K3
0K1dx = [7ζ(3)/2− 3]/16 ≈ 0.0754499475661612499311927228306;

(65)

∫ ∞
0

x3K0K
3
1dx ≈ 0.95559936093190163449691260135;

(66)

∫ ∞
0

x4K0K
3
1dx = 1/4.

(2) For j ≥ 5 calculate
∫∞
0
xjK3

0 (x)K1(x)dx and
∫∞
0
xjK0(x)K1(x)3dx recur-

sively with (60).

Remark 4. (66) follows from the partial integration

(67)

∫ ∞
0

xjKj−1
1 (x)K0(x)dx = lim

x→0

1

j
(xjKj

1(x)) = 1/j.

(62) is half of (70) and that is proved by setting j = 1 in (44).

Algorithm 5. Compute the
∫∞
0
xjK4

0 (x)dx recursively with [3, 4]
(68)

(k+1)5
∫ ∞
0

xkK4
0 (x)dx−4(k+2)(5k2+20k+23)

∫ ∞
0

xk+2K4
0 (x)dx+64(k+3)

∫ ∞
0

xk+4K4
0 (x)dx = 0

starting at [3, (73)][12, A273839]
(69)∫ ∞

0

K4
0 (x)dx =

π4

4
4F3(

1

2
,

1

2
,

1

2
,

1

2
; 1, 1, 1; 1) ≈ π4

4
·1.1186363871641870683496192575256.

[5, (90)][12, A233091]

(70)

∫ ∞
0

xK4
0 (x)dx = 7ζ(3)/8 ≈ 1.0517997902646449997247708913;

[12, A273840]

(71)

∫ ∞
0

x2K4
0 (x)dx ≈ 0.19577062524728791721745808328;

[12, A273841]

(72)

∫ ∞
0

x3K4
0 (x)dx = [7ζ(3)/2− 3]/16 ≈ 0.075449947566161249931192722831.

To obtain
∫∞
0
xjK2

0 (x)K2
1 (x)dx and

∫∞
0
xjK4

1 (x)dx one may plug these values
of Algorithm 5 into the first and last line of (58). The alternative is to eliminate
the

∫∞
0
xjK4

0dx from (57) and to invert the remaining 4× 4 matrix:



INTEGRALS OVER FOUR MODIFIED BESSEL FUNCTIONS 11

(73)
∫
xjK3

0K1∫
xjK2

0K
2
1∫

xjK0K
3
1∫

xjK4
1

 =


0 3

j 0 0
2
j−1 0 2

j−1 0

0 3
j−2 0 1

j−2
0 0 4

j−3 0

·

∫
xj+1K3

0K1∫
xj+1K2

0K
2
1∫

xj+1K0K
3
1∫

xj+1K4
1

+


− 1
j

∫
xj+1K4

0

0
0
0

 .

(74)
0 j−1

2 0 3−j
4

j
3 0 0 0

0 0 0 j−3
4

−j 0 j − 2 0

·


∫
xjK3

0K1∫
xjK2

0K
2
1∫

xjK0K
3
1∫

xjK4
1

+


1
j

∫
xj+1K4

0

0
0
0


 =


∫
xj+1K3

0K1∫
xj+1K2

0K
2
1∫

xj+1K0K
3
1∫

xj+1K4
1

 .

Algorithm 6. Given the
∫∞
0
xjK4

0 (x)dx, compute the others in this group recur-
sively with
(75)
∫
xj+1K3

0K1∫
xj+1K2

0K
2
1∫

xj+1K0K
3
1∫

xj+1K4
1

 =


0 j−1

2 0 3−j
4

j
3 0 0 0

0 0 0 j−3
4

−j 0 j − 2 0

·

∫
xjK3

0K1∫
xjK2

0K
2
1∫

xjK0K
3
1∫

xjK4
1

+


0

1
3

∫
xj+1K4

0

0
−
∫
xj+1K4

0

 .

4. Group 3: Two First Kind, Two Second Kind

In this group there are two Modified Bessel Functions of the First Kind in the
integrand. The reductions are similar to the treatment in the other two groups,
but (1) is not used, because this leaves diverging integrals of the mixed type∫∞
0
xjIν(x)Kµ(x)dx. In consequence, 9 coupled classes of integrals emerge.

4.1. Class I20K
2
0 .

(76)

∫
xjI20K

2
0dx = . . .− 2

∫
xj+1

j + 1
[I0(x)I1(x)K2

0 (x)− I20 (x)K0(x)K1(x)]dx

= . . .− 2

∫
xj+1

j + 1
I0(x)I1(x)K2

0 (x)dx+ 2

∫
xj+1

j + 1
I20 (x)K0(x)K1(x)dx.

4.2. Class I20K0K1.

(77)∫
xjI20K0K1dx = . . .−

∫
xj+1

j + 1
[2I0I1K0K1 − I20K2

1 − I20K2
0 −

1

x
I20K0K1]dx

= . . .+

∫
xj

j + 1
I20K0K1dx−

∫
xj+1

j + 1
[2I0I1K0K1 − I20K2

1 − I20K2
0 ]dx.

Merging common integrals yields

(78)

j

j + 1

∫
xjI20K0K1dx = . . .−2

∫
xj+1

j + 1
I0I1K0K1dx+

∫
xj+1

j + 1
I20K

2
1dx+

∫
xj+1

j + 1
I20K

2
0dx.
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(79)

j

∫
xjI20K0K1dx = . . .−2

∫
xj+1I0I1K0K1dx+

∫
xj+1I20K

2
1dx+

∫
xj+1I20K

2
0dx.

4.3. Class I20K
2
1 .

(80)

∫
xjI20K

2
1dx = . . .−

∫
xj+1

j + 1
[2I0I1K

2
1 − 2I20K0K1 −

2

x
I20K

2
1 ]dx

= . . .+ 2

∫
xj

j + 1
I20K

2
1dx−

∫
xj+1

j + 1
[2I0I1K

2
1 − 2I20K0K1]dx.

Merging common integrals yields

(81)
j − 1

j + 1

∫
xjI20K

2
1dx = . . . − 2

∫
xj+1

j + 1
I0I1K

2
1dx + 2

∫
xj+1

j + 1
I20K0K1dx.

(82) (j − 1)

∫
xjI20K

2
1dx = . . . − 2

∫
xj+1I0I1K

2
1dx + 2

∫
xj+1I20K0K1dx.

4.4. Class I0I1K
2
0 .

(83)∫
xjI0I1K

2
0dx = . . .−

∫
xj+1

j + 1
[I21 (x)K2

0 (x)+I20 (x)K2
0 (x)− 1

x
I0(x)I1(x)(x)K2

0 (x)−2I0(x)I1(x)K0(x)K1(x)]dx

= . . .+

∫
xj

j + 1
I0(x)I1(x)(x)K2

0 (x)dx−
∫

xj+1

j + 1
[I21 (x)K2

0 (x)+I20 (x)K2
0 (x)−2I0(x)I1(x)K0(x)K1(x)]dx

Merging common terms on both sides yields

(84)

j

j + 1

∫
xjI0I1K

2
0dx = . . .−

∫
xj+1

j + 1
[I21 (x)K2

0 (x)+I20 (x)K2
0 (x)−2I0(x)I1(x)K0(x)K1(x)]dx

(85)

j

∫
xjI0I1K

2
0dx = . . .−

∫
xj+1I21 (x)K2

0 (x)dx−
∫
xj+1I20 (x)K2

0 (x)dx+2

∫
xj+1I0(x)I1(x)K0(x)K1(x)dx.

4.5. Class I0I1K0K1.

(86)∫
xjI0(x)I1(x)K0(x)K1(x)dx = . . .−

∫
xj+1

j + 1
[I21K0K1+I20K0K1−

2

x
I0I1K0K1−I0I1K2

1−I0I1K2
0 ]dx

= . . .−
∫

xj+1

j + 1
[I21 (x)K0K1+I20K0K1−I0I1K2

1−I0I1K2
0 ]dx+2

∫
xj

j + 1
I0I1K0K1dx.

Merging common integrals yields

(87)

j − 1

j + 1

∫
xjI0(x)I1(x)K0(x)K1(x)dx = . . .−

∫
xj+1

j + 1
[I21K0K1+I20K0K1−I0I1K2

1−I0I1K2
0 ]dx.
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(88) (j − 1)

∫
xjI0(x)I1(x)K0(x)K1(x)dx =

. . .−
∫
xj+1I21K0K1dx−

∫
xj+1I20K0K1dx+

∫
xj+1I0I1K

2
1dx+

∫
xj+1I0I1K

2
0dx.

4.6. Class I0I1K
2
1 .

(89)

∫
xjI0I1K

2
1dx = . . .−

∫
xj+1

j + 1
[I21K

2
1 +I20K

2
1 −

3

x
I0I1K

2
1 −2I0I1K0K1]dx.

Merging common integrals yields

(90)
j − 2

j + 1

∫
xjI0I1K

2
1dx = . . . −

∫
xj+1

j + 1
[I21K

2
1 + I20K

2
1 − 2I0I1K0K1]dx.

(91)

(j−2)

∫
xjI0I1K

2
1dx = . . .−

∫
xj+1I21K

2
1dx−

∫
xj+1I20K

2
1dx+2

∫
xj+1I0I1K0K1dx.

4.7. Class I21K
2
0 .

(92)

∫
xjI21 (x)K2

0 (x)dx = . . .−
∫

xj+1

j + 1
[2I0I1K

2
0 −

2

x
I21K

2
0 − 2I21K0K1]dx

= . . .+ 2

∫
xj

j + 1
I21K

2
0dx−

∫
xj+1

j + 1
[2I0I1K

2
0 − 2I21K0K1]dx.

(93)

j − 1

j + 1

∫
xjI21 (x)K2

0 (x)dx = . . . − 2

∫
xj+1

j + 1
I0I1K

2
0dx + 2

∫
xj+1

j + 1
I21K0K1dx.

(94) (j−1)

∫
xjI21 (x)K2

0 (x)dx = . . .−2

∫
xj+1I0I1K

2
0dx+2

∫
xj+1I21K0K1dx.

4.8. Class I21K0K1.

(95)∫
xjI21K0K1dx = . . .−

∫
xj+1

j + 1
[2I0I1K0K1 −

3

x
I21K0K1 − I21K2

1 − I21K2
0 ]dx

= . . .+ 3

∫
xj

j + 1
I21K0K1dx−

∫
xj+1

j + 1
[2I0I1K0K1 − I21K2

1 − I21K2
0 ]dx.

(96)

j − 2

j + 1

∫
xjI21K0K1dx = . . .−2

∫
xj+1

j + 1
I0I1K0K1dx+

∫
xj+1

j + 1
I21K

2
1dx+

∫
xj+1

j + 1
I21K

2
0dx.

(97)

(j−2)

∫
xjI21K0K1dx = . . .−2

∫
xj+1I0I1K0K1dx+

∫
xj+1I21K

2
1dx+

∫
xj+1I21K

2
0dx.
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4.9. Class I21K
2
1 .

(98)

∫
xjI21K

2
1dx = . . .−

∫
xj+1

j + 1
[2I0I1K

2
1 −

4

x
I21K

2
1 − 2I21K0K1]dx

= . . .+ 4

∫
xj

j + 1
I21K

2
1dx−

∫
xj+1

j + 1
[2I0I1K

2
1 − 2I21K0K1]dx.

(99)
j − 3

j + 1

∫
xjI21K

2
1dx = . . . − 2

∫
xj+1

j + 1
I0I1K

2
1dx + 2

∫
xj+1

j + 1
I21K0K1dx.

(100) (j − 3)

∫
xjI21K

2
1dx = . . . − 2

∫
xj+1I0I1K

2
1dx + 2

∫
xj+1I21K0K1dx.

4.10. Synthesis. The 9 partial integrations may be summarized as:

(101)

∫
xjI20K

2
0∫

xjI20K0K1∫
xjI20K

2
1∫

xjI0I1K
2
0∫

xjI0I1K0K1∫
xjI0I1K

2
1∫

xjI21K
2
0∫

xjI21K0K1∫
xjI21K

2
1


=



0 2
j+1 0 − 2

j+1 0 0 0 0 0
1
j 0 1

j 0 − 2
j 0 0 0 0

0 2
j−1 0 0 0 − 2

j−1 0 0 0

− 1
j 0 0 0 2

j 0 − 1
j 0 0

0 − 1
j−1 0 1

j−1 0 1
j−1 0 − 1

j−1 0

0 0 − 1
j−2 0 2

j−2 0 0 0 − 1
j−2

0 0 0 − 2
j−1 0 0 0 2

j−1 0

0 0 0 0 − 2
j−2 0 1

j−1 0 1
j−2

0 0 0 0 0 − 2
j−3 0 2

j−3 0



·



∫
xj+1I20K

2
0∫

xj+1I20K0K1∫
xj+1I20K

2
1∫

xj+1I0I1K
2
0∫

xj+1I0I1K0K1∫
xj+1I0I1K

2
1∫

xj+1I21K
2
0∫

xj+1I21K0K1∫
xj+1I21K

2
1


.

The matrix has 3 vanishing eigenvalues, and the basic strategy needs 3 independent
anchor values before we can start to invert the matrix. One iteration decouples the
equations into two groups of 5 + 4:
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(102)


∫
xjI20K

2
0∫

xjI20K
2
1∫

xjI0I1K0K1∫
xjI21K

2
0∫

xjI21K
2
1



=


4

(1+j)2
2

(1+j)2 − 8
(1+j)2

2
(1+j)2 0

2
(j−1)(1+j)

4j
(j−1)2(1+j) − 8j

(j−1)2(1+j) 0 2
(j−1)2

− 2
(j−1)(1+j) − 2j

(j−1)2(1+j)
8j

(j−1)2(1+j) − 2j
(j−1)2(1+j) − 2

(j−1)2
2

(j−1)(1+j) 0 − 8j
(j−1)2(1+j)

4j
(j−1)2(1+j)

2
(j−1)2

0 2
(j−3)(j−1) − 8

(j−1)2(1+j)
2

(j−3)(j−1)
4

(j−3)(j−1)

·


∫
xj+2I20K

2
0∫

xj+2I20K
2
1∫

xj+2I0I1K0K1∫
xj+2I21K

2
0∫

xj+2I21K
2
1

 .

This 5× 5 matrix has two vanishing eigenvalues.

(103)


∫
xjI20K0K1∫
xjI0I1K

2
0∫

xjI0I1K
2
1∫

xjI21K0K1



=


2(3j+4)
j2(2+j) − 4(1+j)

j2(2+j) − 4
j2

2
j2

− 4(1+j)
j2(2+j)

2(3j+4)
j2(2+j)

2
j2 − 4

j2

− 4
j(j−2)

2
j(j−2)

2(3j−4)
(j−2)2j − 4(j−1)

(j−2)2j
2

j(j−2) − 4
j(j−2) − 4(j−1)

(j−2)2j
2(3j−4)
(j−2)2j

 ·

∫
xj+2I20K0K1∫
xj+2I0I1K

2
0∫

xj+2I0I1K
2
1∫

xj+2I21K0K1

 .

This 4 × 4 matrix has one vanishing eigenvalue. Overall the recurrences are of no
importance, because there are only a few cases with small integers j in the range
-2. . . 0, where the 9 integrals converge.

4.11. Converging Cases. The Taylor Expansions of Modified Bessel Functions of
the first kind are Hypergeometric Series [1, 9.6.47]

(104) Iν(z) =
(z/2)ν

Γ(1 + ν)
0F1(ν + 1; z2/4).

Their products are also Hypergeometric Series [6]:

(105) I20 (x) =
∑
j≥0

i00(j)
xj

2jj!

where i00(j) = 0 if j is odd, and [12, A002894]

(106) i00(2j) = [

(
2j

j

)
]2.

(107) I0(x)I1(x) =
∑
j≥0

i01(j)
xj

2jj!

where i01(j) = 0 if j is even, and [12, A060150]

(108) i01(2j − 1) = [

(
2j − 1

j − 1

)
]2.
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(109) I21 (x) =
∑
j≥0

i11(j)
xj

2jj!

where i11(j) = 0 if j is odd, and [12, A135389]

(110) i11(2j) =

(
2j

j − 1

)(
2j

j

)
.

We exchange the order of summation and integration in these series and insert the
integrals (7), (17) and (22) to end up with representations as generalized hyperge-
ometric functions [11]:

(111)

∫ ∞
0

xjI20 (x)K2
0 (x)dx =

∑
k=0,2,4,6,...

∫ ∞
0

xji00(k)
xk

2kk!
K2

0 (x)dx

=
∑
k≥0

∫ ∞
0

xj [

(
2k

k

)
]2

x2k

22k(2k)!
K2

0 (x)dx =
∑
k≥0

[

(
2k

k

)
]2

1

22k(2k)!
Γ00(j + 2k)

=
∑
k≥0

[

(
2k

k

)
]2

1

22k(2k)!
2j+2k−2 1

Γ(1 + j + 2k)
Γ4(

1 + j + 2k

2
)

=
1

4

Γ(1/2)Γ3((1 + j)/2)

Γ(1 + j/2)

∑
k≥0

Γ(k + 1/2)Γ3(k + (1 + j)/2)Γ(1 + j/2)

Γ2(1 + k)Γ(j/2 + k + 1)Γ3((1 + j)/2)Γ(1/2)

1

k!

=
1

4

Γ(1/2)Γ3((1 + j)/2)

Γ(1 + j/2)
4F3(

1

2
,

1 + j

2
,

1 + j

2
,

1 + j

2
; 1, 1, 1 +

j

2
; 1).

This converges only at j = 0, where it equals (69) divided by π2:

(112)

∫ ∞
0

I20 (x)K2
0 (x)dx =

π2

4
4F3(

1

2
,

1

2
,

1

2
,

1

2
; 1, 1, 1; 1).

(113)

∫ ∞
0

xjI0(x)I1(x)K2
0 (x)dx =

∑
k=1,3,5,7...

∫ ∞
0

xji10(k)
xk

2kk!
K2

0 (x)dx =

∑
k≥0

∫ ∞
0

xj [

(
2k + 1

k

)
]2

x2k+1

22k+1(2k + 1)!
K2

0 (x)dx =
∑
k≥0

[

(
2k + 1

k

)
]2

1

22k+1(2k + 1)!
Γ00(j+2k+1)

=
∑
k≥0

[

(
2k + 1

k

)
]2

1

22k+1(2k + 1)!
2j+2k−1 1

Γ(j + 2k + 2)
Γ4(k + 1 + j/2)

=
1

4

Γ(3/2)Γ3(1 + j/2)

Γ((3 + j)/2)

∑
k≥0

(3/2)k(1 + j/2)k(1 + j/2)k(1 + j/2)k
k!(2)k(2)k(3/2 + j/2)k

=
1

4

Γ(3/2)Γ3(1 + j/2)

Γ((3 + j)/2)
4F3(3/2, 1 + j/2, 1 + j/2, 1 + j/2; 2, 2, (3 + j)/2; 1).

The two converging cases are at j = −1

(114)

∫ ∞
0

1

x
I0(x)I1(x)K2

0 (x)dx =
π2

8
4F3(

3

2
,

1

2
,

1

2
,

1

2
; 2, 2, 1; 1)

≈ π2

8
· 1.067821023030172872049238222951.
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and at j = 0 [2]

(115)

∫ ∞
0

I0(x)I1(x)K2
0 (x)dx =

1

4
3F2(1, 1, 1; 2, 2; 1)

=
1

4
ζ(2) =

π2

24
≈ 0.41123351671205660911810379166.

(116)∫ ∞
0

xjI0(x)I1(x)K0(x)K1(x)dx =
∑

k=1,3,5,7,...

∫ ∞
0

xji10(k)
xk

2kk!
K0(x)K1(x)dx =

∑
k≥0

∫ ∞
0

xj [

(
2k + 1

k

)
]2

x2k+1

22k+1(2k + 1)!
K0(x)K1(x)dx =

∑
k≥0

[

(
2k + 1

k

)
]2

1

22k+1(2k + 1)!
Γ01(j+2k+1)

=
∑
k≥0

[

(
2k + 1

k

)
]2

1

22k+1(2k + 1)!
2j+2k−3 j + 2k + 1

(j + 2k)!
Γ4(k + 1/2 + j/2)

=
1

4

Γ(3/2)Γ3(1/2 + j/2)

Γ(1 + j/2)

∑
k≥0

(1/2+j/2)(3/2+j/2)k
(3/2)k(1/2 + j/2)k

k!(2)k(2)k(1 + j/2)k(1/2 + j/2)k

=
1 + j

8

Γ(3/2)Γ3(1/2 + j/2)

Γ(1 + j/2)
5F4(

3 + j

2
,

3

2
,

1 + j

2
,

1 + j

2
,

1 + j

2
; 2, 2, 1+

j

2
,

1 + j

2
; 1).

At j = 0 this is

(117)

∫ ∞
0

I0(x)I1(x)K0(x)K1(x)dx =
1

8

π2

2
4F3(

3

2
,

3

2
,

1

2
,

1

2
; 2, 2, 1; 1)

≈ π2

16
· 1.3200141469579356241340239985190.

Remark 5. The contiguous relations imply [7, 10]

(118) 4F3(
3

2
,

3

2
,

1

2
,

1

2
; 2, 2, 1; 1) = 4F3(

1

2
,

1

2
,

1

2
,

1

2
; 2, 2, 1; 1)

− 44F3(
1

2
,

1

2
,

1

2
,

1

2
; 2, 1, 1; 1) + 44F3(

1

2
,

1

2
,

1

2
,

1

2
; 1, 1, 1; 1).

(119)

∫ ∞
0

xjI21 (x)K2
0 (x)dx =

∑
k=2,4,6,8,...

∫ ∞
0

xji11(k)
xk

2kk!
K2

0 (x)dx

=
∑
k≥1

∫ ∞
0

xj
(

2k

k − 1

)(
2k

k

)
x2k

22k(2k)!
K2

0 (x)dx =
∑
k≥1

(
2k

k − 1

)(
2k

k

)
1

22k(2k)!
Γ00(j+2k)

=
∑
k≥1

(
2k

k − 1

)(
2k

k

)
1

22k(2k)!
2j+2k−2 1

Γ(j + 2k + 1)
Γ4(k + 1/2 + j/2)

=
1

4

Γ(3/2)Γ3(3/2 + j/2)

Γ(3)Γ(j/2 + 2)

∑
k≥0

(3/2)k(3/2 + j/2)k(3/2 + j/2)k(3/2 + j/2)k
k!(3)k(2)k(j/2 + 2)k

=
1

8

Γ(3/2)Γ3(3/2 + j/2)

Γ(j/2 + 2)
4F3(

3

2
,

3 + j

2
,

3 + j

2
,

3 + j

2
; 3, 2, 2 +

j

2
; 1).
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The three converging cases are at j = −2
(120)∫ ∞

0

1

x2
I21 (x)K2

0 (x)dx =
π2

16
4F3(

3

2
,

1

2
,

1

2
,

1

2
; 3, 2, 1; 1) ≈ π2

16
·1.0398951971477615654901270587830,

at j = −1
(121)∫ ∞

0

1

x
I21 (x)K2

0 (x)dx =
1

8
3F2(1, 1, 1; 3, 2; 1) ≈ 1

8
·1.289868133696452872944830333292,

and at j = 0

(122)∫ ∞
0

I21 (x)K2
0 (x)dx =

π2

128
4F3(

3

2
,

3

2
,

3

2
,

3

2
; 3, 2, 2; 1) ≈ π2

128
·2.4089983305557497517443793026930.

Remark 6. There is a weak link to (69) via [9]

(123) 4F3(
1

2
,

1

2
,

3

2
,−1

2
; 1, 1, 1; 1) = 8/π2 − 1

32
4F3(

3

2
,

3

2
,

3

2
,

3

2
; 2, 2, 3; 1)

= 24F3(
1

2
,

1

2
,

1

2
,−1

2
; 1, 1, 1; 1)− 4F3(

1

2
,

1

2
,

1

2
,

1

2
; 1, 1, 1; 1).

(124)

∫ ∞
0

xjI21 (x)K0(x)K1(x)dx =
∑

k=2,4,6,8...

∫ ∞
0

xji11(k)
xk

2kk!
K0(x)K1(x)dx

=
∑
k≥1

∫ ∞
0

xj
(

2k

k − 1

)(
2k

k

)
x2k

22k(2k)!
K0(x)K1(x)dx

=
∑
k≥1

(
2k

k − 1

)(
2k

k

)
1

22k(2k)!
Γ01(2k + j)

=
∑
k≥1

(
2k

k − 1

)(
2k

k

)
1

22k(2k)!
22k+j−4

2k + j

(2k + j − 1)!
Γ4(k + j/2)

=
1

4

Γ(3/2)Γ3(1 + j/2)

Γ(3)Γ(3/2 + j/2)

∑
k≥0

(j/2+1)
(j/2 + 2)k
(j/2 + 1)k

(3/2)k(1 + j/2)k(1 + j/2)k(1 + j/2)k
k!(3)k(2)k(3/2 + j/2)k

=
1

8
(1 + j/2)

Γ(3/2)Γ3(1 + j/2)

Γ(3/2 + j/2)
4F3(2 +

j

2
,

3

2
, 1 +

j

2
, 1 +

j

2
; 3, 2,

j + 3

2
; 1).

The two converging cases are at j = −1

(125)∫ ∞
0

1

x
I21 (x)K0(x)K1(x)dx =

π2

32
4F3(

3

2
,

3

2
,

1

2
,

1

2
; 3, 2, 1; 1) ≈ π2

32
·1.151598500677406791726571715453,

and at j = 0

(126)

∫ ∞
0

I21 (x)K0(x)K1(x)dx =
1

8
2F1(1, 1; 3; 1) = 1/4.
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(127)

∫ ∞
0

xjI21 (x)K2
1 (x)dx =

∑
k=2,4,6,8,...

∫ ∞
0

xji11(k)
xk

2kk!
K2

1 (x)dx

=
∑
k≥1

∫ ∞
0

xj
(

2k

k − 1

)(
2k

k

)
x2k

22k(2k)!
K2

1 (x)dx

=
∑
k≥1

(
2k

k − 1

)(
2k

k

)
1

22k(2k)!
Γ11(2k + j)

=
∑
k≥1

(
2k

k − 1

)(
2k

k

)
1

22k(2k)!
22k+j−6

(2k + j − 1)2(2k + j + 1)

(2k + j − 2)!(2k + j)
Γ4(k + j/2− 1/2)

=
1

4

Γ(3/2)Γ(j/2 + 5/2)Γ2(j/2 + 3/2)

Γ(3)(1/2 + j/2)Γ(2 + j/2)

∑
k≥0

(1/2+j/2)k
(3/2)k

k!(3)k(2)k(2 + j/2)k
(j/2+5/2)k(j/2+3/2)k

=
1

4

Γ(3/2)Γ(j/2 + 5/2)Γ2(j/2 + 3/2)

(1 + j)Γ(2 + j/2)
4F3(

1 + j

2
,

3

2
,
j + 5

2
,
j + 3

2
; 3, 2, 2 +

j

2
; 1).

The only converging case occurs at j = 0:

(128)∫ ∞
0

I21 (x)K2
1 (x)dx =

3π2

128
4F3(

1

2
,

3

2
,

3

2
,

5

2
; 2, 2, 3; 1) ≈ 3π2

128
·1.6306820042141129112270480293907.

The values (114), (112), (117) and (122) are coupled via the 4th line of (101) at
j = −1.

5. Summary

Algorithms 2, 3, 5 and 6 compute 10 different types of products of four Modified
Bessel Functions multiplied by a power xj recursively for increasing exponent j.

Appendix A. Numerical Integration

For small upper limits, a series expansion of the product of the Bessel Func-
tions in the integrand leads to stable numerical representations. The basic series
expansions are [1, 9.6.10]

(129) Iν(z) =
∑
l≥0

1

l!Γ(ν + l + 1)
(z/2)2l+ν

and

(130)

K0(z) = −[ln
z

2
+γ]I0(z)+

∑
k≥1

H(k)
(z2/4)k

(k!)2
= − ln

z

2

∑
k≥0

(z2/4)k

(k!)2
+
∑
k≥0

(H(k)−γ)
(z2/4)k

(k!)2
,

where H(k) =
∑k
l=1 1/l, H(0) = 0, are the Harmonic Numbers.
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The multinomial expansion is

(131)

(z/2)lIν(z)K3
0 (z) = − ln3 z

2

∑
v≥0

v∑
n=0

n∑
m=0

m∑
k=0

1

(k!)2(m− k)!2
1

((n−m)!)2
1

(v − n)!Γ(ν + v − n+ 1)
(z/2)2v+l+ν

−3 ln
z

2

∑
v≥0

v∑
n=0

n∑
m=0

m∑
k=0

H(k)− γ
k!2

H(m− k)− γ
(m− k)!2

1

((n−m)!)2
1

(v − n)!Γ(ν + v − n+ 1)
(z/2)2v+l+ν

+3 ln2 z

2

∑
v≥0

v∑
n=0

n∑
m=0

m∑
k=0

1

(k!)2
H(m− k)− γ

((m− k)!)2
1

((n−m)!)2
1

(v − n)!Γ(ν + v − n+ 1)
(z/2)2v+l+ν

+
∑
v≥0

v∑
n=0

n∑
m=0

m∑
k=0

H(k)− γ
k!2

H(m− k)− γ
(m− k)!2

H(n−m)− γ
((n−m)!)2

1

(v − n)!Γ(ν + v − n+ 1)
(z/2)2v+l+ν .

The presence of the log(z/2) factor proposes to use z = 2 as an upper limit, [8,
2.722]

(132)

∫ 2

0

lnj
z

2
(z/2)2v+ldz = (−)j

2j!

(2v + 1 + l)j+1
, j = 0, 1, . . . .

(133)∫ 2

0

(z/2)lIν(z)K3
0 (z)dz =

∑
v≥0

1

v!(v + ν)!

v∑
n=0

n∑
m=0

m∑
k=0

(
m

k

)2(
n

m

)2(
v

n

)(
v + ν

n

)
12

(2v + 1 + l + ν)4

+
∑
v≥0

1

v!(v + ν)!

v∑
n=0

n∑
m=0

m∑
k=0

(
m

k

)2(
n

m

)2(
v

n

)(
v + ν

n

)
(H(k)−γ)(H(m−k)−γ)

6

(2v + 1 + l + ν)2

+
∑
v≥0

1

v!(v + ν)!

v∑
n=0

n∑
m=0

m∑
k=0

(
m

k

)2(
n

m

)2(
v

n

)(
v + ν

n

)
(H(m−k)−γ)

12

(2v + 1 + l + ν)3

+
∑
v≥0

1

v!(v + ν)!

v∑
n=0

n∑
m=0

m∑
k=0

(
m

k

)2(
n

m

)2(
v

n

)(
v + ν

n

)
(H(k)−γ)(H(m−k)−γ)(H(n−m)−γ)

2

2v + 1 + l + ν
.

In an equivalent way [1, 9.6.11]
(134)

K1(z) =
1

2

1

z/2
+
z

2
ln
z

2

∑
k≥0

1

k!(1 + k)!
(z/2)2k−1

2

z

2

∑
k≥0

[2H(k+1)− 1

k + 1
−2γ]

(z/2)2k

k!(k + 1)!

where we have replaced

(135) ψ(k+1)+ψ(k+2) = H(k)+H(k+1)−2γ = 2H(k+1)− 1

k + 1
−2γ, k ≥ 0.

Definition 4.

(136) H2(k) ≡ H(k) +H(k + 1)− 2γ.
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The multinomial expansion of the product is

(137) (z/2)lIν(z)K3
1 (z) =

1

23

∑
k≥0

1

k!Γ(ν + k + 1)
(z/2)2k+ν−3+l

+ln3 z

2

∑
v≥0

v∑
n=0

n∑
m=0

m∑
k=0

1

k!(1 + k)!

1

(m− k)!(1 +m− k)!

1

(n−m)!(1 + n−m)!

1

(v − n)!Γ(ν + v − n+ 1)
(z/2)2v+ν+3+l

− 1

23

∑
v≥0

v∑
n=0

n∑
m=0

m∑
k=0

H2(k)

k!(k + 1)!

H2(m− k)

(m− k)!(m− k + 1)!

H2(n−m)

(n−m)!(n−m+ 1)!

1

(v − n)!Γ(ν + v − n+ 1)
(z/2)2v+ν+3+l

+
3

22
ln
z

2

∑
m≥0

m∑
k=0

1

k!(1 + k)!

1

(m− k)!Γ(ν +m− k + 1)
(z/2)2m+ν−1+l

− 3

22
1

2

∑
m≥0

m∑
k=0

[H2(k)]
1

k!(k + 1)!

1

(m− k)!Γ(ν +m− k + 1)
(z/2)2m+ν−1+l

+
3

2
ln2 z

2

∑
n≥0

n∑
m=0

m∑
k=0

1

k!(1 + k)!

1

(m− k)!(1 +m− k)!

1

(n−m)!Γ(ν + n−m+ 1)
(z/2)2n+ν+1+l

+
3

2

1

22

∑
n≥0

n∑
m=0

m∑
k=0

H2(k)

k!(k + 1)!

H2(m− k)

(m− k)!(m− k + 1)!

1

(n−m)!Γ(ν + n−m+ 1)
(z/2)2n+ν+1+l

−3

2
ln2 z

2

∑
v≥0

v∑
n=0

n∑
m=0

m∑
k=0

1

k!(k + 1)!

1

(m− k)!(m− k + 1)!

H2(n−m)

(n−m)!(n−m+ 1)!

1

(v − n)!Γ(ν + v − n+ 1)
(z/2)2v+ν+3+l

+
3

22
ln
z

2

∑
v≥0

v∑
n=0

n∑
m=0

m∑
k=0

1

k!(k + 1)!

H2(m− k)

(m− k)!(m− k + 1)!

H2(n−m)

(n−m)!(n−m+ 1)!

1

(v − n)!Γ(ν + v − n+ 1)
(z/2)2v+ν+3+l

− 6

22
ln
z

2

∑
n≥0

n∑
m=0

m∑
k=0

1

k!(k + 1)!

H2(m− k)

(m− k)!(m− k + 1)!

1

(n−m)!Γ(ν + n−m+ 1)
(z/2)2n+ν+1+l.
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The definite integral is

(138)

∫ 2

0

(z/2)lIν(z)K3
1 (z) =

1

22

∑
k≥0

1

k!Γ(ν + k + 1)

1

2k + ν − 2 + l

−2·6
∑
v≥0

v∑
n=0

n∑
m=0

m∑
k=0

1

k!(1 + k)!

1

(m− k)!(1 +m− k)!

1

(n−m)!(1 + n−m)!

1

(v − n)!Γ(ν + v − n+ 1)

1

(2v + ν + 4 + l)4

− 1

22

∑
v≥0

v∑
n=0

n∑
m=0

m∑
k=0

H2(k)

k!(k + 1)!

H2(m− k)

(m− k)!(m− k + 1)!

H2(n−m)

(n−m)!(n−m+ 1)!

1

(v − n)!Γ(ν + v − n+ 1)

1

2v + ν + 4 + l

− 3

2

∑
m≥0

m∑
k=0

1

k!(1 + k)!

1

(m− k)!Γ(ν +m− k + 1)

1

(2m+ ν + l)2

− 3

2

1

2

∑
m≥0

m∑
k=0

H2(k)
1

k!(k + 1)!

1

(m− k)!Γ(ν +m− k + 1)

1

2m+ ν + l

+3·2
∑
n≥0

n∑
m=0

m∑
k=0

1

k!(1 + k)!

1

(m− k)!(1 +m− k)!

1

(n−m)!Γ(ν + n−m+ 1)

1

(2n+ ν + 2 + l)3

+3
1

22

∑
n≥0

n∑
m=0

m∑
k=0

H2(k)

k!(k + 1)!

H2(m− k)

(m− k)!(m− k + 1)!

1

(n−m)!Γ(ν + n−m+ 1)

1

2n+ ν + 2 + l)

−3·2
∑
v≥0

v∑
n=0

n∑
m=0

m∑
k=0

1

k!(k + 1)!

1

(m− k)!(m− k + 1)!

H2(n−m)

(n−m)!(n−m+ 1)!

1

(v − n)!Γ(ν + v − n+ 1)

1

(2v + ν + 4 + l)3

−3

2

∑
v≥0

v∑
n=0

n∑
m=0

m∑
k=0

1

k!(k + 1)!

H2(m− k)

(m− k)!(m− k + 1)!

H2(n−m)

(n−m)!(n−m+ 1)!

1

(v − n)!Γ(ν + v − n+ 1)

1

(2v + ν + 4 + l)2

+
6

2

∑
n≥0

n∑
m=0

m∑
k=0

1

k!(k + 1)!

H2(m− k)

(m− k)!(m− k + 1)!

1

(n−m)!Γ(ν + n−m+ 1)

1

(2n+ ν + 2 + l)2
.

Appendix B. Higher Derivatives

In conjunction with Euler-Maclaurin formulas, higher derivatives of the Modified
Bessel Functions are needed. They both obey a differential equation of the form [1,
9.6.1]

(139)
d2

dz2
Lν = (1 + ν2/z2)Lν −

1

z

d

dz
Lν .

By repeated differentiation, these derivatives may be bootstrapped from the value
and first derivative at the desired argument z, where the prime denotes derivation
with respect to the argument z:

(140)
d3

dz3
L0 =

1

z2
[(2 + z2)L′0 − zL0].

(141)
d4

dz4
L0 =

1

z3
[(−6− 2z2)L′0 + (3z + z3)L0].

(142)
d5

dz5
L0 =

1

z4
[(24 + 7z2 + z4)L′0 + (−12z − 2z3)L0].



INTEGRALS OVER FOUR MODIFIED BESSEL FUNCTIONS 23

(143)
d6

dz6
L0 =

1

z5
[(−120− 33z2 − 3z4)L′0 + (60z + 9z3 + z5)L0].

(144)
d7

dz7
L0 =

1

z6
[(720 + 192z2 + 15z4 + z6)L′0 + (−360z − 51z3 − 3z5)L0].

This defines reduction polynomials p

(145)
dn

dzn
L0 =

1

zn−1
[p01n(z)L′0 + p00n(z)L0].

with recurrences

(146) p01n = (1− n)p01n−1 + zp′01n−1 + zp00n−1;

(147) p00n = (2− n)p00n−1 + zp′00n−1 + zp01n−1.

In the equivalent manner for index ν = 1

(148)
d3

dz3
L1 =

1

z3
[(3z + z3)L′1 + (−z2 − 3)L1].

(149)
d4

dz4
L1 =

1

z4
[(−12z − 2z3)L′1 + (5z2 + 12 + z4)L1].

(150)
d5

dz5
L1 =

1

z5
[(60z + 9z3 + z5)L′1 + (−24z2 − 60− 2z4)L1].

(151)
d6

dz6
L1 =

1

z6
[(−360z − 51z3 − 3z5)L′1 + (141z2 + 360− 12z4 + z6)L1].

(152)
d7

dz7
L1 =

1

z7
[(2520z+345z3+18z5+z7)L′1+(−975z2−2520−78z4−3z6)L1].

(153)
dn

dzn
L1 =

1

zn
[p11n(z)L′1 + p10n(z)L1].

(154) p11n = −np11n−1 + zp′11n−1 + zp10n−1.

(155) p10n = (1− n)p10n−1 + zp′10n−1 + (z +
1

z
)p11n−1.

If a break point is set at z = 2 for a Euler-Maclaurin expansion, the starting
values are [12, A070910,A096789]

(156) I0(2) ≈ 2.2795853023360672674372044408;

(157) I ′0(z) = I1(2) ≈ 1.5906368546373290633822544250;

(158) I ′1(z) ≈ 1.4842668750174027357460772283;

(159) K0(2) ≈ 0.11389387274953343565271957493;

(160) K1(2) = −K ′0(2) ≈ 0.13986588181652242728459880703;

(161) K ′1(2) ≈ −0.18382681365779464929501897845.
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