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The spin precession of a Dirac particle in monotonically increasingly boosted7

coordinates is calculated using torsion gravity (teleparallel theory of gravity). Also, we8

find the vector and the axial-vector parts of the torsion tensor.9

Key words: MIB Coordinates, Dirac Spin Effect, teleparallel gravity..10

11

PACS: 04.20.Jb, 04.25.Nx, 04.50.+h, 04.80.Cc12

1. INTRODUCTION

The inertia of intrinsic spin has been introduced for the first time by Mashoon13

[1,2] and was illustrated by the rotation-spin coupling. The theoretical investigations14

was performed by Hehl and Ni straightforwardly [3]. After these interesting works,15

some researchers extended the calculations [4, 5]. Nonetheless, relativistic treatment16

has not been discussed by these authors. In order to test the existence of this term17

an experiment was carried out by Mashoon et al. and the others [6–9]. Previously,18

Zhang [10] calculated Dirac-Spin effect in rotating frame with a relativistic factor.19

Here, we carry out the calculations for monotonically increasingly boosted coordi-20

nates (MIBc). As a matter of fact, we want to construct a connection between the21

torsion-spin effect and the rotation-spin effect associated with the MIBc.22

The dynamics of the gravitational field can be investigated with the help of23

torsion gravity which is characterized by the zero curvature identically [11]. In this24

theory, the basic entity is the non-trivial tetrad field while in Einstein’s theory of25

general relativity the metric tensor plays the role of the basic entity. The torsion26

gravity corresponds to a gauge theory for the translation group [12, 13] based on27

Weitzenböck geometry [14]. Although there are some fundamental differences, these28

two theories give equivalent descriptions of the gravitational interaction [15]. Thus,29

this conclusion implies that curvature and torsion might be simply alternative ways30

of describing the gravitational field. In some other theories [16, 17], torsion is the31

only relevant when spins are important [18], thence it represents additional degrees32
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of freedom as compared to curvature and some new physics may be associated with33

it.34

The dynamical spacetime effects on the spin is brought into the Dirac equa-35

tion through the spin connection coming into sight in the Dirac equation including36

gravitation [19, 20]. The covariant Lagrangian of the Dirac spinor field is37

ŁDirac =−mΨΨ+
1

2
ξ α
i [Ψγ̃i∇αΨ−∇αΨγ̃iΨ], (1)

where γ̃i are the Dirac matrices in flat spacetime which are given exactly as38

−→
γ̃ =

(
0 −→σ

−−→σ 0

)
, γ̃0 =

(
I 0
0 −I

)
, (2)

here, I and 0 mean 2× 2 identity and null matrices, respectively. −→σ matrices are39

given by40

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
, (3)

and ξ α
i is the vierbein field [21]. If one variates this Lagrangian with respect to Ψ,41

one can find the Dirac equation in Weitzenböck spacetime as below42

[ξ α
i γ̃i{∂µ+Γµ}+m]Ψ = 0. (4)

where Ψ is the four-component Dirac wave-function. The spin connection Γµ in43

explicit form is44

Γµ ≡ 1

8
[γ̃j , γ̃k]ξ α

j ξkα;µ. (5)

One can show that [4]45

γ̃i[γ̃j , γ̃k] = 2ηij γ̃k−2ηikγ̃j −2iεnijkγ̃5γ̃n. (6)

Here ηij is the Minkowski metric, εnijk is the totally antisymmetric Levi-Civita ten-46

sor (ε0123 = 1), and γ̃5 = iγ̃0γ̃1γ̃2γ̃3. Then, the spin connection contributes the fol-47

lowing [20]:48

Γµ =
1

2
Vµ−

3i

4
Aµγ̃5. (7)

Here, Vµ and Aµ are the vector part and the Axial-vector part of the torsion tensor,49

respectively, and these quantities will be introduced in the exact form later.50

In the general version of torsional gravity in Weitzenböck spacetime, many51

researchers showed that the spin precession of a Dirac particle is closely related52

to the axial-vector torsion [10, 22–27], and it will be interesting to notice that the53

axial-vector torsion describes the deviation of the axial symmetry from the spherical54

symmetry [22].55
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d
−→
S

dt
=−3

2

−→
A ×−→

S (8)

where
−→
S is the semi-classical spin vector of a Dirac particle and

−→
A is the space-like56

part of the axial-vector torsion. Hence, the corresponding additional Hamiltonian57

energy term is58

δH =−3

2

−→
A.−→σ (9)

where −→σ represents the spin of the particle [1].59

The torsion tensor can be divided into three irreducible parts under the global60

Lorentz transformation group [20]. Hence, the tensor part is61

tαµν =
1

2
(Tαµν +Tµαν)+

1

6
(gναT

δ
δµ+gνµT

ω
ωα)−

1

3
gαµT

ρ
ρν , (10)

the vector part is62

Vµ = Tα
αµ, (11)

and the axial-vector part is63

Aµ =
1

6
εµναβTναβ . (12)

Now, the torsion tensor can be formulated by using these components:64

Tαµν =
1

2
(tαµν − tανµ)+

1

3
(gαµVν −gανVµ)+εαµνσA

σ, (13)

where65

εαµνσ =
1√
−g

δαµνσ. (14)

Here, δ = δαµνσ and δ = δαµνσ are completely skew symmetric tensor densities66

weighted −1 and +1, respectively [20]. It is important to mention here that the67

deviation is described by the axial-vector torsion.68

Furthermore, the relation of Weitzenböck connection [14] is69

Γλ
αβ = Γ̃λ

αβ −Υλ
αβ (15)

where Γ̃λ
αβ is the Levi-Civita connection of the metric gαβ = ηijξ

i
αξ

j
β , and is given70

by71

Γ̃α
µν =

1

2
gαβ (∂µgβν +∂νgβµ−∂βgµν) , (16)

and72

Υλ
αβ =

1

2

(
T λ
α β +T λ

β α−T λ
αβ

)
(17)

defines the contorsion tensor. Here73

T λ
αβ = Γλ

βα−Γλ
αβ (18)
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is the torsion of the Weitzenböck connection. A non-trivial field can be considered74

to represent the linear Weitzenböck connection [28]75

Γλ
αβ = ξ λ

i ∂βξ
i
α. (19)

By using a vierbein field satisfying76

ξiαξ
β

i = δβα, ξiαξ
α

j = δij (20)

the Tensor and Lorentz indices can be interchanged.77

In order to denote the tensor indices in relation with spacetime the Greek al-78

phabet will be used and to denote Local Lorentz indices the Latin alphabet will be79

used. In this work, we use assume that the speed of light is set equal to unit.80

2. THE MIBC

We focus on a self-interacting scalar field which is described by the action81

S =−
∫

d4x
√

|g|
{
1

2
gµν∇µφ∇νφ−V (φ)

}
, (21)

here we chose V (φ) = 1
4(φ

2 − 1)2 to be a symmetric double well potential [29].82

This is identical to use V (φ) = ϱ
4(φ

2− m2

ϱ )2 and introduce dimensionless variables83

r =mr′, t=mt′ and χ=
√
ϱ

m φ. The metric of spherical symmetric flat spacetime in84

standard spherical polar coordinates (t′, r′,θ′,ϕ′) is85

ds′2 = dt′2−dr′2− r′2(dθ′2+sin2 θ′dϕ′2). (22)

Now, we define a new radial coordinate r, which interpolates between the old radial86

coordinate at small r′ and an outgoing null coordinate at large r′. Especially, we87

consider [30]88

t′ = t, r′ = r+∆(r)t, θ′ = θ, ϕ′ = ϕ, (23)

where the function ∆(r) increases monotonically and interpolates between 0 and 189

smoothly at some characteristic cutoff, rc, so that90

∆(r)→ 0, r ≪ rc,

∆(r)→ 1, r ≫ rc. (24)

t and r will be called as the MIB coordinates. The MIB system can be reduced to91

the original spherical coordinates (t′, r′) for r ≪ rc, and both ingoing and outgoing92

(from r ≫ rc) radiation tends to be frozen in the transition layer, r ≈ rc [30]. On the93

other hand, the MIB system will not cover all of the (t′, r′) half-plane. However, if94

∆(r) increases monotonically, the determinant of the Jacobian of the transformation95

is obtained as non-zero for all t such that t > −|∆(r)|max [30]. From this point of96
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view, for this range of t, the transformation to and from standard spherical coordinate97

system is well-defined and though a coordinate singularity inevitably forms as past98

time-like infinity (t→−∞), this has no effect on the forward evolution of initial data99

given at t= 0 [30].100

The coordinate system that is chosen results in the following spherically sym-
metric Arnowitt, Deser and Misner 3+1 Form [30, 31]

gµνdx
µdxν = [w(t,r)−p2(t,r)h2(t,r)]dt2−p2(t,r)dr2

−r2f2(t,r)[dθ2+sin2 θdϕ2]−2p2(t,r)h(t,r)dtdr (25)

where101

p(t,r) = 1+ t∆′(r), (26)
102

h(t,r) =
∆(r)

1+ t∆′(r)
, (27)

103

f(t,r) = 1+
t

r
∆(r), (28)

104

w(t,r) = 1. (29)

In the nomenclature of the Arnowitt, Deser and Misner formalism, w(t,r) is the lapse105

function, while h(t,r) is the radial component of the shift vector. In this work, we106

adopt the following specific form for ∆(r):107

∆(r) =
1

2+ε

[
1+tanh

r− rc
δ

]
, (30)

where108

ε=−1

2
(1+tanh

rc
δ
) (31)

is chosen to satisfy the regularity condition at r = 0.109

3. CALCULATION OF THE DIRAC SPIN EFFECT

The surviving components of the metric tensor gµν for the line-element (25)110

are defined by111

gµν = [w(t,r)−p2(t,r)h2(t,r)]δ0µδ
0
ν −p2(t,r)δ1µδ

1
ν

−r2f2(t,r)[δ2µδ
2
ν +sin2 θδ3µδ

3
ν ]

−p2(t,r)h(t,r)[δ0µδ
1
ν + δ1µδ

0
ν ], (32)
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and the non-zero components of its inverse form gµν are given by the following112

relation113

gµν = w−2(t,r)δµ0 δ
ν
0 − [p−2(t,r)−h2(t,r)w−2(t,r)]δµ1 δ

ν
1

−r−2f−2(t,r)
(
δµ2 δ

ν
2 +csc2 θδµ3 δ

ν
3

)
−h2(t,r)w−2(t,r) [δµ0 δ

ν
1 + δµ1 δ

ν
0 ] . (33)

The general form of the vierbein, ξµi , having spherical symmetry was given by Robert-114

son [32]. In the Cartesian form it can be written as115

ξ00 = iC1, ξ0a = C2x
a, ξα0 = iC3x

α,

ξαa = C4δ
α
a +C5x

axα+ ϵaαβC6x
β, (34)

here Ci (i= 1,2,3,4,5,6) are functions of t and r= (xbxb)1/2, and the zeroth vector116

ξ µ
0 has the factor i2 =−1 to preserve Lorentz signature, and the tetrad of Minkowski117

space-time is now ξ µ
b = diag(i,δαb ) where (b=1,2,3). Using the general coordinate118

transformation119

ξaµ =
∂Xν′

∂Xµ
haν (35)

where {Xµ} and
{
Xν′

}
are, respectively, the isotropic and Schwarzschild coordi-120

nates (t,r,θ,ϕ). In the spherical, static and isotropic coordinate system121

X1 = r sinθ cosϕ, (36)
122

X2 = r sinθ sinϕ, (37)
123

X3 = r cosθ. (38)
Hence, we obtain the vierbein components of ξaµ as124

ξaµ =


−p2(t,r)h(t,r)

ℵ ℵ 0 0
0 p(t,r)sθcϕ rf(t,r)cθcϕ −ℑsϕ
0 p(t,r)sθsϕ rf(t,r)cθsϕ ℑcϕ
0 p(t,r)cθ −rf(t,r)sθ 0

 , (39)

and the components of inverse matrix ξ µ
a125

ξ µ
a =


− ℵ

p2(t,r)h(t,r)
0 0 0

− ℵℑ
p3(t,r)h(t,r)

sθcϕ sθcϕ
p(t,r)

cθcϕ
rf(t,r) − sϕ

ℑ
ℵℑ

p3(t,r)h(t,r)
sθsϕ sθsϕ

p(t,r)
cθsϕ

rf(t,r)
cϕ
ℑ

− ℵℑ
p3(t,r)h(t,r)

cθ cθ
p(t,r)

sθ
rf(t,r) 0

 , (40)

where126

ℑ2(t,r) = ℵ2(t,r)+p2(t,r), (41)
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127

ℵ(t,r) =− p2(t,r)h(t,r)

[w(t,r)−p2(t,r)h2(t,r)]1/2
, (42)

and we have introduced the following notation: sθ = sinθ, cθ = cosθ, sϕ = sinϕ128

and cϕ= cosϕ.129

Next, the non-zero components of the Weitzenböck connection are obtained:130

Γ0
00 = (lnh),t+2(lnp),t+(lnℵ),t, (43)

131

Γ0
01 = (lnh),r+2(lnr),t+(lnℵ),r, (44)

132

Γ0
10 =−ℵ(ℑp,t+pℵ,t)

hp3
, (45)

133

Γ0
11 =−ℵ(ℑp,r+pℵ,r)

hp3
, (46)

134

Γ0
22 =

rfℵℑ
hp3

, (47)
135

Γ0
33 =

ℵℑ2

hp3
, (48)

136

Γ1
10 = (lnp),t, (49)

137

Γ1
11 = (lnp),r, (50)

138

Γ1
21 =−rf

p
, (51)

139

Γ1
33 =−ℑ

p
sinθ, (52)

140

Γ2
10 =

p,t
rf

sin2θ, (53)
141

Γ2
11 =

p,r
rf

sin2θ, (54)
142

Γ2
12 =

p

rf
cos2θ, (55)

143

Γ2
20 = (lnf),t cos2θ, (56)

144

Γ2
21 =

sin2θ

r
[1+(lnf),r], (57)

145

Γ2
22 =−sin2θ, (58)

146

Γ2
33 =− ℑ

rf
cosθ, (59)

147

Γ3
13 =

p

ℑ
sinθ, (60)

148

Γ3
23 =

rf

ℑ
cosθ, (61)

149

Γ3
30 = (lnℑ),t, (62)
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Γ3
31 = (lnℑ),r. (63)

Hence, the corresponding non-vanishing components of the of the torsion tensor are150

given as151

T 0
01 =−T 0

10 =−2(lnp),r+(lnℵ),r−
p3h,r+ℑℵp,t+pℵℵ,t

hp3
, (64)

152

T 1
01 =−T 1

10 = (lnp),t, (65)
153

T 1
12 =−T 1

21 =−rf

p
, (66)

154

T 2
01 =−T 2

10 =
p,r
rf

sin2θ, (67)
155

T 2
12 =−T 2

21 =
f −p+ rf,r

rf
, (68)

156

T 2
02 =−T 2

20 = (lnf),t cos2θ, (69)
157

T 3
13 =−T 3

31 =
ℑ,r−psinθ

ℑ
, (70)

158

T 3
23 =−T 3

32 =
rf

ℑ
cosθ, (71)

159

T 3
03 =−T 3

30 = (lnℑ),t. (72)

The corresponding non-vanishing components of the vector torsion turn out to160

be161

V0(t,r,θ) =−f,t
f

cos2θ− p,t
p

− ℑ,t

ℑ
, (73)

V1(t,r,θ) =−f −p+ rf,t
rf

cos2θ− 2p,r
p

+
psinθ−ℑ,r

ℑ
+

ℵ,r

ℵ

−h,r
h

− ℑℵp,t
hp3

− ℵℵ,t

hp2
, (74)

162

V2(t,r) = rf

(
cosθ

ℑ
− 1

p

)
, (75)

and, the non-vanishing component of the axial-vector torsion is163

A(3)(t,r,θ) =
1

3rf
√
w

(
hcscθ−2cosθ

p,t
p

)
. (76)

In space-like vector form, the axial vector becomes164

−→
A =

√
−g33A

(3)êϕ =
sinθ

3
√
w

(
hcscθ−2cosθ

p,t
p

)
êϕ. (77)
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Hence, the spin precision of a Dirac particle in torsion gravity turns out to be165

d
−→
S

dt
=

sinθ

2
√
w

(
2cosθ

p,t
p

−hcscθ

)
êϕ×

−→
S , (78)

and the corresponding hamiltonian will be166

δH =
sinθ

2
√
w

(
2cosθ

p,t
p

−hcscθ

)
êϕ.

−→σ . (79)

4. FINAL REMARKS

Long distance phenomena is described in Einstein’s theory of general relativity167

very successfully, but on microscopic distances the theory encounters serious dif-168

ficulties. It is known that a covariant conserved energy-momentum tensor for the169

gravitational field can not be constructed in the framework of general relativity, thus170

the investigation of alternative gravity theories is justified from the physical as well171

as from the mathematical point of view [34].172

This paper is devoted to discuss torsion gravity version of monotonically in-173

creasingly boosted coordinates. For this purpose, a tetrad having four unknown func-174

tions is applied to the field equation of the torsion gravity.175

If we take ∆(r) = 0 in the MIB system’s metric, we obtain a line-element176

describing spherical symmetric flat spacetime written in standard spherical polar co-177

ordinates. Therefore, the axial-vector vanishes, i.e.
−→
A = 0. This shows that, under178

∆(r)→ 0 limit, the spin vector of the Dirac particle will be constant and the corre-179

sponding Hamiltonian term induced by the axial-vector spin coupling will be equal180

to zero. Since the torsion plays the role of the gravitational force in torsion gravity, a181

spinless particle will obey the force equation [28, 33] in the gravitational field182

duλ
ds

−Γµλνu
µuν = Tµλνu

µuν . (80)

The left part of this relation is the Weitzenböck covariant derivative of uλ along the183

world line of the particle. The presence of the torsion tensor given in the right part184

of the relation means essentially that torsion plays the role of an external force in185

torsion gravity.186

Finally, it is worth to mention here that the tetrad formalism itself has some187

important advantages come mainly from its independence from the equivalence prin-188

ciple and consequent suitability to the discussion of quantum issues. We know that189

it is always enriching to investigate known issues from another point of view, so that190

the endeavor is in itself commendable.191
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