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Consider:
Dpxf = arf +ayf?
Let
f=Qu
Then:

Dh,xf = Dh,xuﬂ + uDh,xQ + hDh,quh,x‘Q
Thus we have:
Dy uQ + uDp , Q + hDp ,uDp, O = a;Qu + a,Q%u?

If we let:

410 — Dy, Q
Q + hDp, Q.

For a constant k.
This yields

Dp Q2 —a Q= kQ + khDj , Q
Giving us:

0=(k+a)Q+ (kh—1)Dp,Q
Which is a linear Difference equation we can solve for (.

Note that the function in equation
Dh,xf =af + a2f2

After finding a suitable () can be reduced to
Dpu = ku + b(x)u?
Meaning that

Dpu =u(b(x)u+ k)



Now suppose we assume:

q a/(1+h)PT 1
u=0+hr->D,u=0+h)r|————
’ h h
If we can resolve:
(1+h)Prxa 1
T h" b(x)u+ k

We're done. But some care is needed since if kh = 1 we get a problem.
0=(k+a)Q+ (kh—1)Dp,Q

Then declare that

1 —
n= K
Thus we are left with the question. Find q if:
1+ h)Prxd 1+ h)Prxd q
% =b(x)u - % =b(x)(1+ h)r

This gives us
q
(1 + h)Prxq = hb(x)(1 + h)h >
q
Dp,xq = logy4n hb(x) + w7

1
Dpxq — 7d= logq+n hb(x)

We solve this by the technique of coupled integration factors. We declare:
bl
A
Such that:

Al + hDh,xll = Az

1
Dh,x/11 = - 57\2

From which it follows



Al = 22.2
1
Dh,x/ll = __/11

The latter yields us a solution assuming exponential ansatz:

mx) (1 + h)Pram — 1 1
M=0+h) h ->Dpdy =4 n = _ﬁ/h
Thus:
(1 + h)Pra™m — 1 1 1 1
- =557 (1 + h)Pram =5 m=logi (E) x
Thus:

From here it follows:

1 _xth
(E) q = Dpx [2 - logyin hb(x)]

And therefore
x _Xxth
q = 2rD; [2 hlogqin hb(x)]
And from here we find that:
q 12%0,:;[2‘%}1 1ogy+h hb(x)]
u=A+r->u=>0+n" "
We now solve the Omega equation which was:
0=(k+a)Q+ (kh—1)Dp,Q
Meaning:
1
0= (_E + a1> QO+ (=1-1)Dp,0
Which breaks down to
1
0 = (a1 - E) Q - ZDh,X‘Q'

We can solve this like any classical difference equation by resolving terms:



1 1
0= —E<a1 _E)Q+Dh,x9

Now we use the technique of dual-integration factors. We declare that

1 1
Dh,x (/119) = - E (al - E) Q)\Z + Dh,xQ}\Z

From which it arises that
1 1
Dh,xll‘Q‘ + Ath'x.Q + hDh,xlth,X‘Q = — E (a1 - E) Q}\z + Dh,xQ}\Z

Thus we create the system
/’11 + hDh,x/ll = /’12

1 1
Dpxds = — 2 (‘11 - E) Az

From here it becomes clear that

1, 1
A, - h—(a1 ——)7\2 — 2

2 h
Which yields
h 1 a1h2 —h
1+E(a1_ﬁ> AZZA]_—)A]_= 1+—2h 12
And yet
1 1
DpxAq 2 (al E) Az
Therefore

ja-p)
(1+a1h2— h) 1

Dh,x/ll = -
2h

To avoid ballooning our formula we simplify here and then solve this as a classical example of the
exponential.



ah—1
(12h ) alh_l

<2h + a,h? — h) A= Dy = ah?+h"?t

Dh,xll = -
2h

Now consider the function
Yy
A(x) = (1 +h)r

For a function y. Then it trivially follows that

(1+Rh)Pr =1\ ah—1
Dnxts =4 h T @ hZ+h !

And therefore:

1 2a,h
Y =Dpyx [1081+h (m)]

We thus recall that:
1
0= ——(a1 _E)Q + Dp, Q)

Multiply both sides by the given A, that can be derived from our A; and then integrate to conclude

¢, = a0 +nyPilone )

And therefore
1 2a.h
C,(1+ h)_ﬁDh'ﬁlﬂ[log1+h(a1h1+1)] =0
Now recall the original:

Dpxf = aif + apf?

We made the substitution:

f=Qu
To yield:
Dy u = —ku+ Q_I_aﬁuz
We note that this yields
Dp,u= — %u + bou?



Whereas:

a
bo ==

Cc,(1+ h)_%D’Z}c[log“h(atzlaTlﬂ-hl)] +C,(1+ h)_ %Dﬁ,;lc[l(’guh(%)] (12; C;llzh)
1

Which (due to the generality of the constant C) gives us

l -1 2a1h l -1 2a1h
G (1+h) hDh.X[‘°g1+h(a1h+1)]a2 L a,a,C; (1 +h) hDhrx[l°g1+h(a1h+1)]
0~ 1+1_a1h 0~ Zalhz—a1h+1
2a,h?

Note that we already have that :

1% 1[ ‘%1 (x)
72hDp x| 2 0g1+n hb(x
u=1+n"

Therefore:

xth <a1a2C1(1+h) %D’_"%‘[logl”h(%)])]

1% 4. X2
—2h h
n? Dh.Xlz 10g1+n 2a,h2—a;h+l

u=(1+h)

And therefore since:

We have

(M[(—ﬂﬂ

1 SN il
f=C(1+h) b aih+1/1(1 4+ h)

As the general solution to the constant-depressed: Riccati like equation. We now consider the radical
formula:

Dpxf = aif + ayf?

0= —f(x+h) + (1 +hay)f + hayf?

1+ ha, 1
f=- 2ha, +2ha2\/

(1 + hay)? + 4ha, f(x + h)

This yields:



2ha,f + 1+ hay

1+ hay(x + h 1
=Jm+h%y+4mA—ngéihﬁ+2Mﬂx+mJu+h%@+my+4mxx+m¢i

In general if we have :

a(x) + b(x)Ja(x +h)+ b(x+ h)\/a(x +2h) + b(x + 2h)V/...

We have that

1

b(x) = 2ha,(x + h)

1+ ha(x+h)

Cl(X) = (1 + ha1)2 - 4‘ha2m

We can solve for a,, a, interms of aand b

a,(x+h) = 2hb(x)
1
Prxdz ¥ 3% = 5200

And now we can resolve that using coupled integration factors

Al + Dh,le == Az

1
Dh,x)ll = E'lz
1
Al == (1 - E) AZ
1 1
Dpyis = 1 A= h— 111
h(1-7)

Naturally we assume exponential form:

w(x) (1 + h)Pravw — 1 1
M=Q@+h)yh > Dp Ay =X =

h



1 2h—1 2h—1
w = Dpy [10g1+h (—h 1 )] =logi4n (—h — )x

X X
_(2h—1>E)L h—1(2h—1)ﬁ
" \h-1/) """

Thus it follows:

X X
(2h—1)ﬁ_ p-1 h—1 (Zh—l)ﬁ L
2 = Phx e \h— 1 2

X X
_ <2h - 1)‘% p-1 h—1 (Zh - 1>E p
%2 = R 2R3h0) \h — 1 2

Now we return to the second half of the original challenge:

1+ ha(x + h)
2hay(x + h)

a(x) = (1 + hay)? — 4ha,
Which simplifies to:
a(x) = (1 + hay)? — 2(1+ hay(x + h))
Yielding
a(x) = 1+ 2ha;(x) + a? — 2 —2ha,(x + h)
a(x) + 1 = 2ha,(x) — 2ha,(x + h) + a?
1+a(x) = —2h* Dpya, + a2

1+ax) 1

Phxts =g * 32

This is not yet something we know how to solve, but if a single test solution:
6(x)
We can reduce this equation to something we do know how to solve.
a;=E+06-

1+ a(x) 1
DpyE+ Dp,0 =———5—+

T Ei—15(15'2+ 2E6 + 6?%)

D E—9E+ 152
hx™ =9 2h2



This has the solution we generated:

| poiossnf |
X X >
L on %ZED}Z} Z_TlothI C3(1+h) 9 2 I‘
_ED’;}C 10g1+h<9—> | k h?-zh+1 )l
E =C3(1+h) 2"1/1(1 + h) | |
Therefore:
p—)
x x+h ’ Sh+1
1 oh %ZHD,Z}(lz_TIOth 8C;(1+h) , 0 : |
_ED};}C logi+h| g \ Oh2—-h+1 }|
a; = 0+C3(1+h) 2"1/1(1 + h) | |

And we already derived

X X
_ (Zh — 1)7 p-1 h—1 (Zh — 1>E L
2=\ nx |23 () \h — 1 2

Furthermore let:

1. x5 4], X2
—2h h
R2MDhx|2 P 1081tn Za,hZ—a;h+1

_x+h <a1a2 C1(1+h) %D;L;c[l‘)g1+h(azlaT1fl)]>‘

1. 2a:h
f=0C01+ h)—ﬁDn.}c[log1+h(a16;11+1)](1 + h)
Then:

2ha,f + 1+ ha;

Is the solution to the infinite radical, once the constants have been appropriate set to account for the
radical’s roots of unities. Note that if:

a(x) = —1thenit follows that

xth <a1a2C1(1+h) %D’_"%‘[logl*'h(%)])]

1. X _xtn
Eth,;}c 27k logi4n

1 .1 2a.h 2a,h%-a;h+1
. | A
a; = lim C;(1+h) " h"“[og“h(alh“)](l + h)
a;—-0
1
4275n2

And thus we have a closed form.

Furthermore note that:

Dpxf = aif + apf?



Can be split up:
Du+ Dv = aju+ a,v + a,u? + 2a,uv + a,v?

Such that:

Yields:
Du = (a,v + a,v? — Dv) + a,u?

Which itself shows a mapping exists from our class to the second, finding the inverse mapping is the
next challenge, whose completion will resolve this area and ready us for braver generalizations.



