The formula of (N)
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Abstract

The formula of prime-counting function (N = 6n + 3) is described below.
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where, B(6k — 1) =t(6k —1) — 2,86k + 1) =t(6k +1) — 2, ...

1. Introduction

We study 6n + 1 type number because all of the prime number is 6n + 1 type with the
exception of 2,3 and 4n + 1 type has the multiple of 3. We know that the numerical expression of
T(N),a(N) is not exist when the prime factorization of N is unknown, but if the prime factorization
of N is known then the numerical expression of t(N),a(N) is exist. For solving this problem, we
obtain 7(6n + 1),0(6n + 1) by using the characteristics of 6n + 1 type when we don’t know the
prime factorization of N. And, we define p(N) if N is a prime number then 0 else 1, and we study
n(N) by using p(N). And by using the contents of the above, we study the numerical expression
about that the prime number 6x + 1 appears for the first time after the prime number 6p + 1.

2. The formula of m(N)

Definition 1. Unless otherwise stated, all of the numbers that are used in the contents of the following
is a natural number.

Definition 2. [] is Gauss expression, that is, floor function. For example, [1.3] =1

Definition 3. R is set of real number except integer.

Definition 4. For arbitrary d

(N) = { 0, if N is a prime number } (N) = { 0, if N is a prime number }
B " |d, if Nis1oracomposite number)’ P “ |1, if N is 1 or a composite number
Definition 5. “—,->” is an expression to simplify the distinction between the formula when we expand
the numberical expression. For example, when we expand a + 1 = 0 to obtain a = —1, we express

a+1=0-> a=-1.




Theorem 1. Characteristics of N = 6n + 1 type composite number
For a composite number of N = 6n + 1 type
If PIN, TIN, N=6n+1=PT(1<P<N,1<T<N) then P = +1(mod 6), T = +1(mod 6)
When N=6n+1,if P=6p+1,T=6t+1 then N=P+6tP, n=p +tP
if P=6p—1,T=6t—1 then N=—P +6tP, n=—p + tP
When N=6n-1,if P=6p+1,T=6t—1 then N=—-P+6tP, n=—p+tP
if P=6p—1,T=6t+1then N=P+6tP, n=p+tP
Further, the above formula always holds no matter if P is a prime number or a composite number.

Proof 1. Because N isa composite number, let us define N = PT and P =6p +r,T =6t +s
N =PT = (6p +r)(6t+5s) =6(6pt+ps+tr)+rs and N = +1(mod 6), So,

N = 6(6pt + ps +tr) + rs = rs = +1(mod 6). Because r,s istheoneof 0,+1,+2,+3,

r = +1(mod 6),s = +1(mod 6). Thatis, P = +1(mod 6), T = +1(mod 6)

In the case of N = 6n+ 1, because P = 1(mod 6),T = 1(mod 6) or P = —1(mod 6),T =

—1(mod 6), let us define P = 1(mod 6),T = 1(mod 6), thatis, P=6p+1,T =6t + 1

N=6n+1=PT=(6p+1)(6t+1)=36pt+6p+6t+1=6p+1+6t(6p+1)
=P+6tP=6(6pt+p+t)+1=6(p+t6p+1))+1=6(p+tP)+1

Therefore, N=6n+1=P +6tP, n=p+tP

Let us define P = —1(mod 6),T = —1(mod 6), thatis, P = 6p — 1,T = 6t — 1

N=6n+1=PT=(6p—1)(6t—1)=36pt—6p—6t+1=—(6p—1)+6t(6p—1)
=—P+6tP=6(6pt—p—t)+1=6(-p+t(6p—1))+1=6(—p+tP)+1

Therefore, N=6n+1=—-P + 6tP, n = —p + tP

In the case of N = 6n — 1, because P = 1(mod 6),T = —1(mod 6) or P = —1(mod 6),T =

1(mod 6), let us define P = 1(mod 6),T = —1(mod 6), thatis, P=6p+ 1,T =6t — 1

N=6n-1=PT = (6p+1)(6t—1)=36pt—6p+6t—1=—(6p+1)+6t(6p+1)
=—P+6tP=6(6pt—p+t)—1=6(-p+t6p+1)—1=6(-p+tP)—1

Therefore, N=6n—1=—P + 6tP, n = —p + tP

Let us define P = —1(mod 6),T = 1(mod 6), thatis, P=6p —1,T =6t + 1

N=6n-1=PT =(6p—1)(6t+1)=36pt+6p—6t—1=6p—1+6t(6p—1)
=P+6tP=6(6pt+p—t)—1=6(p+t6p—1))—1=6(p+tP)—1

Therefore, N=6n—1=P +6tP, n =p + tP

Further, because P|N, P is self-evidently a prime number or a composite number according to
unique factorization theorem. Therefore, the above formula always holds no matter if P isa prime

number or a composite number. m




Theorem2. B(N=6n+t1),t(N=6n+1),6(N=6n+1)

p(P) N=6n+1=PT=(6p+1)(6t+1) type N=6n+1=PT=(6p-1)(6t-1) type
n(N) 1(P=7) 2(P=13) 3(P=19) 1(P=5) 2(P=11) 3(P=17)
1(N=7)
2(N=13)
3(N=19)
4(N=25) N=25(t=1)

8(N=49) | N=49(t=1)

9(N=55)

10(N=61)

(Table2.1. N =6n+1 type)

We indicate N =6n+ 1 of N = 6n+ 1 type number on the record, P of N = PT on the column
in Table 2.1, Because N = PT = (6p + 1)(6t + 1) or N = PT = (6p — 1)(6t — 1) in the case of
N = 6n + 1 according to theorem , we indicate N = PT = (6p + 1)(6t + 1) on the left side of
column, and we indicate N = PT = (6p — 1)(6t — 1) on the right side of column.

As in the example of p = 1(P = 7), if we indicate the multiple of each p column of N = PT =
(6p + 1)(6t + 1) type, then N =49(t = 1),N = 91(t = 2) is displayed,
tin(t=1),(t=2)ist of 6t+1 and t meansthe t'th multiple of p column. Thatis,

N =49(n = 8,t = 1) isthe first(t = 1) multiple of 7, N =91(n = 15,t = 2) is the second

(t = 2) multiple of 7. If we write the multiple of each column on the cell as like this, as in the
example of N = 49, the record is a composite because some cells is filled, as in the example of

N = 17, the record is a prime because all cells is not filled.

And, as in the example of 91, the first multiple of 2 column is same with the second multiple of 1
column, that is, the t'th multiple of p column is duplicated with the p'th multiple of ¢ column.
The blue cell means such duplication.

Definition 6. In Table ,

Let us define [(N) as the sum of the number written to all the cells in N or less.

Let us define r(N) as the sum of the number except duplication of the numbers written to all the cells
in N or less.




Theorem2.1. N =6n+1 type
[n 1] [TL+1]

I(N=6n+1) = Z [6p ] Z [67;4-_)91]
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l(bn+1) —1(6(n— 1)+ 1) is the number of nontr1v1al d1v1sor of 6n+1.
t(N=6n+1)=2+1l6n+1)—-l(6(n—1)+1)

[Tl 1] [Tl+1]
o(N=6n+1)=1+6n+1)+ Z ([ ] (6p + 1)) Z ([:ptpl] (6p — 1))

p=1

([(n-1)-1 ;) -1 [(n ;)+1 \
n-1-p m—-1D+p L
_! Z < e ](6 +1)> Z ( — ](6p—1)>J

e B(N =6n+ 1) could be used by the one of formula below.
B(N=6n+1)= l(6n +1)— l(6(n 1) +1)

Z [l Z 6=
([(n-1)-1 1) 1] [(n 1)+1 \
{ Z [(n6p1-2 1 p] pzl [(n6p k :_ p]JL

BIN=6n+1)=r6n+1)—r(6(n—1)+1)

—1+\é€m 1@

- % (o) g (o)

(EtEn [HW \
Y (e Y (o))
\ )

por=onen=ron=2= 3 (5[5 2= 3 (5[5 -2

B(N=6n+1)=0g(6n+1)— 1+ (6n+1))




Theorem2.2. N =6n-—1 type
[n 1] [TL+1]
(N =6n-1)= Z [6p ] Z [6p 1]

w/ﬁ \/_

n+p n—p
r(W=6n—-1)= Z ([6p+1]_(p_1)>+ ; ([6p—1]_(p_1))
l(bn—1) — l(6(n 1) 1) is the number of nontrivial divisor of 6n — 1.
t(N=6n—-1)=2+Il6n—-1)—-l(6(n—1)—1)

[Tl 1] [Tl+1]

o(N=6n-1)=1+(6n—1) + Z ([ ](6p+1)) Z ([:p__pl] (6p—1))
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e B(N =6n—1) could be used by the one of formula below.
BIN=6n—-1)=1l(6n—1)—-l(6(n—1)—1)
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Proof 2.1. N =6n+1 type

Inthe caseof N=6n+1=PT =(6p+ 1)(6t+1)

Let us define A,, = 6a,, + 1 asanarbitray t'th multiple of p column in table .
According to theorem

Apro1 =6+t —1DP)+ 1,4, =6(p +tP) + 1,4y, = 6(p + (t+ 1)P) + 1 and
Aptr1— e =@P+E+DP)—(p+tP)=Paps—apr 1 =@+tP)—(p+ (@ —-1P)=P
So, {ay.} isarithmetic progression, let us define d as the common difference, d = P,

ape =pt+tP=ay,;+(t—1)d=7p+1+(t— 1P

n
Because a,; <m,so,p+tP<n-t<

p . M—py_[n—D
,s0,length of a, 15[ P ]—[ ]

6p +1

n—1
Because a,; <n,50,a,;(=7p+1)<n—->p< ]

, s0, number of p column is [

7]

n [e—
Therefore, let us define [, (N) as ((N) of N = (6p + 1)(6t + 1),l,(N=6n+1) = Z [ P
p=1

6p +1

And, a general term of the m'th multiple of ¢ columnis a;,, =t + m(6t + 1).

If m=p,thena,,, =t+p6t+1)=t+6tp+p=p+tép+1)=p+tP =ay,,.

That is, t'th term of p asthe t'th multiple of p column is duplicated with p'th term of t as the
p'th multiple of t column. To exclude such duplication, in the case of t < p, we exclude only the
t'th duplicated multiple of a,, in 1 <t <p, because a;,, has already same thing.

Let us define {c,.} as arithmetic progression except duplication of a, ., the common difference is

d = P, but the initial term should be t = p. So

Cp1=0ap,=D+pP=p+pl6p+1) =6p*+2p

: n—p n—p
The length of ¢, ; is the length of a,, . — (p — 1), so, [ 2 ] —-(p—-1)= [

6p +1

]—(p—l)
—14++vV6n+1
6

Because ¢, 1 < 1,50,¢p 1 (= 6p2+2p)<n->1<p<

Therefore, Let us define r, (N) asr(N) of N = (6p + 1)(6t + 1)

—1+xé€m]
e Y (5] 0o)
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For reference, c,, is perfect squre because 6(6p? +2p) +1 = 36p>+12p +1 = (6p + 1)%




Inthe caseof N =6n+1=PT = (6p—1)(6t—1)

Let us define B, = 6b,, + 1 asan arbitray t'th multiple of p column in table .
According to theorem

Byi-1=6(-p+ ({t—1P)+1,B,; =6(—p+tP) + 1,By 11 = 6(—p + (t + 1)P) + 1 and
bpes1 —bpe =(p+@E+1P)—(—p+tP) =P, byt —bpr 1 =(p+tP)—(—p+(t—
DP=P.

So, {b,.} is arithmetic progression, let us define d as the common difference, d = P,
ageneral termis b, = —p+tP =b,; +(t—1)d=5p—1+ (t— 1P

n+p . [n+p n+p
Because bp,t <nso,—p+tP<n-t< , 0, the length ofbprt is [ P ] = [6p — 1]
n .o m+1
Because b, 1 < n,50,bp; =5p—1<n-p< S , 50, the number of p column is [ z ]
]

n+p]

Therefore, let us define [_(N) as [(N) of N = (6p — 1)(6t —1),I_(N=6n+1) = Z [6p 1

p=1

And, a general term of the m’th multiple of ¢ columnis b;,, = —t + m(6t — 1).

If m=p,then b, =—t+p(6t—1)=—t+6tp—p=—-p+t(6p—1)=—p+tP=by,;
According to the same principle as the above N = (6p + 1)(6t + 1), let us difine {d,;} as
arithmetic progression except duplication of b, , the common difference is d = P, but the initial
term should be t = p. So, d,; =b,, =—p+pP=—p+p(6p —1) = 6p> —2p

-0-v=[z5]-0-v

n+
The length of d,, ; is the length of b, — (p — 1), so, [ P

1++véen+1
Because,d, ; <n,s0,dp ;1 = 6p?—2p<n->1<p< —
Therefore, let us define r_(N) asr(N) of N = (6p — 1)(6t — 1)
1+/6n+1
6
n+p
- (N=6n+1) = Z ( ~(p-1 )
rW=enen= ) ([gmgl 0D
p:

For reference, d,, is perfect squre because 6(6p® —2p) + 1 =36p* —12p +1 = (6p — 1)2.
By summarizing the above contents, [((N) = [, (N) + [_(N) and r(N) =r,(N) + r_(N), so

[n 1] n+1
IIN=6n+1)= Z [6p ] Z [6np+—p1]

weane S (o) 3 (2] 0
p=1 p=1




P<N

. n—p m—-1D-p n+p] n-1)+p
Let us define U = - E E
etus deline [6p+1] [ ep+1 |0 " lep—1 op—1 |'% v+ v

P>1 P>1

IfPl6n+ 1thenP t 6(n—1) + 1,s0

- n-— n—1)— n—1)—
The length of a, ; is p] p t,and,M<t_> ﬁ =t—1,
’ 6p +1 6p +1 6p +1 6p +1
n-— n—1)—
Therefore,U:[ Pl_ ( )—P =t—(t—1)=1,
6p +1 6p +1
n+ n+ n—1)+ n—1)+
The length of by, ; is p = p =t,and,w<t—> w =t—1
’ 6p—11 6p—1 6p — 1 6p—1
n+ n—1)+
Therefore, V = p ( )*+p =t—(t-1)=1
6p—1 6p — 1
If Pton+1,
i 6m+1 60+1
let us definem < n < o,P|é6m + 1,P|60 + 1, P =6t+1, P =6(t+1)+1
n—p n— n-1)-p (n-1)-p
t< <t+1 [ ]Zt, dt ———<t+1 —| = t, S0,
6p + 1 “lep+ 1)~ 6p + 1 METES 50
[z (mn-D-p]_, _, _
6p +1 6p +1
n+p (m-D+p (n-1D+p
t < <t+1 [ ]Zt, dt——<t+1 —F | = t, S0,
6p — op—1_ " 6p— 1 _)[ 6p— 1 °
n+ n—1)+
=[ P1_|=D+p| _. . _,
6p —1 6p —1
By summarizing the above contents, if P|én +1 then U =V =1,
if Ptén+ 1,thenU =V =0, so,
P<N P<N 1<P<N 1<P<N 1<P<N 1<P<N
R=ZU+ZV=ZU+ZU+ZV+ZV
P>1 P>1 6p+1|N 6p+1tN 6p—1|N 6p—1tN
1<P<N 1<P<N 1<P<N 1<P<N 1<P<N 1<P<N 1<P<N 1<P<N
= DU+ Y Ve Y U Y V= Y 1+ Y 1+ ) 04 Y0
6p+1|N 6p—1|N 6p+1tN 6p—1tN 6p+1|N 6p—1|N 6p+1tN 6p—1tN
1<P<N 1<P<N 1<P<N
- z 1+ z 0= Z 1
PIN PIN PIN

1<P<N

R is the number of nontrivial divisor of N because the number of nontrivial divisor of N is Z 1,
PIN




n+p] :[(n—l)—p]+[(n—1)+p

. n—p
Ad,fW:[ ]+[ , ],th W-X=U+V
nd, 1 p+1 6p—1 en +

6p +1 6p —1
P<N P<N P<N P<N P<N P<N
[(6n+1) —1(6(n—1)+1) = ZW—ZXz Z(W—X)= Z(U+V)= Z U+ZV
P>1 P>1 P>1 P>1 P>1 P>1

S0, l(bn+1)—l(6(n—1)+1) =R
Therefore, l(6n+ 1) — I[(6(n — 1) + 1) is the number of non-trivial divisor of N.

Because (N = 6n + 1) is sum of the number of trivial divisor and the number of non-trivial divisor,
and the number of trivial divisor of N is 2,

t(N=6n+1)=2+1l6n+1)—-l(6(n—1)+1)

Because o(N = 6n + 1) is sum of trivial divisor and non-trivial divisor, and the trivial divisor of N
are 1,N,

1<P<N 1<P<N 1<P<N

G(N=6n+1)=1+N+ Z P=1+N+ Z (1 xP) + Z (0 x P)

P|N P|N PIN

1<P<N 1<P<N 1<P<N 1<P<N
—1+N+ Z (1xP) + 2 (1xP)+ Z (0 x P) + Z (0 x P)
(P=6p+1)|N (P=6p—1)|N (P=6p+1)IN (P=6p—1)IN

1<P<N 1<P<N 1<P<N 1<P<N
—1+N+ Z (U x P) + 2 V x P) + Z (U x P) + Z V x P)
(P=6p+1)|N (P=6p—1)|N (P=6p+1)IN (P=6p—1)IN

P<N P<N P<N P<N

=1+N+Z(UXP)+Z(VXP)=1+N+2(W><P)—Z(X><P),so,

P>1 P>1 P>1 P>1

= .
(&=l -»)
o= =

o(N=6n+1)=1+(6n+1)+ pil ([ ](6p+1)>+
_ Z <(n6—-:1p](6 +1)> Z ([(n—1)+p](6 _1)>
e )

M ‘3
w4+
=

=
Il
=

6p +1
p=1




In addition, because [(6n + 1) — l(6(n — 1) + 1) is the number of non-trivial divisor of N
if N isacomposite number, then, [(6n+ 1) —l(6(n—1) +1) > 0,

if N isaprime numberthen, [(6n+ 1) —l(6(n—1)+ 1) =0.

Therefore,

B(N=6n+1)=Il(6n+1)-Il(6(n—1)+1)

[n—l] [TL+ 1]

=2 el 2 6
{[(”‘1)‘1] m-1)-p Fe (m-1D+p 1
{ Z [ 6p +1 ] Z [ 6p — 1 ”

)

For the length of ¢, ¢, d);

, (n-1)-p _
if P|6én + 1, for the length of ¢, ;, m -(p-1) - W -p-1|=

n+p n—-D+p
for the length of d,, , [6;)——1] -p-1 —<[— --1
if P  6n + 1, for the length of ¢ [u -(p-1)-— M -(p-1 )=
’ PUlep +1 6p + 1

for the length of d,, , [;;L_pl] -(p-1) - ([w] —(p— 1))

So, if N isacomposite number then r(6n+ 1) —r(6(n—1)+1) > 0,
If N isaprime numberthen r(bn+1) —r(6(n—1)+ 1) = 0.

Therefore,
BIN=6n+1)=r6n+1)—-r(6(n—1)+1)
—1+\/6TL—+ 1+V/6n+1
6
n+p
Z <6p+1—(p—1))+ pzl <6p_1—<p—1))
(“W [HW \
(n—1)—p m—1)+p
Y (e 3 (o))
)
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And, if N is a composite number then 7(6n + 1) — 2 > 0,If N is a prime number then
tbn+1)—2=0s0, B(N=6n+1)=71(6N+ 1) — 2.
N
N N-1
And,t(N =6n+1) = Z ([;] - [T )is also satistied, so,
p=1

g =on ) = s =n -2 (2] - [S1]) -2
p=1

_ ig <[6np+ 1] B [6n +p1 _ 1]> L izl <[6np+ 1] B [6an]> ,

if N is a composite number then o(6n+ 1) — (14 6n+ 1) > 0,If N is a prime number then
on+1)—-(1+6n+1)=0s0, B(N=6n+1)=0(6bn+1)—-(1+6n+1).
|

11



Proof 22. N =6n—1 type

p(P)
n(N)

N=6n-1=PT=(6p+1)(6t-1) type

N=6n-1=PT=(6p-1)(6t+1) type

1(P=7)

2(P=13) | 3(P=19)

1(P=5)

2(P=11) 3(P=17)

1(N=5)

2(N=11)

11(N=65)

12(N=71)
13(N=77)

16(N=95)

95(t=1)

95(t=3)

(Table2.2. N =6n—1 type)

We indicate N =6n—1 of N = 6n — 1 type number on the record, P of N = PT on the column
in Table 2.2. Because N = PT = (6p + 1)(6t — 1) or N = PT = (6p — 1)(6t + 1) in the case of
N = 6n — 1 according to theorem , we indicate N = PT = (6p + 1)(6t — 1) on the left side of
column, and we indicate N = PT = (6p — 1)(6t + 1) on the right side of column.

The remaining contents is the same as table

However, in the case of duplication unlike N = 6n + 1, as in the example of N = 65, the first
multiple of 2 column of (6p + 1)(6t — 1) type is same with the second multiple of 1 column of
(6p — 1)(6t + 1) type.
That is, the t'th multiple of p column of (6p + 1)(6t — 1) type is duplicated with the p'th
multiple of ¢ column of (6p — 1)(6t + 1) type. The blue cell means such duplication.

12




Inthe caseof N=6n—-1=PT =(6p+ 1)(6t—1)

Let us define A,, = 6a,, — 1 asanarbitray t'th multiple of p column in table .
According to theorem 1,

Aproy =6(—p+ (t—1)P)—1,A4,, = 6(—p+tP) —1,Ap 41 = 6(—p + (t + 1)P) — 1 and
aptr1— e =(p+@E+DP)—(—p+tP) =P, aps —apr1=(p+tP)—(—p+(t -
1)P=P. S0, {ap,}is arithmetic progression, let us define Zas the common difference, #=2,
ageneral termis a,, = —p+tP =a,; +(t—1)d=5p+1+ (t— 1P

n+p i +p n+p
Because a,; <n,so,—p+tP <n->t< , 50, the length of Ap,; 1S ] = 6p T 1
- o m-1
Because a,; <n,s0,ap1 =5p+1<n-p< S , 50, the number of p column is [ z ]
-1
5]
. n+p
Therefore, let us define [, (N) as [(N) of N = (6p + 1)(6t — 1),l,(N=6n—1) = Z [6p n 1]
p=1

Inthe case of N =6n—1=PT = (6p —1)(6t + 1)
Let us define B, = 6b,, — 1 asan arbitray t'th multiple of p column in table 2.2,
According to theorem 1,
Bpi—1=6(p+({t—1)P)—1,B,, =6(+tP)—1,B,;,1 =6(p + (t+1)P)—1
Bprrs = bpe =@+ (E+DP) = (p+tP) = Pbyy —bye s = (p+tP) = (p+ (t—1)P) = P
So, {bp’t}is arithmetic progression, let us define d as the common difference,d = P,
ageneral termis b,; =p+tP =b,; +(t—1)d =7p—1+ (t — 1)P.

_ n—p
6p —1

n—p . Mm—p
Because bp’t <nso,p+tP<n->t< ,s0,the length ofbp,t is [ P ] =

n+1]

n
Because b, 1 < n,50,bp; =7p—1<n-p< , 50, the number of p column is [

7]

Therefore, let us define [_(N) as [(N) of N = (6p — 1)(6t + 1),l_(N=6n—1) = Z [6p — 1]

By summarizing the above contents, because I[(N) = [, (N) + [_(N),

IIN=6n-1) = Z [6p ] nz [6p—1]
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Inthe caseof N =6n—-1=PT = (6p+1)(6t—1), a,; = —p +tP

Inthe case of N =6n—1=PT = (6p —1)(6t + 1), b, =p + tP

Because a general term of m'th multiple of ¢ columnin b, is by, =t + m(6t — 1),

if m=pthenb,,=t+p6t—1)=t+6tp—p=-—p+t6p+1)=ay,.

We exclude the t’th duplication multiplein 1 <t <p ineach a,, and b, to avoid the such

duplication.

Let us define {c,.} as arithmetic progression except duplication of a, ., the common difference is
d = 6p + 1, but the initial term should be t = p.
S0, ¢p1 =0y = —p+pP=-p+p(6p+1)=6p’

i n+p n+p
The length of ¢, is the length of a,,, — (p — 1), so, [ P ] -p—-1= [6p n 1] -(p-1

6n
Because, ¢, < n,50,¢p1 = 6p’<n->1<p<—o0

e

Therefore, let us define . (N) as r(N) of N = (6p + 1)(6t — 1)
Vén

6

O -

p=1
For reference, c,; is not perfect squre because 6(6p%) — 1 =36p% —1

If we define {d,;} as arithmetic progression except duplication of b, ., the common difference is
d = 6p — 1, but the initial term should be ¢t = p.
So, dy1 =bypp = p+pP=p+p6p—1)=6p?

The length of d,, , is the length of b 1,50, [—2 1 =[—2P 1
e length of d,; is the length of b, , — (p — ),so,[ 2 ]—(p— ) = op—1 -(p—-1
Vén
Becausedp,lSn,so,dp‘1=6p2Sn%lSpST
Therefore, let us define r_(N) asr(N) of N = (6p — 1)(6t + 1)
a
6
w=en-1= ([5=5]-0-1)
r_(N =6n = ; 6p — 1 -1
p:

For reference, d,, is not also perfect squre because 6(6p?) —1 = 36p? —1

By summarizing the above contents, because r(N) = r,(N) + r_(N)

1z =
riN=6n-1)= Z ( é;otrpl ~- D) * Z ([:p_—pJ ~ - 1))
p=1 p=1

14



In addition, for the same reasonas N = 6n + 1 (detail proof is omitted)
t((N=6n—-1)=2+Il6n—-1)—-l(6(n—1)—1)
[Tl 1] [Tl+1]

o(N=6n-1)=1+(6n—1) + Z ([ ](6p+1)) Z ([an__pl] (6p—1))

p=1

([(r=D)-1 [M] \

! S (=D +p S (=D —p L
N Z < 6p + 1 ](6p+1)>+ Z ( 6p — 1 ](679_1))
L~ J
If N isacomposite number, [(6n—1) —l(6(n—1)—1)>0,r(n—1)—r(6(n—1)—1) >0
If N isaprimenumber, I[((6n—1)—-Il(6(n—1)—-1)>0,r(en—1)—-r(6(n—1)—-1) =0.
Therefore,

BIN=6n—-1)=1l(6n—1)—-l(6(n—1)—1)

5] =

- ; [61;-:-7)1] 2 [6p 1

(=2 o= )

I e R W =l
p=1 J

p:

B(N=6n—-1)=r(6n—1)—r(6(n—1)—-1)

a 7
n+ n-—
- L \lep+1] ™7 L \lep—1/ "%~
> () Y (550
([JW—-l [@ \
S (2 )e 3 (2w
)
ﬁ(N:m_l):T(N=6n_1>_z=i([g]_[NT—l])_z
:;<[6np—1]_[6n 1- 1}) Z<[6n 1] [6n 2])_2
B(N=6n—-1)=ag(6n—-1)— (1 +(6n—1))

15



Theorem 3. p(N)

.k (N)
BN)-w

N) = FIN) 0< <1 eR —111(N>2)
p( )_ ,B(N)_W ) w Z;W W = e;T[;N ) ren
If N isnota prime number then
o i [2knB(N) o g kmBM)
(N)—ﬂ—l+lzsm BIN)—w)  BN) _l_l_lZe FD-w _ ¢
PR =8 —w 27 x K BN -w 2 ' n 2jk
k=1 k=1
if N isa prime number then
o g M)
(N): ﬂ_l_FlZSln(anﬁ(N)_w _|_1
B(N)—w 2 i k 2
o gkmBAD kBN
B(N) 1 1xe BW-w_g “BIN)-w +1
B 3(N)—W_E+Ekzzl 2jk
Especially, if 2% ,
if N isnota prime number then
2
o 1 1T o)
oy = EW) 1 AN T -
np(N) -1 2 mi k
w kmBM) _, kn?B(N)
B (N) 1 1e m™WN)-1_¢ “mpN)-1
nﬁ(zv)—1_§+5kz=1 2jk
if N isa prime number then
( o sin (anZB(N)
B(N) 1 1 TB(N) — 1 1
PIN) =9 ety =1 2+nkzl k t3
o 2'.kn'zﬁ(N) . km?B(N)
B (N) 1 1oe ™M-1—¢ “npM-1( 1
= W‘f;; 2jk "2

16



PN _ _[ B T_[0
Proof 3. In the case of B(N) =0, if w # 0 then p(N) = 0, because p(N) = B(N)_W] = O_W]

In the case of B(N) > 0,

if we want to make p(N) = [Bg\%\') ] =1,then B(N) —w >0 when 1 < BfI\E;V) <2,

so, B(N) —w < B(N) < 2(B(N) —w) and because the left side of the inequality

B(N) —w < B(N) is —w <0 - 0 <w , butif the case of the above B(N) = 0 is satisfied, then
w=*+0,50 0<w

The right side of the inequality B(N) < 2(B(N) —w) > B(N) < 2B(N) —2w > 2w < B(N) >

w < ﬁ(z ) . Therefore, by summarizing the above contents, 0 <w < —= 'B(N)
If p(N) isalways held regardless of the value of B(N), then S(N) =1 as the minimum value of
B(N). So, 0<w<ﬁ( —>0<w< . Therefore, 0 <w < ,we]R

And,0<§< eR.

NIH

LleRo<li<
e

Nll—l
:ll'—‘

]RIfN>2then0< <1l
2°N

=||H

mlr—\

(N>2),.

=] -

1
Therefore,w = —,—
'’

B _ ., B o p

. . 1 =
When N is nota prime number, B(N) > 0,0 <w <Z,w €R,s0, 1 < B -w B

1 1 i sin(2kmx)

For an arbitrary x € R,[ x] = x ——+;

2
S0,

B 1. BN 1
B —w] T BN —w 2 mg

aje-ja

sin(a) = 222" [4].,[5] so,

In addition, sin(2a) = 2 sin(a) cos(a), cos(a) =

eja_e—jaeja+e—ja ej2a_e—j2a
sin(2a) = 2sin(a) cos(a) = 2 =

2j 2 2j

o knB(N) _2j kB (N)

pN) 1 1 BN-w — ¢~ BaD-w
Therefore, p(N) = BN —w 2 + EZ
k=1

17



When N isa prime number, because S(N) =0

oo ; ﬁ(N) 0 0
ﬂ_1+1251n(2k71ﬁ—(1v)_w _ 0 _l+lzsm(2kn0 ) _1
B(N)—w 2 ™ k O—w 2 T k 2

- knB(N) kB (N) " ] 0 ] 0

.B(N) 1+1Z BN)-w _ o ZB(N) W_ 0 1+1262]knm e"zﬂ‘”m
B(N)—w 2 i T0-w 2 L 2jk
And, because p(N) =0

% B(N)
W =0=—14l ) FID 1+1zsm(2k”ﬁ(m—w L1
PR == 2T 1By —w ™ 2 w L K
0 2j kB (N) krrﬁ(N)
B(N) 1 1 TBa-w — o~ TB-w | 1
BV W‘z+;; 2jk "2
Especially, if :% ,
when N is not a prime number, then
2knB(N
w SHTBE) © sin (anzﬁ(N))
p(N)=ﬂ—l+lz PN — 3 _ ) 11 ﬂﬁ(N)—l
1 2 = k nB(N)—1 2 =
BN) —— k=1 =
2j krrﬁ(N) krrﬁ(N)
by 1 1B Bw—E_ o
= 4 -
AT .
BN) —— 2 T 2jk
2k B(N) 2 kT2 B
TB(N) 1 1xoe mBW-1_ ¢ “mpin-1
B(N)—1 2 Ekzl 2jk
when N is a prime number, then
( © sin (ZkﬂZB(N)
np(N) 1 1 TB(N) — 1 1
N)={——"——= —Z —=—=+-=0
PIN) =9 et =1 2+7rk_1 k t3 +
o k2B (N) k2B (N)
TB(N) 1 1 e ITBIN-1 _ o~ mpin-1 1
= ———+—Z . ts=—5+5=0
aBf(N)—1 2 Lt 2jk 2 2 2
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Theorem 4. m(N)

(N>2),.

fblv—k
:Hv—‘
=] -

1 _
FOI‘0<W<E,WE]R,W=

m(6n+3)=2n+2— {Zp(6k—1)+2p(6k+1)}—n(6n+1)—n(6n+2)—n(6n+4)
k=1

~ 20 Bk-1) B(6k + 1)

L B6k —1) —w kT D —w

3 m
k=

[N
[N

m=

_ 2 ( mp(6k —1) B (6k + 1)
_2n+2_§;{nﬁ(6k—1)—1 nﬁ(6k+1)—1}
n o (i (2mm?B(6k —1) . (2mn?B(6k + 1)
_iz Z {S‘ ( ﬁ(6k—1)—1)+5‘ (n[)’(6k+1)—1>}
3n m
k=1m=1
_, 2 . 1 1
= +?_§_ (nﬁ(6k—1)—1 nﬁ(6k+1)—1)

m

255 (PERED GRES)

4n 1o (nf6k—1)+1 mBO6k+1)+1
(n[)’(6k—1)—1 n,b’(6k+1)—1)

255 (PERSED GRES)

m
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Proof 4. If N isa prime number, then 1 — p(N) = 1. If N is 1 or a composite number then

N
1= p(N) = 0.50,(N) = Y {1 = p(k)}
k=1

If N=6n+3 then
n(N) = n(6n + 3)

6n+3 6n+3 6n+3 3 oen+3

= D -pd= Y 1= ) pl=6n+3-> pl)= ) p(k)
k=1 k=1 k=1 k k=4

=1

=6n+3—{p(1) +p(2) +p(3)}

- Z{p(6k —2) 4 p(6k — 1) + p(6k + 0) + p(6k + 1) + p(6k + 2) + p(6k + 3)}
k=1

p(1) =1 and 2,3 is prime so p(2) = 0,p(3) =0 and

6k — 2,6k + 0,6k + 2,6k + 3 is composite because the multiple of 2 or 3,s0,
p(6k —2) =1,p(6k +0) = 1,p(6k + 2) = 1, p(6k + 3) = 1. Therefore,
m(N) = n(6n + 3)

=6n+3—{1+0+0}—{z1+Zp(6k—1)+k2=11+k2=1p(6k+1)+;1+;1}

k=1 k=1

=6n+3—{1}—{4n+ p(6k — 1) + p(6k+1)}

=2n+2- p(6k —1)+ ) p(6k+ 1)} ————————————— (4.1)

Therefore, t(6n + 3) = 2n + 2 —{ p(6k — 1) + p(6k + 1)}

And, t(bn+ 1) =n(6n+3) — {1 —p(6n+2)} — {1 — p(6n + 3)} = n(6n + 3)
n(6n +2) =n(6n+3) — {1 — p(6n + 3)} = n(6n + 3)

n(6n +4) =n(6n+3) + {1 — p(6n + 4)} = n(6n + 3)
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Now,let us define P_ as aset of prime of 6k — 1 type, P, as a set of prime of 6k + 1 type,
C_ as aset of composite of 6k — 1 type, C, asasetof prime of 6k + 1 type, and let us define

o . (2mmB(6k —1)
4 =M_l+lz sin (5t~ 17— )
p6k—1)—w 2 =« m

m=1

’

o . (2mmB(6k + 1)
_ B(6k+1) _1+1zsm(ﬁ(6k+1)—w)
TBGk+D-w 2w m

m=1

According to theorem {3,

if 6k—1€ C_ then p(6k —1) = A, if 6k — 1 € P_ then p(6k—1)=A+§,

if 6k +1€C, then p(6k + 1) = B, if6k + 1 € P, then p(6k+1)=B+%,and,
n

let us express Z u(k) with the sum of u(k), only if u(k) € Z in 1 < k < n for a certain u(k), Z
Z

because C_ NP =0,C, NPy = 0,50,

Zn: p(6k —1) = zn:p(6k -1 +zn:p(6k - 1),
k=1 [ P_

kle(6k+1)=;+p(6k+1)+zpz+p(6k+1)

So, if we apply the above contents to () then

a(N) = 2n + 2 — zp(6k—1)+zp(6k—1)+Zp(6k+1)+zp(6k+1)
c, P

C- P_

c P cr s
n n n 1 n n n

=2n+2— ZA+ZA+ZE+ZB+ZB+ZE
C_ P_ P_ Cx [ [

—2n+2- ZA+ZA+ZB+ZB+ZE+ZE ------------- 4.2)
C_ P_ Cs Pz P [
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n n n n n n
Ya+Ya=3 4B+ B=)B

k=1 k=1

s0, if we apply this to (4.2) then

n(N)=2n+2—{iA+iB+i%+i%} ------------- (4.3)
k=1 k=1 P_ Py

If we define m_(N) asthe number of 6n — 1 type prime number of N or less,
. (N) asthe number of 6n + 1 type prime number of N or less then
n(N) =2+ mn_(N) +m,(N) because all primeis 6n—1 or 6n+ 1 type except 2,3 and

50,if we apply this to (4.3) then

m(N) = 2n+2—{ZA+ZB+”—§N)+”+§N)
k=1

S
3

=2n+2-— A+ B+
k=1 k=1

H(N;_—Z ............. (44)

If we arrange (4.4) then
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If we substitute A,B to () then

Bk—1) 1 1-5in (z’r(niﬁmk)_ 1))
- 6k—1)—w
"(N)_“ {Z(ﬁ(6k—1) W_E+Ez m >

3

k=1 m=1
. w . (2mmB(6k + 1)
+Z B(6k + 1) 1+lzsm(ﬁ(6k+1)—w)
] ﬁ(6k+1) w2 Tl m
—> 4n 2n
Setgz ity

n . (2mmB(6k —1)
{Z < B(6k — 1) pk+1) 15" (/3(672 ) g W)
k=1

(6k—1) —w ﬁ(6k+1) W+E

5 R
T

UJlN

=1

m

~ 2xo [ B(6k—1) B(6k + 1)
_2n+2_§kz<ﬁ(6k—1) w Bk D= w>

2 i i ( in (ZiEo =) + sin <%>> ------------- (46)

m

If we substitute w = % to (4.6) especially, then

n(zv)—zn+z_32 ﬁ(6k—1)1+ ﬁ(6k+1)1
SE\pek-1 -2 pek+1)-1

sin <2m7r,8(6k - 11)> +s <2mn[3(6k + 11)>
2 = B(6k —1) — = B(6k +1) —=
D g

3

m

=

m=1

2 [ w6k —1) mp(6k +1)
_2n+2_§z<ﬂﬂ(6k_1)_1 7'[,8(6k+1)—1>

255 ( (PO 1) | g (2 (+6'f>+—11))> _____________ @

m
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And, if we modify (4.7) then

n 4n 2~ [ mB(6k—1) nB(6k + 1)
"(N)_2"+2__+__§Z<n/3(6k—1)—1 nﬁ(6k+1)—1)

k=1
e [ (2mm?B(6k — 1)\, . (2mm?B(6k +1)
_iz Z (5”‘ (nﬁ(6k “1)— 1) +sin (nﬁ(6k T 1) = 1))
3n m
k=1m=1
o220, 20 mB(6k—1) B (6k + 1)
B 2+?+§;2_§k: (nﬁ(6k— 1) — 1+nﬁ(6k+ 1) — 1)
e [ (2mm?B(6k — 1)\ , . (2mm?B(6k + 1)
_iz Z (5”‘ (nﬁ(6k D - 1) * Sm(nﬁ(6k +1) - 1))
3 m
k=1m=1
. 2n 2% 6k — 1) B (6k + 1)
_2+?+§;<1_nﬁ(6k—1)—1+1_nﬁ(6k+1)—1>
n . (2mm?B(6k — 1) . (2mm?B(6k + 1)
_iz Z Sm(nﬁ(6k “1)— 1) +5m(nﬁ(6k T 1) = 1)
3nk=1m=1 m
o 2n 20 (mB(6k—1) —1—mp(6k —1)  mB(6k + 1) — 1 — B (6k + 1)
‘2+?+§Z< 7Bk — 1) — 1 I CEDER )

255 (<G ~GE))

3 m
k=1m=1
n
o4 2n 2 ( 1 1 )
B 3 3 nB(6k —1) —1 nﬂ(6k+1)—1

m

25 5 (<G ~GRE)
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And, we modify () then

(N)_2+2n+2n 2n 22”:( 1 N 1 )
M =er Ty 3L \nplek =11 mh(6k+ 1) —1

2505 ( (et 1r-1) * s (it f’f)*ff))

m

=2+4§—%ZZ—%Z(”ﬁ(6kil)_1+nﬁ(6kil)—1)

k=1 k=1
e [ (2mm?B(6k — 1)\ , . (2mm?B(6k + 1)
_iz Z (5”‘ (nﬁ(6k D - 1) * Sm(nﬁ(6k +1) - 1))
3 m
k=1m=1
in 1w 2 2
:2+?_§;<1+nﬁ(6k—1)—1+1+nﬁ(6k+1)—1>
n . (2mm?B(6k — 1) . (2mm?B(6k + 1)
_iz Z (51” (nﬁ(6k “1)— 1) + Sm(nﬁ(6k T 1) = 1))
3 m
k=1m=1
o oAn IO (mB6k—1)—1+2 mB(6k+1)—1+2
_2+?_§;< TB6k—1) -1 ' mBGk+1) -1 )
n o . (2mn?B(6k — 1) . (2mm?B(6k + 1)
_iz z (Sm(nﬂ(6k —D- 1) i Sm(nﬁ(6k + 1 — 1))
3 m
k=1m=1
L o4An 1O (mB6k—1)+1  mp(6k +1) +1
= +?_§kz=1<nﬁ(6k— =1 7p6k+1) = 1)
n o . (2mn?B(6k — 1) . (2mm?B(6k + 1)
_iz z Sm(nﬂ(6k —D- 1) +Sm(nﬁ(6k + 1 — 1)
37Tk=1 m=1 m -
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Theorem 5. Next prime of 6n+ 1 type

If we define P = 6p + 1 as an arbitrary prime number of 6n + 1 type

and if we define X = 6x + 1 as the first prime number of 6n + 1 type after P,
then, the following equation is satisfied.

x-1

x=p+1+ Z p(6k + 1)
k=p+1

2mm2B(6k + 1))

_p+1+_ Z mplok+1) +1 z_: Z i (nﬁ(6k+1)—1

mR(6k +1) - 1t m s L
=p+1+ Z p(6k + 1)
k=p+1
. . (2mn23(6k+1))
3 1 nB(6k + 1) + 1 nﬁ(6k+1)—1
+§+§kzz nB(6k+1)—1 nk;“rlz

If we define P = 6p — 1 as an arbitrary prime number of 6n — 1 type
and if we define X = 6x — 1 as the first prime number of 6n — 1 type after P,
then, the following equation is satisfied..

x—1

x=p+1+ Z p(6k — 1)
k=p+1

2mm?f(6k — 1))

—p+1+— Z mpbk— D +1 Z_: Z . (ﬂb’(6k—1)—1

TB6k—1) -1 nk L

X
=p+1+ Z p(6k — 1)

k=p+1

R

. (Zmnzﬁ(6k - 1))
n[)’(6k “1D-1

k=p+1m=
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Proof 5. Inthecaseof P=6p+ 1, X = 6x + 1,

let us define P = 6p + 1 as an arbitrary prime number of 6n + 1 type

and let us define X = 6x + 1 as the first prime number of 6n + 1 type after P.
p(6k + 1) =1 because 6k + 1 isacomposite numberin p < k < x and
p(6x +1) = 0 because 6x + 1 isa prime number. Therefore,

+§1+§OZZ s ZHZO

Ju

x—

x 14
=21=21+ Z 1
k=p+1

k=1 k=1 k=x k=x k=x k=p+1
x—1
—p+14 Z p(6k+1)+0=p+1+ Z p(6k+1)+zp(6k+1)
k=p+1 k=p+1

=p+1+ Z p(6k + 1)
k=p+1

B(6k+1) ] 1 B(6k+1) < 2.that is B(6k+1) =

And for p <k <x, p(6k +1) = B(6k+1)-wl’ B(6k+1)—w ! " B(6k+1)-w

so,according to theorem ,if we arrange the above formula then

x—1
x=p+1+ Z p(6k + 1)

k=p+1

w1 ( w .o (2mm?B(6k + 1)
14 i mpek+1) 1 1 Sm(nﬂ(6k+1)—1)
-P V7BG6k+ ) —-1 2 = m

k=p+1 m=1

w1 [ o (Zmnzﬁ(6k+ 1))
i1 Z ) 2np(6k +1)  mB(6k+1) -1 +125m 6k + 1) — 1
TPTT 4 2wk D - 2mhk + D -1y m

w1 [ w o (2mm?B(6k + 1)
3 1(np6k+1)+1\ 1 Sln(ﬂﬁ(6k T 1) — 1)
_p+1+k;1<§<nﬂ(6k+1)—1>+521

2mm?p(6k + 1))

e 3 B S S

k=p+1m=1

—p+1+ Z p(6k+1)+20 p+1+ z p(6k+1)+zp(6k+1)

k=p+1 k=p+1
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© sin <2mnzﬁ(6k + 1))

x—1 X
_ B (6k + 1) 11 nB(6k+1)—1
=ptl+ Z P“"“)*Z Bkt -1 2 7 m 2
k=p+1 k=x m=1

o1 2mm?p(6k + 1)) X

~ S| orpek+1) 1 1 S (nﬂ(6k+1)—1 1
=ptls Z p(6k+1)+;c nﬁ(6k+1)—1_E+Ez m +Z§

k=p+1 m=1 k=x

x o sin (Zmnzﬁ(6k+1))
i1+ Z nfp(6k + 1) 1+1z nB(6k+1)—1 +%

. nB6k+1)—1 2 Emzl m
; (Zmnzﬁ(6k + 1))
nﬁ(6k YD) —1

3 1 © mp(6k+1)+1
=rt3 +ERZ Tpk+ 1) —1 17 Z Z

k=p+1m=

Inthecaseof P=6p—1, X = 6x — 1,

let us define P = 6p — 1 as an arbitrary prime number of 6n — 1 type

and let us define X = 6x — 1 as the first prime number of 6n — 1 type after P.
p(6k — 1) =1 because 6k — 1 isacomposite numberin p < k < x and
p(6x —1) = 0 because 6x — 1 isa prime number. Therefore,

x 14 x—1 x x p x x—-1 X
=Z1=Z1 Z Z 0=Z1+21+ Z 1+Zo
k=1 k=1 k=p+ k=x k=x k=1 k=x k=p+1 k=x

x—1
—p+1+ Z p(6k—1)+0=p+1+ z p(6k—1)+zp(6k—1)
k=p+1 k=p+1

X
=p+1+ Z p(6k — 1)

k=p+1

[ B(6k-1) B(6k—1) . B(6k—-1)
Andfor p <k <x, p(6k—1) = —B(Gk—l)—w]' 1< B(6k—D—w < 2,that is, Bek—D-w €

so,according to theorem .

x—1
x=p+1+ Z p(6k — 1)
k=p+1
. (2mm?B(6k — 1
< | mgek—-1 1 1°osm(nﬁ(6kﬁ£1)—1))
=ptl+ Z TBek—1)—1 2 x m
k=p+1 m=1
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2mm?p(6k — 1)

x—1 00 [
_ 2mB(6k — 1) mpek—1) -1 1 5" (nﬂ(6k - - 1)
=rt 1+k_p |2@B6k—D—1)  2(mBlek— D - 1)+EZ1
=p+ L m=
o1 w .o (2mm?B(6k — 1)
_ 1(nB(6k —1)+1\ 1 Sm(nﬁ(6k —1) - 1)
=rt 1+k_zp:1<§<7rﬁ(6k— D— 1>+;Zl
=p+ L m=

: ) 1w g (Zmnzﬁ(ek - 1))
~ mpok—1)+1 1 ﬁ(6k—1)—1
P“*—E Bk—D -1 E Z

p+1m=1

—p+1+ Z p(6k—1)+20—p+1+ Z p(6k—1)+zp(6k—1)
k=p+1 k=p+1
B Sk — 1) . Sin(Zng[)’(6k—1)
T — nﬁ(6k—1)—1
=ptl+ Z p(6k_1)+z{nﬁ(6k—1)—1_Z+E2 }
k=p+1 k=x m=1
x—1 x ( ) ® sin <2mn2[)’(6k - 1)
~ ~ mp6k—1) 1 1 nﬁ(6k—1)—1 1
_p+1+k;1p(6k 1)+;C{nﬂ(6k_1)_1 2+nmzl } ZZ

(n s @B
i) — 2Zmn 6k — 1)
:p+1+k;1{nﬁ(6k_1)_1_z+;2 }+E

1

o (Zmnzﬁ(6k—1))

3 1w mB6k—1D+1 1 w n[)’(6k—1)—1
+§+§k=zp+1n,8(6k—1)—1 E Z

1m=1
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Theorem 6.
The below formula is not finished but we write here, because we think that if we arrange this formula
more then it would be useful.

If1<p6k—1)<ul<p6k+1)<v,Max(u,v)=M,T(k) =<

I n<N+3 N)(n—B)
N0 2 3 InN/\mr—1

= sin(mT (6k — 1)
< Z (T(6k - 1),;< mT (6k — 1) ))

2m?B (k)
—nﬁ(k) — 1) then

k=1
s - — — (sin(mT(6k + 1) e (E(NE3 N
Z ( )Z mT6k + 1) )= o E( 3 W)
k=1 m=1
Proof 6.
Let us define below contents to simplify the formula of theorem 4.
_ mp(6k—1) _ mp(6k+1)
T omB6k—-1)—1""" mp(6k+1)—1
. (Zmnzﬂ(6k — 1)) . (Zmnzﬁ(6k + 1))
) S\ mBek— 1) — 1 . "\mpek+ D -1
- m U m

If we apply the above definition to theorem 4| then

n

7T(1V=6n+3)=211+2—§Z(b_+b+)—%z Z(s_+s+) ------------- (6.1)

k=1 k=1m=1

Let us define P_ as a set of prime of 6k — 1 type, P, asaset of prime of 6k + 1 type,

C_ as aset of composite of 6k — 1 type, C. asa setof prime of 6k + 1 type.

If 6k—1¢€ P. then f(6k—1)=0 so b_=0,if6k+1€ P, then f(6k+1) =0 so b, =0
and C_NP.=09,C, NP =0@. If weexpress () again according to the above contents then

2 n n n n 2 n [ee]
n(N=6n+3)=2n+2—§ Zb_+2b_+2b++2b+ —§22(5_+s+)
C- P_ Cs

P+ k=1m=1
n n 2 n [ee]
=2 +2=5( D bt Y by | = YD (s 5) e 2
n+ 3 b_+ ) b, 3 (s_+s) (6.2)
c- Ce k=1m=1

If1<pB6k—1)<u,1<pB(6k+1) <vthen

T Tu MU — T — AU + TU U — -0 m___mu
J— — — N
m—1 mu-—1 (mr—1D)(mu—-1) (m—D@u-1) m—1 nmu-1
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If Max(u,v) =M then
mu M M — tu mu M
- = =0- = -
nu—1 M -1 @mu—1)(#EM-1) nu—1"nmM -1

M mu T M v
< <b_< , < <b, <
M -1 nmu-—-1 m—1 T[M—l mv—1 m—1

............. (63)

If we define m_(N) asthe number of 6n — 1 type prime number of N or less,
. (N) asthe number of 6n + 1 type prime number of N or less then

n

len—niN),%lzn—m,(N) ------------- (6.4)

C-

If we apply (6.3), (6.4) for using (6.2) then

n n n n n n
O DYDY DD
3 ™M — 1 M —1]"3 - =3 T—1 T—1
C- Cs C- Cy C— Cs
n n n n n n
2 ™™ 14 M 21 <2 Zb +Zb <2 T Zl"' T
3\ M — 1 M — 1 =3 - t1=3ln-1 T—1
C— Cy [ Cs C— C.
2/ M 2 (< = 2
T
= 2n—m_(N) — NS—Z_Z <- 2n—m_(N) —m, (N
3<nM—1)(" 7 (N) = () < 3 . b "/ by | <5 (=) (2n—n-() = m, (V)
- +

n(N) =2+ m_(N) + m,(N) because all primeis 6n—1 or 6n+ 1 type except 2,3.
If we apply this contents to the above formula and apply () then

3 G-

2( ™M
3\tM —1

)(2n+2—ﬂ(N))<— Zb +Zb+ s% —)(2n+2 n(N)) -

)(2n+2—n(N))S2n+2—n(N=6n+3)— ZZ (s_+sy)

k=1m=1

< %(%) (2n+2-n(N)) -

3( i )(2n+2—n(N)) —(2n+2-n(\V)) < —%Zn: i(s_ +54)

3\ntM -1
k=1m=1

< %(%) (2n+2—n(V)) — (2n + 2 — () -
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(2n+2—n(N))(3(n21\7/1ﬂ?1)—1>S %ii(s +s+)<(2n+2—n(N))<3(” )—1)

-

—(2n+2—7r(N))( nM+13)s—izn: i(s +s5.) <= (2n+2—7r(N))( ”+13)_>

r (2n +2 - (V) ( ) i i (s_+s)<” (2n +2— (V) (”M _ i) ------------- (6.5)

k=1m=1

IFT(k) = < 2nf ) )then

nB(k) —1

2mn?B(6k — 1))
sm( .
nB(6k —1) —1 sm(mT(6k - 1))
-7 m mT (6k — 1) T(6k=1)

_(2mm?B(6k + 1)
sin (nﬁ&k gy 1) _ sin(mT (6k + 1))

m  mT(6k+1)

T(6k + 1)

Sy =

So,

i i (s- +54)

k=1m=1

NgE

i <T(6k ~-1)

sin(mT(6k — 1)
1( mT(6k — 1) >

sin(mT (6k + 1)
1( mT(6k + 1) )

3
I

+

NgE
Nk

(T(6k +1)

&
I
3
I

If we apply the above contents to (6.5) then

g(Zn +2 (V) (Z _ i)

n > (sin(mT(6k — 1)
< Z <T(6k ) z ( mT(6k — 1) ))

k=1 m=1

$ = sin(mT (6k + 1) T ™ — 3
+Z<T(6k+1)z< D >> S(@n+2- n(N))( 1)

k=1 m=1
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If we apply lim  to both sides of the above formula then
n—-oo

lim (g (2n +2 —n(N)) (Z—:‘j))
< (3 (roen 3, (s )
- sin(mT (6k + 1)
+ Z <T(6k 1 Z < mT(6k + 1) )))

k=1
< lim < (2n + 2 — (V) (”M i)) R
-3
lim <§(2n +2—m(N)) (%))

w o (sin(mT(6k — 1)
< Z <T(6k -1 m2=1< mT(6k — 1) >>

k=1
sin(mT (6k + 1)
+kZ=1(T(6k+1)mZ=1< Tk D) >>
S11m< (2n+2- n(N))<1— 2 ))
n-oo M —1
N+3 2
N—6n+3—>2n+2—Trlll_r)£10nM_1=Oand

if we apply prime number theory (PNT) [!] to the above formula then

Y n<N+3 N)(n—S)
oo \2\T3 TN/ \Z =1

- — (sin(mT(6k — 1)
< z <T(6k -1 Z( mT (6k — 1) ))

k=1 =
sin(mT(6k + 1) <1 n/N+3 N
21( mT(6k + 1) ) —N‘l‘So(E( 3 _ln_N))

+ i (T(6k +1)

=1

m
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