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The spin precession of a Dirac particle in monotonically increasingly boosted
coordinates is calculated using torsion gravity (teleparallel theory of gravity). Also, we
find the vector and the axial-vector parts of the torsion tensor.
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1. INTRODUCTION

The inertia of intrinsic spin has been introduced for the first time by Mashoon
[1,2] and was illustrated by the rotation-spin coupling. The theoretical investigations
was performed by Hehl and Ni straightforwardly [3]. After these interesting works,
some researchers extended the calculations [4,5]. Nonetheless, relativistic treatment
has not been discussed by these authors. In order to test the existence of this term
an experiment was carried out by Mashoon et al. and the others [6-9]. Previously,
Zhang [10] calculated Dirac-Spin effect in rotating frame with a relativistic factor.
Here, we carry out the calculations for monotonically increasingly boosted coordi-
nates (MIBc). As a matter of fact, we want to construct a connection between the
torsion-spin effect and the rotation-spin effect associated with the MIBc.

The dynamics of the gravitational field can be investigated with the help of
torsion gravity which is characterized by the zero curvature identically [11]. In this
theory, the basic entity is the non-trivial tetrad field while in Einstein’s theory of
general relativity the metric tensor plays the role of the basic entity. The torsion
gravity corresponds to a gauge theory for the translation group [12, 13] based on
Weitzenbock geometry [14]. Although there are some fundamental differences, these
two theories give equivalent descriptions of the gravitational interaction [15]. Thus,
this conclusion implies that curvature and torsion might be simply alternative ways
of describing the gravitational field. In some other theories [16, 17], torsion is the
only relevant when spins are important [18], thence it represents additional degrees
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2 M. Salti, I. Acikgoz

of freedom as compared to curvature and some new physics may be associated with
it.

The dynamical spacetime effects on the spin is brought into the Dirac equa-
tion through the spin connection coming into sight in the Dirac equation including
gravitation [19,20]. The covariant Lagrangian of the Dirac spinor field is

_ 1 . _ — .
LDirac =-—myV¥ + 55@ a[\Ij’YZva\Ij - va\PfYZ\IIL (1)

where 7 are the Dirac matrices in flat spacetime which are given exactly as

(5 7). (1) e

here, I and 0 mean 2 X 2 identity and null matrices, respectively. 7 matrices are
given by

1 —1 1
alz<(1) 0>, 02=<? OZ>, 03:(0 _01), 3

and &;* is the vierbein field [21]. If one variates this Lagrangian with respect to 0,
one can find the Dirac equation in Weitzenbdck spacetime as below

[ a§i{aﬂ+r“}+m}\y =0. 4)

where W is the four-component Dirac wave-function. The spin connection I';, in
explicit form is

Ty = —[7, 7%, %kasn- (5)

|

One can show that [4]
nijk~ ~

A = 277 — 2™ — 26", 6)

Here 7%/ is the Minkowski metric, "/* is the totally antisymmetric Levi-Civita ten-

sor (e%123 = 1), and 75 = i70y17273. Then, the spin connection contributes the fol-
lowing [20]:
1 3
FN = ivu - ZAM’}%. (7)

Here, V), and A, are the vector part and the Axial-vector part of the torsion tensor,
respectively, and these quantities will be introduced in the exact form later.

In the general version of torsional gravity in Weitzenbdck spacetime, many
researchers showed that the spin precession of a Dirac particle is closely related
to the axial-vector torsion [10, 22-27], and it will be interesting to notice that the
axial-vector torsion describes the deviation of the axial symmetry from the spherical
symmetry [22].
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dg_ Z K ®)

where ? is the semi-classical spin vector of a Dirac particle and Z is the space-like
part of the axial-vector torsion. Hence, the corresponding additional Hamiltonian
energy term is

5H——fZ7 9)

where o represents the spin of the particle [l].
The torsion tensor can be divided into three irreducible parts under the global
Lorentz transformation group [20]. Hence, the tensor part is

1 1 1
tapr = 5 (Togu + Thowr) + 6<ng%M +9unT %) = 3900 T s (10)
the vector part is
Vi=T%,, an
and the axial-vector part is
1
AW = ggﬂvaﬂTyag. (12)
Now, the torsion tensor can be formulated by using these components:
1 1
Toa;u/ = §(taul/ - tauu) + g(gauvu - gauvu) + 5a,ul/0Aou (13)
where
cOHVo 1 SOV (14)

V=9
Here, § = 6% and § = Snuuo are completely skew symmetric tensor densities
weighted —1 and +1, respectively [20]. It is important to mention here that the
deviation is described by the axial-vector torsion.
Furthermore, the relation of Weitzenbdck connection [14] is

A _ DA A
Faﬂ_raﬁ_Taﬁ (15)

where fka 3 is the Levi-Civita connection of the metric g, = 7; jﬁiaﬁj L and is given
by

1
Fa;w = 5.90{5 (8Mgﬁl/ + 8%95# - aﬁguu) ) (16)
and
1
=5 (T s+ 15" o= Ths) (17

defines the contorsion tensor. Here

Ths=T%, T (18)
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4 M. Salti, I. Acikgoz

is the torsion of the Weitzenbock connection. A non-trivial field can be considered
to represent the linear Weitzenbock connection [28]

5 =§205¢ (19)
By using a vierbein field satisfying
g6 =01 €. =7 (20)

the Tensor and Lorentz indices can be interchanged.

In order to denote the tensor indices in relation with spacetime the Greek al-
phabet will be used and to denote Local Lorentz indices the Latin alphabet will be
used. In this work, we use assume that the speed of light is set equal to unit.

2. THE MIBC

We focus on a self-interacting scalar field which is described by the action

1
S=—/d4x lg] {QQ“VVMVM—V(@}, (21)

1

here we chose V(p) = 1(902

—1)2 to be a symmetric double well potential [29].
This is identical to use V(@) = 4 (¢* — %2
r=mr',t=mt and y = %(p. The metric of spherical symmetric flat spacetime in
standard spherical polar coordinates (t',7/,60,¢) is

ds'? = dt” — dr'? —r"?(d6" 4 sin 0’ d¢’?). (22)

)2 and introduce dimensionless variables

Now, we define a new radial coordinate r, which interpolates between the old radial
coordinate at small " and an outgoing null coordinate at large ’. Especially, we
consider [30]

t' =t, ' =r+A(r)t, 0 =0, ¢ = o, (23)

where the function A(7) increases monotonically and interpolates between 0 and 1
smoothly at some characteristic cutoff, r., so that

A(r) — 0, r < re,
Ar) —1, > . (24)

t and r will be called as the MIB coordinates. The MIB system can be reduced to
the original spherical coordinates (¢',7") for r < r., and both ingoing and outgoing
(from r > r.) radiation tends to be frozen in the transition layer, r = r. [30]. On the
other hand, the MIB system will not cover all of the (¢',7) half-plane. However, if
A(r) increases monotonically, the determinant of the Jacobian of the transformation
is obtained as non-zero for all ¢ such that ¢ > —|A(7)| a2 [30]. From this point of
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view, for this range of ¢, the transformation to and from standard spherical coordinate
system is well-defined and though a coordinate singularity inevitably forms as past
time-like infinity (¢ — —o0), this has no effect on the forward evolution of initial data
given at ¢t = 0 [30].

The coordinate system that is chosen results in the following spherically sym-
metric Arnowitt, Deser and Misner 3+1 Form [30, 31]

Gudxtdr” = [w(t,r) —])2(75,7“)fL2(7§,7“)]d752 —pz(t,r)dr2

—r2 f2(t,r)[d0* +sin® 0dp?] — 2p° (t,7)h(t,r)dtdr (25)
where
p(t,r) =1+tA'(r), (26)
_ A
h(t,r) = THA )’ (27)
Fltr) =1+ LA@), (28)
w(t,r)=1. (29)

In the nomenclature of the Arnowitt, Deser and Misner formalism, w(t, ) is the lapse
function, while h(t,r) is the radial component of the shift vector. In this work, we
adopt the following specific form for A(r):

=T
=—— |1
A(r) 2+5[ +tanh 5 ], (30)
where
1 Te
e——§(1+tanh§) 31D

is chosen to satisfy the regularity condition at r = 0.

3. CALCULATION OF THE DIRAC SPIN EFFECT

The surviving components of the metric tensor g, for the line-element (25)
are defined by

G = [w(t,r) —p? (t, r)h2 (t, 7“)]5258 —p? (t, T)(S}L(;lll
—r? f2(t,r)[0267 + sin® 065,57
—p?(t,7)h(t,7)[6)8, + 6,67, 32)
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and the non-zero components of its inverse form g"” are given by the following
relation
.gwj = w_2(tvr)5556 - [p_2(t,7“) - hQ(tar)w_Q(tﬂa)](siLéll/
—r 2 f72(t,r) (6508 + csc? 054 6)
—R2(t,r)w 2 (t,r) [5hY +01'84] . (33)

The general form of the vierbein, £/, having spherical symmetry was given by Robert-
son [32]. In the Cartesian form it can be written as

58 = (1, 53 = C2xa7 fg = i03ma7

£ = Cyb+ C50°a® + €40pCo1”, (34)
here C; (1 =1,2,3,4,5,6) are functions of ¢ and r = (ajbxb)lﬂ, and the zeroth vector
&," has the factor i? = —1 to preserve Lorentz signature, and the tetrad of Minkowski

space-time is now fb“ = diag(i,0;') where (b=1,2,3). Using the general coordinate
transformation

)<
o = X

where {X*} and {X”’} are, respectively, the isotropic and Schwarzschild coordi-

Ry (35)

nates (¢,7,6,¢). In the spherical, static and isotropic coordinate system

X! =rsinfcosg, (36)
X2 = rsinfsin ¢, (37)
X3 =rcosf. (38)
Hence, we obtain the vierbein components of £, as
2(t,r)h(t,r
_p ( gz ( ) N 0 0
- 0 p(t,r)sbco rf(t,r)chcdp —Ssd (39)
’ 0 p(t,r)s0s¢p rf(t,r)clsp S
0 p(t,r)cd  —rf(t,r)sd 0
and the components of inverse matrix &,
N
“waopen 0 0 00
_ NG sce scep chco _ s¢
EF = p3(t,r)h(t,r) p(tr) Ti}ég) cf ’ (40)

NG 898(;5 s0s¢p

P h(tr) ) : =
p3(t,r) }gtgr) 0 p(éfer) rfggr) E)y

T p3(t,r)h(t,r) p(t,r)  rf(tr)

where
S?(t,r) = N2 (¢, 1) +p2(t,7), (41)
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127

p*(t,r)h(t,r)
[w(t,r) —p*(t,r)h2(t,r)]Y/2’
12s and we have introduced the following notation: s = sin#, cf = cosf, s¢ = sin¢
129 and c¢ = cos .

N(t,r)=— (42)

130 Next, the non-zero components of the Weitzenbock connection are obtained:
0 = (Inh) 4 +2(Inp) ; + (InR) 4, (43)
131
- I%; = (Inh) . +2(In7) ; + (InR) ., (44)
N(Sp¢+pRy)
Mg = ——— 5, (45)
133 ( p )
I %p r PN,
Moy =——— ", (46)
134 11 fhz“\zpi
10, = =2 47)
135 22 hp32
NG
= ——) (48)
136 33 hp3
Iy = (Inp) s, (49)
138 Fl11 = (lnp)ﬂ’v (50)
rf
Iy =——, (51)
139 ~ p
Ty = — sind), (52)
140 p
2, = f Jﬁ sin 26, (53)
141
Pr .
2, = “sin26, (54)
142 Tf
I, = % cos 20, (55)
143
T2, = (In f) s cos 20, (56)
sin 20
%y = [1+(In f).], (57)
145
» 2, = —sin26, (58)
Cx
2, = —% cos, (59)
147
. 3, = %sin 0, (60)
I3, = gcosa, (61)
149 Y
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F331 =(InS),,.

Hence, the corresponding non-vanishing components of the of the torsion tensor are

given as

PPh,+ SNp; + pRN

hp3

T101 = *Tllo = (hlp),t,

TY, =-T"! _—ﬁ,
12 21 v
T2 — 72 = Prginog
01 10 TfSHl )
+rf
T2 ——T2 7f p 5T
12 21 f )

T202 - —T220 - (ln f)’t COS 20,

T313 =-T

3

o
S, —psind

31 = % )
3 3 rf
T23 =-T 39 = gcosa,

T303 = _T330 = (In 3),#

The corresponding non-vanishing components of the vector torsion turn out to

be
(\/
Vo(t,r,0) = —J;tCOSQH— ];;t - %,

f_p+rf,t 2p,7" pSine_S,r N,r
‘/1(75,7“,9):—774]0 cos26 — + 5 4_W
h %Np’t NN’t
h hp3  hp?’

cosf 1

Va(t,r) = —=

and, the non-vanishing component of the axial-vector torsion is

A®(t,7,0) =

1

N

<hcsc9 — QCosﬁp’t) .

p

In space-like vector form, the axial vector becomes

A = =gz A®e, =

sinf

3vw

<hcsc@ — 20059“) -
p

)

(63)

(64)

(65)

(66)

(67)

(63)
(69)

(70)

(71)

(72)

(73)

(74)

(75)

(76)

(77)
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Hence, the spin precision of a Dirac particle in torsion gravity turns out to be

dd? = ;1\1/1; <200$9];t —hcsc&) €g X ?, (78)

and the corresponding hamiltonian will be

< 0
0H = 251:/1@ <2COS(9];t — hcsc@) é¢.?. (79)

4. FINAL REMARKS

Long distance phenomena is described in Einstein’s theory of general relativity
very successfully, but on microscopic distances the theory encounters serious dif-
ficulties. It is known that a covariant conserved energy-momentum tensor for the
gravitational field can not be constructed in the framework of general relativity, thus
the investigation of alternative gravity theories is justified from the physical as well
as from the mathematical point of view [34].

This paper is devoted to discuss torsion gravity version of monotonically in-
creasingly boosted coordinates. For this purpose, a tetrad having four unknown func-
tions is applied to the field equation of the torsion gravity.

If we take A(r) = 0 in the MIB system’s metric, we obtain a line-element
describing spherical symmetric flat spacetime written in standard spherical polar co-
ordinates. Therefore, the axial-vector vanishes, i.e. X = 0. This shows that, under
A(r) — 0 limit, the spin vector of the Dirac particle will be constant and the corre-
sponding Hamiltonian term induced by the axial-vector spin coupling will be equal
to zero. Since the torsion plays the role of the gravitational force in torsion gravity, a
spinless particle will obey the force equation [28,33] in the gravitational field

duy

ds
The left part of this relation is the Weitzenbdck covariant derivative of u) along the
world line of the particle. The presence of the torsion tensor given in the right part
of the relation means essentially that torsion plays the role of an external force in
torsion gravity.

Finally, it is worth to mention here that the tetrad formalism itself has some
important advantages come mainly from its independence from the equivalence prin-
ciple and consequent suitability to the discussion of quantum issues. We know that
it is always enriching to investigate known issues from another point of view, so that
the endeavor is in itself commendable.

—Lowutu” =Ty utu”. (80)
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