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1.  Introduction 

We study      type number because all of the prime number is      type with the 

exception of 2,3 and      type has the multiple of 3. We know that the numerical expression of 

          is not exist when the prime factorization of   is unknown, but if the prime factorization 

of   is known then the numerical expression of           is exist. For solving this problem, we 

obtain                 by using the characteristics of      type when we don’t know the 

prime factorization of  . And, we define      if   is a prime number then 0 else 1, and we study 

     by using     . And by using the contents of the above, we study the numerical expression 

about that the prime number      appears for the first time after the prime number     . 

2.  The formula of      

Definition 1. Unless otherwise stated, all of the numbers that are used in the contents of the following 

is a natural number. 

Definition 2.     is Gauss expression, that is, floor function. For example,         

Definition 3.    is set of real number except integer. 

Definition 4. For arbitrary   

      
                        

                                 
  ,       

                        
                                 

   

Definition 5. “ ,” is an expression to simplify the distinction between the formula when we expand 

the numberical expression. For example, when we expand       to obtain     , we express 

           . 

               
 

 
  

        

          
 

        

          
 

 

   

 
 

  
   

    
           
          

      
           
          

 

 
 

 

   

 

   

 

                                            

The formula of prime-counting function           is described below. 
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Theorem 1.  Characteristics of        type composite number 

For a composite number of        type  

If                                then                         

When       , if               then        ,        

if               then         ,         

When       , if               then         ,         

if               then        ,        

Further, the above formula always holds no matter if   is a prime number or a composite number. 

 

Proof 1.  Because   is a composite number, let us define      and               

                                  and            , so, 

                             ). Because     is the one of           , 

                       . That is,                         

 

In the case of       , because                       or               

         , let us define                      , that is,                

                                                  

                                             

Therefore,                     

Let us define                        , that is,               

                                                     

                                                

Therefore,                       

 

In the case of       , because                        or               

        , let us define                       , that is,               

                                                     

                                                

Therefore,                       

Let us define                       , that is,               

                                                  

                                             

Therefore,                     

 

Further, because    ,   is self-evidently a prime number or a composite number according to 

unique factorization theorem. Therefore, the above formula always holds no matter if   is a prime 

number or a composite number.   
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Theorem 2.                                

 

p(P) 

n(N) 

N=6n+1=PT=(6p+1)(6t+1) type N=6n+1=PT=(6p-1)(6t-1) type 

1(P=7) 2(P=13) 3(P=19) … 1(P=5) 2(P=11) 3(P=17) … 

1(N=7)         

2(N=13)         

3(N=19)         

4(N=25)     N=25(t=1)    

…         

8(N=49) N=49(t=1)        

9(N=55)     N=55(t=2) N=55(t=1)   

10(N=61)         

…         

14(N=85)     N=85(t=3)  N=85(t=1)  

15(N=91) N=91(t=2) N=91(t=1)       

…         

( Table 2.1.        type ) 

 

We indicate        of        type number on the record,   of      on the column  

in Table 2.1. Because                   or                    in the case of  

       according to theorem 1, we indicate                   on the left side of  

column, and we indicate                   on the right side of column. 

As in the example of         , if we indicate the multiple of each   column of       

             type, then                     is displayed,  

  in             is   of      and   means the      multiple of   column. That is,  

              is the first      multiple of 7,                is the second 

      multiple of 7. If we write the multiple of each column on the cell as like this, as in the  

example of     , the record is a composite because some cells is filled, as in the example of  

    , the record is a prime because all cells is not filled. 

And, as in the example of 91, the first multiple of 2 column is same with the second multiple of 1  

column, that is, the      multiple of   column is duplicated with the      multiple of   column.  

The blue cell means such duplication. 

 

Definition 6. In Table 2.1, 

Let us define      as the sum of the number written to all the cells in   or less. 

Let us define      as the sum of the number except duplication of the numbers written to all the cells 

in   or less. 
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Theorem 2.1.         type 
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           could be used by the one of formula below. 
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Theorem 2.2.         type 
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           could be used by the one of formula below. 
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Proof 2.1.        type 

In the case of                        

Let us define              as an arbitray      multiple of   column in table 2.1.  

According to theorem 1 

                                                         and 

                                                                 

So,        is arithmetic progression, let us define   as the common difference,    ,  

                                  

                           
   

 
                       

   

 
   

   

    
  

                                  
   

 
                           

   

 
   

                                                                     
   

    
 

 
   
 

 

   

 

 

And, a general term of the      multiple of   column is               . 

If    , then                                           . 

That is,      term of   as the      multiple of   column is duplicated with      term of   as the 

     multiple of   column. To exclude such duplication, in the case of    , we exclude only the 

     duplicated multiple of      in      , because      has already same thing. 

Let us define        as arithmetic progression except duplication of     , the common difference is 

   , but the initial term should be    . So 

                                 

                                                    
   

 
         

   

    
        

                                      
        

 
 

                                                        

              
   

    
        

 
        

  

   

  

For reference,      is perfect squre because                               . 
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In the case of                         

Let us define              as an arbitray      multiple of   column in table 2.1. 

According to theorem 1 

                                                            and 

                                                             

1) = .  

So,        is arithmetic progression, let us define   as the common difference,    ,  

a general term is                                    

                            
   

 
                           

   

 
   

   

    
   

                                
   

 
                               

   

 
  

                                                                     
   

    
 

 
   
 

 

   

 

 

And, a general term of the      multiple of   column is                .  

If    , then                                                

According to the same principle as the above               , let us difine        as 

arithmetic progression except duplication of     , the common difference is    , but the initial 

term should be    . So,                                    

                                                   
   

 
         

   

    
        

                                    
       

 
 

                                                        

              
   

    
        

 
       

  

   

 

For reference,      is perfect squre because                               . 

By summarizing the above contents,                  and                 , so 
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By summarizing the above contents, if        then      ,  
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Therefore,                      is the number of non-trivial divisor of  . 

 

Because           is sum of the number of trivial divisor and the number of non-trivial divisor, 

and the number of trivial divisor of   is 2, 

                                

Because           is sum of trivial divisor and non-trivial divisor, and the trivial divisor of   

are    , 
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In addition, because                     is the number of non-trivial divisor of   

if                          then,                      , 

if   is a prime number,then,                      . 

Therefore,  
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And,                                                                          

           ,so,                    . 
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Proof 2.2.        type 

 

p(P) 

n(N) 

N=6n-1=PT=(6p+1)(6t-1) type N=6n-1=PT=(6p-1)(6t+1) type 

1(P=7) 2(P=13) 3(P=19) … 1(P=5) 2(P=11) 3(P=17) … 

1(N=5)         

2(N=11)         

…         

6(N=35) 35(t=1)    35(t=1)    

…         

11(N=65)  65(t=1)   65(t=2)    

12(N=71)         

13(N=77) 77(t=2)     77(t=1)   

…         

16(N=95)   95(t=1)  95(t=3)    

…         

( Table 2.2.        type ) 

 

We indicate        of        type number on the record,   of      on the column  

in Table 2.2. Because                   or                    in the case of  

       according to theorem 1, we indicate                   on the left side of  

column, and we indicate                   on the right side of column. 

The remaining contents is the same as table 2.1 

 

However, in the case of duplication unlike       , as in the example of     , the first  

multiple of 2 column of              type is same with the second multiple of 1 column of  

             type. 

That is, the      multiple of   column of              type is duplicated with the       

multiple of   column of              type. The blue cell means such duplication. 
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In the case of                         

Let us define              as an arbitray      multiple of   column in table 2.2. 

According to theorem 1, 

                                                            and 

                                                             

1) = . So, {  , } is arithmetic progression, let us define   as the common difference,  = ,  

a general term is                                    

                            
   

 
                           

   

 
   

   

    
   

                                
   

 
                               

   

 
   

                                                                     
   

    
 

 
   
 

 

   

 

 

In the case of                         

Let us define              as an arbitray      multiple of   column in table 2.2. 

According to theorem 1, 

                                                         

                                                                 

So,                                                                             ,  
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In the case of                       ,             

In the case of                       ,           

Because a general term of      multiple of   column in      is               , 

if     then                                       . 

We exclude the t’th duplication multiple in       in each      and      to avoid the such 

duplication. 

 

Let us define        as arithmetic progression except duplication of     , the common difference is 

      , but the initial term should be    .  
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If we define        as arithmetic progression except duplication of     , the common difference is 
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In addition, for the same reason as        (detail proof is omitted) 

                                

                      
   

    
        

 
   
 

 

   

    
   

    
        

 
   
 

 

   

 

 
 
 

 
 

   
       

    
        

 
       

 
 

   

    
       

    
        

 
       

 
 

   

 
 
 

 
 

 

If   is a composite number,                                             

If   is a prime number,                                            . 
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Theorem 3.       
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Proof 3. In the case of       , if     then       , because       
    

      
   

 

   
  

In the case of       , 

if we want to make       
    

      
   , then          when   

    

      
  , 

so,                       and because the left side of the inequality  

            is          , but if the case of the above        is satisfied, then  

   , so,     

The right side of the inequality                                          

  
    

 
. Therefore, by summarizing the above contents,     
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If      is always held regardless of the value of     , then        as the minimum value of  

    . So,     
    

 
     

 

 
. Therefore,     

 

 
,     . 

And,   
 

 
 

 

 
 
 

 
      

 

 
 

 

 
 
 

 
                  

 

 
 

 

 
 
 

 
   .   

             
 

 
 
 

 
 
 

 
          

 

When   is not a prime number,            
 

 
     , so,   

    

      
   

    

      
     

                             
 

 
 
 

 
 

         

 

 

   

 

[3] ,So, 

       
    

      
  

    

      
 
 

 
 
 

 
 

        
    

      
 

 

 

   

  

In addition,                              
        

 
        

        

  
 [4],[5] ,so, 

                       
        

  

        

 
 
          

  
  

               
    

      
 
 

 
 
 

 
 

 
  

      
        

   
      
      

   

 

   

 

  



 

 

18  

When   is a prime number, because        

    

      
 
 

 
 
 

 
 

        
    

      
 

 

 

   

 
 

   
 
 

 
 
 

 
 

        
 

   
 

 

 

   

  
 

 
  

    

      
 
 

 
 
 

 
 

 
  

      
        

   
      
      

   

 

   

 
 

   
 
 

 
 
 

 
 

     
 

          
 

   

   

 

   

  
 

 
 

And, because        

        
 

 
 
 

 
  

    

      
 
 

 
 
 

 
 

       
    

      
 

 

 

   

  
 

 
 

            
    

      
 
 

 
 
 

 
 

 
  

      
        

   
      
      

   

 

   

  
 

 
 

Especially, if  
 

 
 , 

when   is not a prime number, then 

     
    

     
 
 

 
 

 
 
 

 
 

    
       

     
 
 

 

 

 

   

 
     

       
 
 

 
 
 

 
 

     
        
       

 

 

 

   

 

            
    

     
 
 

 
 

 
 
 

 
 

 
  

      

      
 
   

   
      

     
 
 

   

 

   

 

            
     

       
 
 

 
 
 

 
 

 
  
       
         

   
       
       

   

 

   

 

when   is a prime number, then 
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Theorem 4.       
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Proof 4. If   is a prime number, then         . If   is 1 or a composite number then  
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Now,let us define as a set of prime of      type, as a set of prime of      type, 

as a set of composite of      type, as a set of prime of      type, and let us define 

  
       

         
 
 

 
 
 

 
 

     
          
         

 

 

 

   

  

  
       

         
 
 

 
 
 

 
 

     
          
         

 

 

 

   

 

According to theorem 3,  
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so, if we apply this to (4.2) then 
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If we substitute A,B to (4.5) then 
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And, if we modify (4.7) then 
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And, we modify (4.8) then 
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Theorem 5.  Next prime of      type 

If we define        as an arbitrary prime number of      type 

and if we define        as the first prime number of      type after  , 

then, the following equation is satisfied.  

              

   

     

 

        
 

 
 

          

          
 
 

 
  

    
           
          

 

 

 

   

   

     

   

     

 

                 

 

     

 

       
 

 
 
 

 
 

          

          
 
 

 
  

    
           
          

 

 

 

   

 

     

 

     

 

If we define        as an arbitrary prime number of      type 

and if we define        as the first prime number of      type after  , 

then, the following equation is satisfied.. 
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Proof 5. In the case of       ,       , 

let us define        as an arbitrary prime number of      type 

and let us define        as the first prime number of      type after  . 

          because      is a composite number in       and 

          because      is a prime number. Therefore, 

    

 

   

   

 

   

   

   

     

   

 

   

   

 

   

   

 

   

   

 

   

   

   

     

   

 

   

 

                

   

     

               

   

     

         

 

   

 

                

 

     

 

And,for      ,          
       

         
 ,    

       

         
  ,that is, 

       

         
   , 

so,according to theorem 3,if we arrange the above formula then 
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In the case of       ,       , 

let us define        as an arbitrary prime number of      type 

and let us define        as the first prime number of      type after  . 

          because      is a composite number in       and 

          because      is a prime number. Therefore, 

    

 

   

   

 

   

   

   

     

   

 

   

   

 

   

   

 

   

   

 

   

   

   

     

   

 

   

 

                

   

     

               

   

     

         

 

   

 

                

 

     

 

 

And,for      ,          
       

         
 ,    

       

         
  ,that is, 
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so,according to theorem 3. 
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Theorem 6.  

The below formula is not finished but we write here, because we think that if we arrange this formula 

more then it would be useful. 

                                            
       

       
      

   
   

 
 

 
 
   

 
 

 

   
  
   

   
  

            
            

        
 

 

   

 

 

   

            
            

        
 

 

   

 

 

   

    
   

 
 

 
 
   

 
 

 

   
   

Proof 6.  

Let us define below contents to simplify the formula of theorem 4 . 

   
        

          
    

        

          
 

   
    

           
          

 

 
    

    
           
          

 

 
 

If we apply the above definition to theorem 4 then 

               
 

 
        

 

   

 
 

  
         

 

   

 

   

                    

Let us define as a set of prime of      type, as a set of prime of      type, 

as a set of composite of      type, as a set of prime of      type. 

If       then           so     , if       then           so      

and           If we express (6.1) again according to the above contents then 
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If            then 

  

    
 

  

    
 

     

            
   

  

    
 

  

    
  

  

    
 

  

    
    

 

   
 

  

    
 

  

    
    

 

   
                    

If we define       as the number of      type prime number of   or less,  

      as the number of      type prime number of   or less then 

  

 

           

 

                            

If we apply (6.3), (6.4) for using (6.2) then 

 

 
  

  

    

 

  
  

    

 

  
 

 
    

 

    

 

  
 

 
  

 

   

 

  
 

   

 

   

 

 
 

  

    
  

 

 
  

    
  

 

  
 

 
    

 

    

 

  
 

 
 

 

   
  

 

 
 

   
  

 

   

 

 
 

  

    
                  

 

 
    

 

    

 

  
 

 
 

 

   
                  

                   because all prime is      or      type except 2,3. 

If we apply this contents to the above formula and apply (6.1) then  
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If we apply the above contents to (6.5) then 

 

 
            

   

   
 

            
            

        
 

 

   

 

 

   

            
            

        
 

 

   

 

 

   

 
 

 
            

    

    
   



 

 

33  

              
   

                                        

   
   

 
 

 
            

   

   
  

    
   

            
            

        
 

 

   

 

 

   

            
            

        
 

 

   

 

 

   

 

    
   

 
 

 
            

    

    
    

   
   

 
 

 
            

   

   
  

            
            

        
 

 

   

 

 

   

            
            

        
 

 

   

 

 

   

    
   

 
 

 
              

 

    
    

            
   

 
    
   

 

    
       

if we apply prime number theory (PNT) [1] to the above formula then 
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