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Abstract

We give a survey on recent results about the problem of approximating a real-valued function f

by means of suitable families of sampling type operators, which include both discrete and integral

ones, and about the order of approximation, and abstract Korovkin-type theorems with respect to

different types of test functions, in the context of filter convergence. We give a unified approach, by

means of which it is possible to consider several kinds of classical operators, for instance Urysohn

integral operators, in particular Mellin-type convolution integrals, and generalized sampling series.

We obtain proper extensions of classical results.

We consider the problem of approximating a real-valued function f by a net of operators of the form

(Twf)(s) =

∫
Hw

Kw(s, t, f(t)) dµw(t), w ∈W, s ∈ G,

where W ⊂ R is a suitable directed set, (Hw)w is a net of nonempty closed subsets of G with

G =
⋃
w∈W

Hw, µw is a regular measure defined on the Borel σ-algebra Bw of Hw and f belongs to the

domain of the operators Tw for each w ∈W .

These kinds of operators, give a unifying approach for the treatment of both integral and discrete

operators, by specifying the subspaces Hw and the measures µw. So, they represent a powerful tool

for a general study of the approximation properties in various functional spaces, and include several

classical discrete operators and integral operators of Urysohn type. We study the approximation

properties of Tw in modular spaces, a class of function spaces which includes Lp, Orlicz and Musielak-

Orlicz spaces, and we determine a subspace Y of the modular space involved, for which the modular

convergence holds for every f ∈ Y . We consider an abstract version of the modular convergence,

associated with filter convergence.
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We extend to the filter setting some results about convergence theorems and rates of approxima-

tions for generalized sampling type operators, associated to real-valued functions (signals) defined on

the real line or on a multidimensional Euclidean space. This corresponds to the choice G = R or

Rd endowed with the Lebesgue measure µ, Hw =
1

w
Z or Hw =

1

w
Zd with the counting measure µw.

These operators represent fundamental tools in signal processing, images and video reconstruction

Another kind of theorem of Approximation Theory, studied in this framework, is the Korovkin

theorem. In the classical Korovkin theorem the uniform convergence in C([a, b]), the space of all

continuous real-valued functions defined on the compact interval [a, b], is proved for a sequence of

positive linear operators, assuming the convergence only on the test functions 1, x, x2. There are also

trigonometric versions of the Korovkin theorem, using the test functions 1, sinx, cosx. There are

several possibilities of using test functions. We present some Korovkin-type theorems in the setting

of modular spaces and filter convergence, dealing with different classes of test functions. Also the

case of not necessarily positive operators is treated.

Let G = (G,+) be a locally compact abelian Hausdorff topological group with neutral element θ,

and suppose that U ⊂ P(G×G) is a uniform structure which generates the topology of G. For every

U ∈ U and s ∈ G, we set Us = {t ∈ G : (s, t) ∈ U}. The family {Us : U ∈ U} represents the class

of the neighborhoods of s ∈ G in the uniform topology. Let B be the σ-algebra of all Borel subsets

of G, µ : B → R be a positive σ-finite regular measure, and U be a base of µ-measurable symmetric

neighborhoods of θ.

A nonempty class F of subsets of an infinite set W is a filter of W iff ∅ 6∈ F , A∩B ∈ F whenever

A, B ∈ F and for each A ∈ F and B ⊃ A we get B ∈ F . If W = (W,≥) is a directed set, then a

filter F of W is free iff it contains the sets of type Mw := {v ∈W : v ≥ w} for every w ∈W .

Let F be a free filter of W . A net xw, w ∈ W , in R is said to be F-bounded iff there exists an

M > 0 such that {w ∈W : |xw| ≤M} ∈ F .

A net xw, w ∈ W , of elements of G is said to be F-convergent to x ∈ G (and we write

x = (F) lim
w∈W

xw) iff {w ∈ W : (xw, x) ∈ U} ∈ F for every U ∈ U . If x = xw, w ∈ W , is a net

in R and Ax = {a ∈ R : {w ∈ W : xw ≥ a} 6∈ F}, Bx = {b ∈ R : {w ∈ W : xw ≤ b} 6∈ F}, then the

F-limit superior and the F-limit inferior of (xw)w are defined by

(F) lim sup
w

xw =

{
supBx, if Bx 6= ∅,
−∞, if Bx = ∅,

(F) lim inf
w

xw =

{
inf Ax, if Ax 6= ∅,
+∞, if Ax = ∅,

respectively. A net fw : G→ R, w ∈ W , is said to F-converge uniformly (resp. in measure) to f on

G iff (F) lim
w

[sup
t∈G
|fw(t)− f(t)|] = 0 (resp. (F) lim

w
µ({t ∈ G : |fw(t)− f(t)| > ε}) = 0 for each ε > 0).

A free filter F of N is said to be a Lebesgue filter iff for every measure space (G,B, µ), with µ finite

and positive, we have (F) lim
n

∫
G
fn dµ = 0 whenever fn : G → R, n ∈ N, is a sequence, pointwise

F-convergent to 0 and such that there is a non-negative function h ∈ L1(G,B, µ), with |fn(t)| ≤ h(t)

for all t ∈ G. Note that the filter of all subsets of N with asymptotic density one is a Lebesgue filter.

Given two functions f1, f2 : W → R and a filter F of W , we say that f1(w) = O(f2(w)) with
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respect to F iff there exists a D > 0 with {w ∈W : |f1(w)| ≤ D |f2(w)|} ∈ F .

From now on we suppose that F is a free filter of W . Some examples used frequently in the

literature are W = (N,≥), or W ⊂ [a,w0[⊂ R endowed with the usual order, where w0 ∈ R∪{+∞} is

a limit point of W . We also consider the above set G endowed with the filter Hθ of all neighborhoods

of its neutral element θ.

A net fw : G → R, w ∈ W , is said to be F-exhaustive at s ∈ G iff for every ε > 0 there exist a

neighborhood Us of s and A ∈ F with |fw(z)− fw(s)| ≤ ε, whenever w ∈ A and z ∈ Us.
For each w ∈ W , let Hw be a nonempty closed set of B, with

⋃
w∈W

Hw = G, and µw be a regular

measure defined on the Borel σ-algebra Bw generated by the family {A ∩Hw : A is an open subset

of G}. For every w ∈W let Lw be the set of all measurable non-negative functions Lw : G×G→ R
such that the sections L(·, t) and L(s, ·) belong to L1(G), L1(Hw) for all s, t ∈ G, where L1(G) and

L1(Hw) are the spaces of Lebesgue integrable functions with respect to µ and µw respectively, and

suppose that Lw is F-homogeneous uniformly with respect to w ∈ W , namely there is a set F ∗ ∈ F
with Lw(σ + s, u+ s) = Lw(σ, u) for every σ, s, u ∈ G and w ∈ F ∗.

Let R+
0 be the set of all non-negative real numbers and Ψ be the class of all functions ψ : G×R+

0 →
R+

0 such that ψ(t, ·) is continuous, nondecreasing, ψ(t, 0) = 0 and ψ(t, u) > 0, for every t ∈ G and

u > 0. We consider a family (ψw)w ⊂ Ψ, with the property that there exist two constants E1, E2 ≥ 1

and measurable functions φw : G×G→ R+
0 , w ∈W , with ψw(t, u) ≤ E1ψw(t− s, E2 u) + φw(t, s− t)

for all u ∈ R+
0 , s, t ∈ G,w ∈ F ∗. Let Ψ̃ be the class of all functions ψ : R+

0 → R+
0 such that ψ

is continuous, nondecreasing, ψ(0) = 0 and ψ(u) > 0 for all u > 0. Let Γ = (ψw)w ⊂ Ψ̃ be a net,

F-exhaustive at 0 and such that for every u > 0 the net (ψw(u))w is F-bounded.

Let K (resp. K̃Γ) be the class of the families of functions Kw : G ×Hw × R → R, w ∈ W , such

that Kw(·, ·, u) is measurable on G×Hw for each w ∈W and u ∈ R, Kw(s, t, 0) = 0 for every w ∈W ,

s ∈ G and t ∈ Hw, and for each w ∈W there are Lw ∈ Lw and ψw ∈ Ψ (resp. ψw ∈ Ψ̃), with

|Kw(s, t, u)−Kw(s, t, v)| ≤ Lw(s, t)ψw(t, |u− v|) (1)

(resp. |Kw(s, t, u)−Kw(s, t, v)| ≤ Lw(s, t)ψw(|u− v|))

for all s ∈ G, t ∈ Hw, u, v ∈ R. Let K = (Kw)w ∈ K and (Tw)w∈W be a net of operators defined by

(Twf)(s) =

∫
Hw

Kw(s, t, f(t)) dµw(t), s ∈ G, (2)

where for any w ∈ W , Tw is defined in a suitable subset of L0(G). For s ∈ G, w ∈ W and Lw ∈ Lw,

set lw(s) := Lw(θ, s), suppose that lw is a µ-measurable function with lw(· − s) ∈ L1(Hw) for every

s ∈ G, that there are D∗ > 0 and F ∈ F with

∫
Hw

lw(t− s) dµw(t) ≤ D∗ for each s ∈ G and w ∈ F .

Let K ∈ KΓ. We say that K is F-singular iff

• there is a D1 > 0 with Λ =
{
w ∈W :

∫
Hw

Lw(s, t) dµw(t) ≤ D1 for all s ∈ G
}
∈ F ;
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• for every s ∈ G and for each neighborhood Us ⊂ G we get

(F) lim
w

∫
Hw\Us

Lw(s, t) dµw(t) = 0;

• for every s ∈ G and u ∈ R we have (F) lim
w

∫
Hw

Kw(s, t, u) dµw(t) = u.

Analogously as above, it is possible to formulate the concepts of strong filter singularity and singularity

with respect to filter convergence in measure or uniform.

Let Ξ be the class of all functions ξ : W → R+
0 such that (F) lim

w∈W
ξ(w) = 0, let ξ ∈ Ξ, K ∈ K, lw

be as before and πw : G→ R+
0 , w ∈W , be µ-measurable functions. We say that K is (F , ξ)-singular

with respect to lw and πw iff:

(1)

∫
G\U

lw(s) (πw(s) + 1)dµ(s) = O(ξ(w)) with respect to F for each U ∈ U ;

(2) if rw(s) := sup
u∈R\{0}

∣∣∣1
u

∫
Hw

Kw(s, t, u) dµw(t)− 1
∣∣∣, s ∈ G, then sup

s∈G
rw(s) = O(ξ(w)) with respect

to F ;

(3) there exist F ∗ ∈ F and D′ > 0 such that for every s ∈ G and w ∈ F ∗ we get rw(s) ≤ D′ and∫
G
lw(s) dµ(s) ≤ D′.

A family mw : G× Bw → R+
0 , w ∈W , is said to be F-regular iff it is of the type

mw(s,A) =

∫
A
γw(s, t) dµw(t), s ∈ G, w ∈W, A ∈ Bw,

where γw : G×G→ R is measurable and the following properties are fulfilled:

(a) there is a constant D1 > 0 such that, if b∗w(s) := mw(s,Hw) for any w ∈W and s ∈ G, then{
w ∈W : 0 < b∗w(s) ≤ D1 for all s ∈ G

}
∈ F ;

(b) putting ωtw(A) :=

∫
A
γw(t, s+ t) dµ(s), w ∈W , t ∈ Hw, A ∈ Bw there is a family of measures

ωw, w ∈W , such that {w ∈W : ωtw(A) ≤ ωw(A) for all t ∈ Hw and A ∈ B(G)} ∈ F .

Note that the family γw(s, t) = lw(t − s), w ∈ W , s ∈ G, t ∈ Hw, generates a family (mw)w of

F-regular measures.

Let Φ (resp. Φ̃) be the set of all continuous non-decreasing (resp. convex) functions ϕ : R+
0 → R+

0

with ϕ(0) = 0, ϕ(u) > 0 for any u > 0 and lim
u→+∞

ϕ(u) = +∞. For each ϕ ∈ Φ (resp. Φ̃), set

ρϕ(f) =

∫
G
ϕ(|f(s)|) dµ(s), f ∈ L0(G). (3)

The functional ρϕ is a (resp. convex) modular on L0(G), satisfying the given properties of the

modulars. The subspace Lϕ(G) = {f ∈ L0(G) : ρϕ(λf) < +∞ for some λ > 0} is the Orlicz space

generated by ϕ.

A net (fw)w of functions in Lρ(G) is F-modularly convergent (resp. F-strongly convergent) to

f ∈ Lρ(G) iff there is a λ > 0 with (F) lim
w
ρ(λ(fw − f)) = 0 for some (resp. for each) λ > 0.
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For w ∈ W , let ρw, ηw be modulars on L0(Hw,Bw, µw) = L0(Hw). We denote by Lρw(Hw),

Lηw(Hw) the spaces of all functions f ∈ L0(G), whose restriction f|Hw
belongs to the modular spaces

generated by ρw, ηw respectively.

An F-regular family (mw)w is F-compatible with the pair (ρ, ρw) with respect to a net (bw)w in

R iff there are two positive real numbers N , Q and a set F1 ∈ F with

ρ
(∫

Hw

g(t, ·) dm(·)
w (t)

)
≤ Q

∫
G
ρw(N g(·, s+ ·)) dωw(s) + bw (4)

for every measurable function g : G×G→ R+
0 and for each w ∈ F1.

Let Γ = (ψw)w ⊂ Ψ (resp. Ψ̃). The triple (ρw, ψw, ηw), w ∈ W , is said to be F-properly directed

with respect to a net (cw)w in R with (F) lim
w
cw = 0, iff for every λ ∈ (0, 1) there are Cλ ∈ (0, 1) and

F2 ∈ F with ρw(Cλψw(g(·))) ≤ ηw(λ g(·)) + cw (resp. ρw(Cλψw(s, g(·))) ≤ ηw(λ g(·)) + cw) whenever

w ∈W , s ∈ G, 0 ≤ g ∈ L0(G).

Let T be the class of all measurable functions τ : G → R+
0 , continuous at θ, with τ(θ) = 0 and

τ(t) > 0 for all t 6= θ. For a fixed τ ∈ T , let Lip(τ) be the class of all functions f ∈ L0(G) such that

there are λ > 0 and F̃ ∈ F with sup
w∈F̃

[ηw(λ |f(·)− f(·+ t)|)] = O(τ(t)) with respect to the filter Hθ

of all neighborhoods of θ.

A family of modulars ηw, w ∈W , is F-subbounded iff there are C ≥ 1, πw : G→ R+
0 , F̃ ∈ F and

a non-trivial linear subspace Yη of L0(G), with

ηw(f(s+ ·)) ≤ ηw(C f) + πw(s) for all f ∈ Yη, s ∈ G and w ∈ F̃ . (5)

We say that f ∈ Lηw(Hw) F-uniformly with respect to w ∈ W iff there are R∗ > 0 and ν > 0 with

{w ∈ W : ηw(ν f) ≤ R∗} ∈ F . Let now φw, w ∈ W , E1, E2 be as above and τ ∈ T . We say that

(φw)w satisfies property (∗) iff there exist E3 > 0, λ′ > 0 and F ∈ F with

ρw(λ′ φw(·, s)) ≤ E3 for each s ∈ G and sup
w∈F

ρw(λ′φw(·, s)) = O(τ(s)) (6)

with respect to the filter Hθ of all neighborhoods of θ.

The family (Lw(·, t))w∈W,t∈Hw is said to fulfil property ρ-(∗) (with respect to the modular ρ) iff

for every ε, λ > 0 and for each compact set C ⊂ G there exists a compact set B ⊂ G such that

Λ∗ :=
{
w ∈W : ρ

(
λ

∫
Hw∩C

Lw(·, t) dµw(t)χG\B(·)
)
≤ ε
}
∈ F .

Let η be a modular on L0(G), (ηw)w be a net of modulars on L0(Hw), and let us denote by Yη the

set of all functions f ∈ Lη(G) with the property that there are a P > 0 and a bounded net (γw)w

of positive real numbers with (F) lim sup
w

γw ηw(λ f) ≤ P η(λ f) for every λ > 0. We assume that Yη

contains a subspace G ⊂ Cc(G), and denote by Gη the modular sequential closure of G in the space

Lη(G). This assumption allows us to consider several types of abstract integral operators, in which

the Hw’s are proper subspaces of G: this is the case of the discrete operators, for example sampling,
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Bernstein, Szász-Mirak’jan and Baskakov operators. Note that even the nonlinear Urysohn operators

can be viewed as particular cases of these kinds of operators, setting Hw = G for each w ∈ W . In

this case we have Yη = Lη(G). The following result holds.

Theorem 0.1 (a) Let F be a free filter of N, f ∈ L∞(G,B, µ) and K ∈ KΓ be F-singular. Then for

every continuity point s ∈ G of f we get (F) lim
n
Tnf(s) = f(s).

(b) If K is strongly F-singular, then for every s ∈ G and f ∈ C(G) the sequence (Tnf)n is

F-exhaustive at s.

(c) If f ∈ RG is uniformly continuous and bounded on G and K ∈ KΓ is F-singular in measure

(resp. F-uniformly singular), then (Tnf)n F-converges in measure (resp. uniformly) to f .

A modular ρ is absolutely continuous iff there is an a > 0 such that, for all f ∈ L0(G) with ρ(f) < +∞,

we get: for every ε > 0 there is a set A ∈ B with µ(A) < +∞ and ρ(afχG\A) ≤ ε; and moreover for

every ε > 0 there is δ > 0 with ρ(af χB) ≤ ε whenever B ∈ B with µ(B) < δ.

Given a modular ρ and a free filter F , we say that a net fw : G→ R, w ∈W , is ρ-F-equi-absolutely

continuous iff there is an a > 0 satisfying the following conditions:

• for every ε > 0 there are A ∈ B with µ(A) < +∞ and Λ0 ∈ F with ρ(afwχG\A) ≤ ε whenever

w ∈ Λ0;

• for every ε > 0 there are δ > 0 and Λ ∈ F with ρ(afwχB) ≤ ε for every w ∈ Λ and whenever

B ∈ B with µ(B) < δ.

We state a modular version of the Vitali theorem.

Theorem 0.2 (a) Let F be any free filter of N, and ρ be a monotone and finite modular on L0(G).

Let (fn)n be a sequence of functions in L0(G), ρ-F-equi-absolutely continuous. Moreover, assume

that either (fn)n F-converges in measure to 0 or that for every A ∈ B with µ(A) < +∞ and ε > 0

there is A′ ∈ B, A′ ⊂ A, with µ(A′) < ε and (F) limn[supt∈A\A′ |fn(t)|] = 0.

Then there exists a positive real number a with (F) lim
n
ρ(a fn) = 0.

(b) Let F , ρ, (fn)n be as in (a). Suppose that (fn)n is F-exhaustive at every s ∈ G and

(F) lim
n
fn(t) = 0 for every t ∈ G. Then there is an a > 0 with (F) lim

n
ρ(a fn) = 0.

The next result is a sufficient condition for ρ-F-equi-absolute continuity of the sequence (Tnf)n.

Theorem 0.3 Let F be any free filter of N, ρ be a finite, monotone and absolutely finite modular,

and let K be F-singular. Suppose that f is a bounded function with compact support C. If the family

(Ln(·, t))t∈G,n∈N satisfies property ρ-(∗), then there is an a > 0, independent of f , such that:

i) for every ε > 0 there is a compact set B ⊂ G with
{
n ∈ N : ρ(a(Tnf)χG\B) ≤ ε

}
∈ F ;

ii) there is a set Λ ∈ F (depending only on f) such that for every ε > 0 there exists a δ > 0 with

ρ(a(Tnf)χB) ≤ ε whenever n ∈ Λ and B ∈ B with µ(B) < δ.

We now turn to the main theorems on modular filter convergence. Let Dom T be the intersection of

the domains of Tw as w varies in W .
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Theorem 0.4 Let F be a free filter, ρ, η be two monotone, absolutely finite and absolutely continuous

modulars on L0(G). Let ρn, ηn be modulars on L0(Hn) and Γ = (ψn)n ⊂ Ψ such that the triple

(ρn, ψn, ηn) is F-properly directed. Suppose that K is strongly F-singular, or F-singular in measure.

Furthermore, assume that the sequence

ν(·)
n (A) :=

∫
A
Ln(·, t) dµn(t), n ∈ N, A ∈ Bn

is F-compatible with the modulars (ρ, ρn), and the family (Ln(·, t))t∈G,n∈N satisfies property ρ-(∗).
Then for every f ∈ Gρ+η∩ Dom T with f−G ⊂ Yη there is an a > 0 with (F) limn ρ[a(Tnf−f)] = 0.

When W = N, Hn = G for every n ∈ N and the modular involved generate Orlicz spaces, F is a

Lebesgue filter of N, we get also the following result.

Theorem 0.5 Let F be a Lebesgue filter of N, ϕ ∈ Φ̃, η ∈ Φ and Ξ = (ψn)n ⊂ Ψ be such that

(ρϕ, ψn, ρ
η) is F-properly directed. Let K = (Kn)n be F-singular. Then for every f ∈ Lϕ+η(G)∩

Dom T there exists a positive real number a such that (F) lim
n
ρϕ[a(Tnf − f)χS ] = 0 whenever S ∈ B

with µ(S) < +∞.

We state our main theorem about rates of approximation with respect to filter convergence.

Theorem 0.6 Let ρ be a quasi convex and monotone modular on L0(G), ρw, ηw, w ∈W , be monotone

modulars on L0(Hw), such that the triple (ρw, ψw, ηw) is F-properly directed with respect to a net (cw)w

in R, where cw = O(ξ(w)) with respect to F .

Let Kw, Lw, lw satisfy the above assumptions. Let ξ ∈ Ξ and τ ∈ T be fixed.

Assume that K is (F , ξ)-singular with respect to lw and πw, ηw is F-subbounded, f ∈ Lρ(G) ∩
Lip(τ) ∩ Yη, where Yη is as in (5), and f ∈ Lηw(Hw) F-uniformly with respect to w ∈W .

Suppose that the family γw(s, t) = lw(t−s), s ∈ G, t ∈ Hw, generates a family of measures (mw)w,

F-compatible with the pair (ρ, ρw) with respect to a net (bw)w, with bw = O(ξ(w)) with respect to F ,

and let (φw)w satisfy property (∗) as in (6).

Finally, assume that there is a neighborhood U of θ with∫
U
lw(s)τ(s) dµ(s) = O(ξ(w)) with respect to F . (7)

Then there is a constant c > 0 with ρ(c(Twf − f)) = O(ξ(w)) with respect to F .

We now turn to Korovkin-type theorems in the setting of modular filter convergence. For a sake of

simplicity, assume W = N. Let T be a sequence of linear operators Tn : D → L0(G), n ∈ N, with

Cb(G) ⊂ D ⊂ L0(G). Here the set D is the domain of the operators Tn.

We say that the sequence T, together with the modular ρ, satisfies the property (ρ)-(+) iff there

exist a subset XT ⊂ D ∩ Lρ(G) with Cb(G) ⊂ XT and a positive real constant N with Tnf ∈ Lρ(G)

for all f ∈ XT and n ∈ N, and (F) lim sup
n

ρ(τ(Tnf)) ≤ Nρ(τf) for every f ∈ XT and τ > 0.
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Set e0(t) ≡ 1 for all t ∈ G, let ei, i = 1, . . . ,m and ai, i = 0, . . . ,m be functions in Cb(G). Put

Ps(t) :=

m∑
i=0

ai(s)ei(t), s, t ∈ G, and suppose that Ps(t), s, t ∈ G, satisfies the following property:

(P1) Ps(s) = 0 for all s ∈ G and for every neighborhood U ∈ U there is η > 0 with Ps(t) ≥ η whenever

s, t ∈ G, (s, t) 6∈ U .

Let G = Im be endowed with the usual norm ‖ · ‖2, where I ⊂ R is a connected set, φ : I → R be

monotone and such that φ−1 is uniformly continuous on I. Examples of such functions are φ(t) = t or

φ(t) = et when I is a bounded interval. For every t = (t1, . . . , tm) ∈ G set ei(t) := φ(ti), i = 1, . . . ,m,

and em+1(t) :=
∑m

i=1[φ(ti)]
2. For all s = (s1, . . . , sm) ∈ G put a0(s) :=

∑m
i=1[φ(si)]

2, ai(s) = −2φ(si),

i = 1, . . . ,m, and am+1(s) ≡ 1. It is not difficult to check that (P1) is fulfilled. Moreover, if G = [0, a]

with 0 < a < π/2,

e1(t) = cos t, e2(t) = sin t, t ∈ G, a0(s) ≡ 1, a1(s) = − cos s a2(s) = − sin s s ∈ G, (8)

then it is not difficult to see that (P1) is satisfied.

We now give the following Korovkin-type theorem.

Theorem 0.7 Let ρ be a monotone, strongly finite, absolutely continuous and Q-quasi semiconvex

modular on L0(G), and Tn, n ∈ N be a sequence of positive linear operators satisfying property (ρ)-(+).

If Tnei is F-strongly convergent to ei, i = 0, . . . ,m in Lρ(G), then Tnf is F-modularly convergent to

f in Lρ(G) for all f ∈ Lρ(G) ∩ D with f − Cb(G) ⊂ XT, where D and XT are as before.

One can ask, whether it is possible, in the Korovkin theorems, to relax the positivity condition

on the linear operators involved. We now give a positive answer in this direction. Let F be any fixed

free filter of N, I be a bounded interval of R, C2(I) (resp. C2
b (I)) be the space of all functions defined

on I, (resp. bounded and) continuous together with their first and second derivatives, C+ := {f ∈
C2
b (I) : f ≥ 0}, C2

+ := {f ∈ C2
b (I) : f ′′ ≥ 0}.

Let ei, i = 1, . . . ,m and ai, i = 0, . . . ,m be functions in C2
b (I), and suppose that Ps(t), s, t ∈ I,

satisfies (P1) and

(P2) there is a positive real constant C0 with P ′′s (t) ≥ C0 for all s, t ∈ I.

It is not difficult to see that (P2) is satisfied when Ps(t) = (s− t)2, when I =
[
0, log

3

2

]
, and Ps(t) =

(es − et)2, s, t ∈ I, and when I = [0, a] with 0 < a < 2π and ei, ai as in (8).

We now give the following Korovkin-type theorem for not necessarily positive linear operators.

Theorem 0.8 Let F be any free filter of N, ρ be a monotone, strongly finite absolutely continuous

and Q-quasi semiconvex modular on L0(G), and assume that ei, ai, i = 0, . . . ,m and Ps(t), s, t ∈ I,

satisfy properties (P1) and (P2). Let Tn, n ∈ N be a sequence of linear operators, satisfying property

(ρ)-(+) with respect to F-convergence. Suppose that {n ∈ N : Tn(C+ ∩ C2
+) ⊂ C+} ∈ F . If Tnei is

F-modularly convergent to ei, i = 0, . . . ,m in Lρ(I), then Tnf is F-modularly convergent to f in

Lρ(I), for every f ∈ C2
b (I).
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If Tnei is F-strongly convergent to ei, i = 0, . . . ,m in Lρ(I), then Tnf is F-strongly convergent

to f in Lρ(I), for every f ∈ C2
b (I).

Furthermore, if ρ is absolutely continuous and Tnei is F-strongly convergent to ei, i = 0, . . . ,m in

Lρ(I), then Tnf is F-modularly convergent to f in Lρ(I) for every f ∈ Lρ(I)∩D with f−Cb(I) ⊂ XT.
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