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Abstract

Horizontal and vertical distributions of complex zeros of the Riemann zeta-function in the
critical region are being found in general form in the paper on the basis of standard methods of
function theory of complex variable.
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1 Introduction

Let’s state in short, to make the picture complete, some elementary properties of zeta-function
and point out its role in analytical number theory.
The Riemann zeta-function is defined by the Dirichlet series [1]:

((s) = n* (L.1)

where s = o + i), and a series converges to analytical function when o > 1. To be exact [2], the
series Y o2, n~* evenly converges when Res > 1+ ¢, and the function, defined by this series,
is regular in the semi - plane Res > 1. In this connection n~* for complex s is given by the
equality n=° = e 5" where Inn means a real logarithm of the positive number n.

The link between prime numbers and zeta-function is established in the following way [1,2]:

when ¢ > 1 the next equality takes place

M(-%) =X i=co (12

4 n

where n runs through numbers 1,2, 3, ..., and p runs through all prime numbers 2,3,5,7,11,....

Let’s remind, that the main problem of the distribution of prime numbers theory is in inves-
tigation of 7(z), that is, of a quantitiys of prime number, which are less than or equal to z. If we
consider sufficiently large number of terms in the sequence of prime numbers it is obvious that
there is probably no elementary function, whith the help of which it will be possible to represent
m(x) for all integers & > 0, since the increase m(x) occurs very uneven [2].

In 1896, Hadamard and (independently of him) Vallee Poussin proved a theorem on prime
numbers with the help of the theory of whole functions of the finite order [2]. Its content consists
of the description of asymptotical law of prime numbers distribution [2]:

1
i @z (1.3)
T—00 x
In this connection we had to prove, that there are no zeros ((s) on the straight line Res = o = 1.

Vallee Poussin proved more precise ratio [2]:

x

(z) :/%JFR@), (1.4)
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where for sufficiently large x
|R(z)| < cpwec2Vine

)

i.e. the error is less than x/ In?  when the constant number A is as large as possible. Hence, it
was shown, that the function

. d§ .
llw_/ln§+c (C=1i2=1,04...)
2
only gives a good approximation for the 7(z) function.
Earlier in his famous memoirs of 1860, Riemann showed [2], that the key for deep investigation
of the prime numbers distribution is in study of {(s) as the function of complex variable s.
Two main results, proved by Riemann, are [3]:

1) ¢(s) function can be analytically extended all over the whole plane C; it is meromorphic
there and has a single simple pole with a residue 1 in the point s = 1. Otherwise, the
function ¢(s) — (s — 1)~! is whole.

2) ((s) satisfies the functional equation:

72T (;) ((s) =7 2091 <1(1 - s)> C(1—s), (1.5)

2
which is equivalent to the statement that the function at the left, is an even function from
1
(s—3)-

It is convenient to rewrite the equation (1.5) in the most concise form [4, 5, 10]

(p(S) = W(l - 8)7

where function ¢(s) = 775/2T(s/2)((s).

Functional equation permits to derive properties of {(s) when o < 0 from its properties when
o > 1. In particular, the only zeros of ((s) when o < 0 are the poles I'(s/2), i.e. the points
s =—2,—4,—6,.... They are called trivial zeros. The rest part of a plane, where 0 < o < 1, is
called a critical zone.

Besides, Riemann made a series of remarkable assumptions [3]:

1") ((s) has indefinitely many zeros in the critical zone. They are located symmetrically along
the real axis, and also the central line o = % (the last by virtue of the functional equation).

2") The number N(T') of zeros ((s) in the critical zone with 0 < A < T satisfies the asymptotical
ratio [1,2]
T T T

= gln 5~ 5 +O0(InT).

At first it was proved with rather weak residual term by Mangoldt in 1895, and it was fully

proved in 1905 [3].

N(T)

3’) The whole function £(s) determined by the equality

£(6) = gl = DT () )

assumes representation in the form of the product

£(s) = AP (1 - 8) e/, (1.6)



where A and B are constants, an p runs through zeros ((s) in the critical zone. This equality
and the assumption 1’) were proved by Hadamard in 1893, [2]. It played an important role
when Hadamard and Vallee Poussin were proving the distribution of prime numbers law.

4') ) There exists the exact formula for m(x) —liz, which is true when « > 1, the most essential
part of which is the sum distributed on complex zeros p of the function ((s). Since it has a
rather complicated form, let’s replace it by the simplest, but closely related to it, formula
for ¢(x) — x (definition of the related to w(x) function (x) see, for example, in [2,3]). It
has the following form under some deals [3]:

¢($)_x:_zp:1:_§((g))_;IOg(l_x_Q)- (1.7)

This fact was proved by Mangoldt in 1895, [3] (in the initial statement, belonging to
Riemann).

Therefore, it turned out that zeros of ((s) in the zone 0 < o < 1,0 = Res play an
exceptional role in many questions of prime number theory.

5') The remarkable Riemann hypothesis which has not been proved yet: all zeros of ((s) in
the critical zone are located on the straight line o = 1/2. In 1914, Hardy proved, that an
indefinite number of zeros were located on that line [1], and in 1942 Selberg proved, that
they had a positive density in the set of all zeros [3].

The given report is devoted to the Riemann hypothesis proof 5") with the help of complex in-
tegration methods, and also to the determination of the general expression describing distribution
of all complex zeroes of zeta - function in the critical zone.

2 Necessary and sufficient condition

There exists a great number of conditions for the Riemann hypothesis to be true. For in-
stance, Titchmarsh concretely gave two such conditions [1]. The first of them states that a series

> p(n)n~* converges, and its sum is equal to m for all values of o > 3, and y(n) being the
1

Mobius function [2] (u(1) = 1, u(n) = 0, if n is divided by the square of a number other than
one, and u(n) = (—1)* otherwise, where k is a number of prime divisors of the number n).
The next necessary and sufficient condition [1] is that

oo — TL

> n—1|§2n)70(ﬁ+6>’ when z — oo

n:l

Franel [1] gave the condition of an absolutely another type. It’s easy to see that these
conditions are rather complicated by themselves and as a rule do not facilitate the problem of
the Riemann hypothesis proof. For example, according to Titchmarsh, "problems dealing with

Cls), are, apparently, extremely difficult" [1].

In this connection let’s use (it seems to us more easy) "functional" condition given in details
below. In fact, the given condition is an overformulating of the Riemann hypothesis from the
function ((s) into the related to it function Fs,(s) in the sense of zeros.

Consider the class of functions giving by the expression:

Fy(s) = o +04(2), (2.1
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/f —3/4 2%/2 +x_z/2)dx, Zz =04, (2.2)
1

where continuous functions f(z): [1,4+00) — R may belong to diffinent functional spaces (the
detailed definitions of which we omit).

Class {F(z)} in (2.1) is initially considered in the zone Il = {z € C : |Rez| < 1/2} or in
the closed zone [l = {z € C : |Rez| < 1/2}.

Here we shall be interested only in one private case of the function f(x), namely, the function
fo(x) = 2w(x), where w(z) is the function used by Riemann when studying of zeta-function ((s)
and which is equal to [1]:

7T’ﬂ iL (2-3)

HM8

First of all, let’s find the connection of Fgw( ) and the Riemann zeta-function ¢(s).

Lemma 2.1 In any finite part of the plane C the following ratio is true:

L +3)

Fy(z) = e ((3+2), zeC.

< From definitions (2.1) and (2.2) for function Fy(z) when f = fy = 2w we find the general
expression for Fy,:

oo

+/w(x)x_3/4(xz/2 +27*/?) d, (x.1)
1

1
22 _

Fgw(z) =

N

where z is a complex number from some finite subregion U C C.
Let’s replace the variable z = it, where ¢ € C in (*.1). Elementary transformations give the
expression for Fp,(2) :

(2) (2 ) Pt - L e+ )]‘; s (e ae. (o2

Following [1] and introducing functions

€(5) = 2(1) = (s — DT (s/2)7*/C(s), (+.3)

where s = % + it, while

t
w(x) 273/ cos (2 In x> dx, (x.4)

[1]
=
Il
| =
/N
o~
N
+
L
N———
»—A\g

at once we find, that

(-i) (ﬁ + i) Fo(it) = =(t), teC, (+.5)
Fa(it) = —2%, (+.6)

since Z(t) = (% + it). For the last function (when s = 1 + it) we have representation:

€ +it =3 (+ D) m D (i) (i), (+7)



which being substituted in (x.6) gives the required result

(5 +13)

Fou(it) = = T

¢(3+it), teC. (+.8)
Returning to the initial designation z = it in (*.8) we get the statement of lemma. >

Using the principle of analytical continuation, it is easy to show, that lemma 2.1. is true
everywhere on the complex plane C, but not only in some of its finite subregion. In particular,

the statement of lemma 2.1. is true in the closed zone —% <o < %, o = Rez, where zeros of

1 =z
function Fy,,(z) coincide with zeros of zeta-function because the function 7~ 4~ 2T'(4 + £) has no
zeros. To be exact, it follows from lemma 2.1. that zeros of the Riemann zeta-function ((s) in
the critical region 0 < o < 1 fully coincide with zeros of the Fy,(z) function in the closed zone

%7 o = Rez. Hence, we can formulate the following

—3 <0<
Condition 2.1 For the Riemann hypothesis on zeros of zeta-function ((s) in the critical zone
0 < 0 < 1, to be true, it is necessary and sufficient, the equation Fy,(z) to be true only
when o = 0 for the F,(z) = 0 function in the closed zone —3 < o < 3, 0 = Rez.
In other words, for the Riemann hypothesis to be true a strict imagination of roots of the
equation Fy,(z) = 0 in the zone f% <o < % is required.

3 Diverging equations

In this item we shall demonstrate difficulties typical for the theory of zeta- function emerging
when working with it in the critical region. Such situation appears in the attempt of the direct
use of the condition 2.1 for the Riemann hypothesis proof.

Let’s consider condition 2.1 in details.

Lemma 3.1 The equation Fs,(s) =0, s = 0 + i\ in the closed zone

1 1
My={seC : —§<a<§, —00 <A< oo}
is equivalent to the system of two equations

T A2+ 1/4 -0

/w(ezt) et/? cosh ot cos At dt = %, (3.1
0

r A

/w(e%) e'/? sinh ot sin Mt dt = ;—5, (3.2)
0

in the semi-open zone

1
ng{se(c : 0<U<§,O</\<oo}.

< Let the equation Fy,(s) = 0, where s = 0+i), (0 = Re s, A = Im s) be given in the closed zone
Iy, and the Fy,(s) function be given by the expression (x.1) of lemma 2.1. Perform technical
replacement of variables, z = e! in the last one to represent F5,(s) in more convenient form. As
a result of the replacement we get:

Fgw(s) :A1+B1+i(A2+BQ), (*1)



where

A = 4/w(62t) et/? cosh ot cos At dt, (x.2)
/ e'/? sinh ot sin Mt dt, (%.3)
0
o =N —1/4 20\
By = 5 , By = 5 (x.4)
and
§=[(0=1/2)* + 3] - [(0 +1/2)* + X*]. (+.5)

Summing up the right part of (x.1) to zero from independence of real and imaginary parts of
Iy, we get a system of two equations:

A1 + Bl = O7 (*6)

Hence, by substituting expressions (*.2) — (*.4), in them, and taking into account the character
of evenness with respect to o and A, and the fact that zeta-function has no zeros [1] on the
straight line ¢ = 1, we find the truth of lemma. >
It is seen from lemma 3.1., that basic technical difficulty, under such way of consideration
is reduced to computation of two integrals in the left side of the equations (3.1) and (3.2)
respectively.
To find them we shall prove the following additional statement.
Lemma 3.2 For the integral j,(s;e,m) the following equality is true:
oo
Jn(sie,m) = /6_”"2‘)‘2t et/? el(=1) =) gy
0
14 (=1)" . 5
- #W—i—ar(i + %)n—(%Jrs)7

where n is arbitrary natural; parameters e,n = +1; argument s = o + i\ € H , and finally,
S—(—)U+Z( )")\GHO, H():H()\{U—:E}

< (a) Let’s make replacement of the variable ¢! = y in the integral j,(s;,n). After substitution

find:
oo
L,s
w(s;€,m) :/e 2t gy, (x.1)
1
The integral (x.1) can be rewritlen as well as
Jn(sien) = jio(sse,m) = jn(sie,n), (*.2)
where addends are obviously equal to integrals:
r —mn2y? —l+§
Jn(3)= [ e y 27 dy, (x.3)
0
1
1.
Jn(3) 5/64"2:"2 y 2 dy, (+.4)
0



where § € II,.
(b) The first integral (*.3) is calculated easily.
According to [6], the integral

oo
/xa Le=pz" g — lp*a/up (oz) ,
J Iz H

if u,Rea,Rep > 0. In our case a = % +3,u=2>0,p=mn%>0. Asitis already known
that there are no roots of the equation Fy,, = 0 on the straight line o = %, they will also be out
on the line ¢ = —% due to symmetry, and thus, it may be supposed that Rea > 0. Then the
integral (x.3) is equal to:

—

SN

I'(i+3n —(53+9), (%.5)

[\D

oo
/e—ﬂn y +s) ldy_ - _%_
0

Computation of the second integral (x.4) demands the usage of some facts of theory of functions
of complex variable.

x

x> k
(¢) By virtue of even convergence of the series . %mk to the function e~ on the

k=0
segment [0,1], we can perform integrating term by term in the integral (x.4) which will lead
jL(3) to representation in the form of a series:

1
- )" 2k—145 5 _ o (—mn?) 1
Z O/y y_z k! .2]{34—(%4—5)' (+.6)

k=0 k=0

(d) For finding the series (x.6), let’s consider the function of complex variable z:

aZ

= , *.7
1) = i (-7
where a = —m? e RneN,u=1(2+3), 5¢ ITy. Write the function f(z) in the form of:
oz
f(z) = 2 (+5)

z24u’

where ¢,(z) = a*I'"!(z + 1) is a whole function everywhere in the plane C . Therefore, the
function f(z) has a pole in the point:

e L (Les) - [ o

2\2 4 2
Since for all o € (—3, 1) the inequality —1 < Rezy < 0, where Rezy = —1[1+2(—1)%0] is true,
the region U, of the possible state of the pole z always belongs to the initial region IIo, i.e.
Uzo c Ily.
Let’s consider a module of the function f(z):

| ( )I _ (pa( ) < |(pa(2)| — ‘Z|_1' |(pa(2)| (*10)

su) ST =l I

2|

Take into account the asymptotical formula [7]:

+1)~V2re™* ZTV2 2 o, |arg z| < m,



from which evaluate the module of the function ¢, (2) as:
ez(ln’”l)‘ . (x11)

ezlna

ool = | 5| ~ T2

Noting in (x.11), that | 2*| = e |2l=var8= (3 = Rez, y = Im 2), and | exMnal

1
. ez(ln a+1)‘ —

5 L ‘e—(z—&-%)lnz .

V2T

_ yxlnt—m :
=e Y, since

zlnt—my ’ . ei(ﬂx+y Int) ‘
)

|€Z lna’ — ‘e(a:+iy)(1nt+i7r) — ’6

where t = —a =7n? >0, n=1,2,..., for |p,(z)| we find:

1 . em(lJrln ﬁ)er(arngﬂ'). (*12)

|pa(2)] ~ NP

Substituting (*.12) into (*.10) for the module of the function f(z) we get an asymptotic expres-

sion: ( .
—3/2 x 1+1n7
< ‘Z| / € | . e—y(rr—argz) (*13)

I
PACHIS Vo [1_%} ;

where |arg z| <, |z| — oo, t =mn? neN.
For further reasonings rewrite the expression (*.13) in the form of:

[f()I S 9T (2) - emv(mere?) (x.14)
where the function ¢*(z), equal to
—3/2 ac(1+1n ﬁ)
oty =L (+.15)

Gl

is introduced. The function o™ (z), defined for all 2 € (0, +00) as:
-3/2 ea:(1+ln %)
+CUE+RGZ::E : *.16
P =) = L T (510

|+]
xT

adjoins directly in form to the function o™ (z).
From the comparison (*.15) and (*.16) it is seen, that

¢ (2) < ¢T () (+.17)
for any z from the right semi-plane C (i.e. for Re z > 0).
Let’s define asymptotical behaviour of the function ¢ (z) when  — +o00. We have:
; . 1 ; 1 y e(14+In £)
Jm et @) = o [H]
zln
c (*.18)

: _ —x
~m aen = o), w e

Thus, the function ¢ (x) is limited on the semi-axis (0, +00) and hence, there is an integral

+oo
/ ¢ (z)dz < oo, (+.19)
0



Actually, as it follows from (x.18):

400 1 +o0
+ d < /
O/«J(x)x 7 |

Now let’s consider an "argumental” part of the inequality (*.14). From condition |argz| < 7
it follows: arg z = m—|3|, when arg z > 0 and arg z = 7+ ||, when arg z < 0, while 0 < |3| < 2.
Hence, m—argz =n— (7 —|8]) = |B| > 0 when argz > 0 and 7 —argz = 71— (v +|8|) = —|5] <0
when arg z < 0. Thus; —y(7m — argz) = —|8|y when argz > 0 and —y(7 — argz) = ||y when
arg z < 0. Supposing that 8 > 0 when argz < 0 and § < 0 when argz > 0 and taking into
account the limit 0 < |3] < 2, let’s rewrite the last equalities in a single form:

+oo

dr ~ / o(efx) dx.
0

eat(l—i—ln %)

272 (1= [l /)

—y(r —argz) = Bly| = fImz|, (x.20)

where —27 < 3 < 27.
Taking into account (*.17), (*.19) and (*.20), finally find inequality in sought for the function
f(2), proceeding from the expression (x.14):

f(2)] < 1T A o* (Re z), (x.21)

+oo
where =27 < 3 < 27 and [ T (z)dx < oo, ¢t (x) being given by the expression (x.16).
0

(e) Condition (*.21), proved in item (d), permits to use for the function f(z) the method of
summing of the form of [8,9]:

+oo +o00
> f(k)—/f(x)dx:—ﬂ' > xes f(z)(cotmz + i)+
k=—o00 e Imap>0
+ Z res f(z)(cotmz —i). (x.22)
Imak<0Z:ak

For this let’s finish to define the function f(z) on the semi-interval (—oo,0) as identically equal
to zero, i.e. f(x) =0 when x < 0. Then it follows from (*.22):

+o0 0
S 1= [ f@)de—ne res [ eotns + )]+
k=0 0 0
+ - 1l [f(z)(cotz —i)]. (%.23)

First of all calculate the integral being a part of (*.23). From the above, it can be concluded,
that the function f(z) is regular in the semi-plane Imz > 0 when Im§ > 0 (i.e. when n = 2)
or in the semi-plane Imz < 0 when Im 5 < 0 (i.e. when n = 1),with the exception of ordinary
pole zp, and it is continuous up to the boundary (with the exception of the same pole). Let’s
show, that function f(z) satisfies the condition f(z) = o (), when z — oo in the semi-plane
Imz > 0(Imz <0).

In fact, when z — co we have:

e? Ina 1 ez(l—Hn a) ez(l-Hn a)

) = o Tew D) ™ Var G ) " Vamai

:i{;ﬂz{eujm}]z}:o(i), -




since it is obvious, that when |z| — oo

(14+lna) 7%
< } — 0.

[

The asymptotical formula I'(z + 1) (see item (d)) is used in (*.24). The property (*.24) permits
to use theorem on residues [8,9] for the integral in the left part of the expression (*.23):

+oo “+oo
/ f(z)dx = / f(z)dx = 2mi - res f(z) = 2mi- ¢ 0'. (*.25)
—oo 0

Z=20 (Zo)

Substituting (%.25) into (*.23) and performing elementary transformations, find an expression
for the series (*.6) :

i (—mn?)k 1 B
— K 2k + (3 +3)

= g : (—;r(ni)_%) : [z + (=1t cotg (3 + 5)} _ (+.26)

(f) Transform and simplify the expression (%.26). For this purpose let’s perform a number
of elementary transformations. We have [6]:

(1)7* cos 3 (3+5) +ising (3+3)

sin % (3 4 3)

1
; —1)"1 ot A —
1+ (=1)""" co 5 (3 +3
Calculating the numerator of the given expression, we get:

(1) - exp [z‘(—l)’?“7T (1 + (—1)60) + (—1)"”;} .

2\ 2
Further: L -
1 s (L~ s
(—1)7172 = Hi5(319)
By virtue of randomness of signs selection let’s choose them in this way:
1 s 1 A
(—1)74"2 = exp {@'(—1)"; (2 +(—1)° 0) + (_1)n+1772} .

Multiplication of the last expression by the numerator of the considering fraction, probably leads
to the quantity (—1)7*!. Taking also into account that [7]:

I RE LR

[ ][N

sin (i +

find the representation of the series (*.26) in the form of:

o0 2\k
1~ _j :(—71'7’?, ) 1 —
k=0
—1)n+1 1 3 - =
— % LA .F(%Jr%) (31, (*.27)

And finally, substitution of (*.5) and (*.27) into (*.2) proves the result of lemma. >

10



Lemma 3.3 The direct application of lemma 3.2. to lemma 3.1. leads to the system of two
diverging equations:

0 1 )
S et g gy ()

n=1
1 .
4D (G- g i) (o) | st (33)
oo
Z{ﬁ—i—z—ié.r( + % +i3) (z+0+%)
n=1
R (o) (T L g, (34)

foralls=a—|—i)\€H3'.

< Calculate the integral in the left part of the equation (3.1) with the help of lemma 3.2. proved
above:

w(e?*) et/? cosh ot cos At dt =

_ Z/e—‘n’n2ezt el/2 i {e[(—1)20+¢(—1)zx]t +€[(—1)20+i(—1)1)\]t+
n=1 0

e[(—1)10+i(—1)2/\]t+e[(—1)1a+i(—1)1)\]t} dt —

+
15t gy )

n=1
4o (L mokiny n(3=o+) } . (*.1)

Substitution of (*.1) into the equation (3.1) gives the first equation (3.3). Doing the same with
the left part of the equation (3.2), let’s find:

oo
/ w( e'/? sinh ot sin Mt dt =
0

1T ¢ , .
== Z/ —mn%e® Lt/2 {e[(—1)20+z(—1)2)\]t _ e[(—1)20+1(—1)1>\]t_
n=1 0

e[(—1)10+z(—1)2>\]t+e[(—1)1a+i(—1)1/\]t} dt —

_ Iy {W—i—é(wm T (1 4 £2) .n*(%“ﬂ*) _
=1
2

_p—a—z(=e+id) (i + 4_U+i)\) : n_(%_a+i/\> } . (%.2)

From here by substitution of (*.2) into the equation (3.2), find the second equation (3.4). In-
tegrating term by term in (*.1) and (%.2) is admitable due to uniform convergence of the series
w(e??), when t € [0,00), that in turn follows from the fact: w(z) = O (e~™*), when x — +o0 [3].

11



Divergence of series in the left part of (3.3) and (3.4) for all s = o + 4\ from II] is obviously
connected with impossibility to represent (-function in the critical region as absolutely converged
Dirichlet series [1,2]. >

4 Functional equation for &(z)

Basic idea of this item is concerned with finding of the representation of the function w(z) via
"related" to it @w(x) function (which will be defined below) with the help of functional equation.
In this case there will not be a problem of divergence in the critical zone for the @(x) function.
Let’s preliminary state a number of well-known facts which are necessary here.
According to [8,9], when any complex o« = Re @ + i Im ¢, the sum of ascending power series

Clasz) = Zn‘o‘ 2", (z€C), (4.1)
n=1

originally defined in the circle |z| < 1, may be analytically continued through the whole complex
plane C with the cut along the ray [1, o0].
Hence, everywhere in C, in particular, the function of complex a € C has been defined:

Claz=1)=> (~1)"n7". (4.2)

At the same time the equality [1,7] is true for zeta-function :

oo

(=)t = (1-2"0)((s), seC, (4.3)

n=1
from which we easily find the connectoin with function {(s; —1) by comparison with (4.2):
((si=1) = (27" = 1) ((s), (4.4)
true when any Res > 0, as well as in the point s = 1, in which ((1;-1) =73 = —In2 ~

—0,6931... [6].
Remind that function w(x), defined for all « € [0,400) is subjected to functional equation

[1,3] by the expression (2.3):
w(x) = % {w (;) + ;] - % (4.5)

Let’s introduce into consideration the function &(z), « € [0, 400):
~, - n 77'('77,2(13
Blx)=> (-1)"e : (4.6)
n=1

Lemma 4.1 For all x € [0,+00) the function &(x) satisfies the following functional equation:

- () ()]

< According to [10] it is known that for a series

o0

fla) =Y (=) tafer, (x.1)

n=1
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where 8 € R, > 0 is real, x € [0,400), the integral representation is true:

o+i00
f(z) = ﬁ / I(s)z™* (1 - 2HHB=98) C(as — B) ds, (x.2)

where o > 0, 0 > % Suppose, in (*.2) f =0, = 2. Then

o+i00
f(z) = 2;, / T(s)z™% (1 —2'72%) ¢(2s)ds, (.3)

where o > 1/2. Replace z by mz? and s by s/2 in (x.3):

o+i00
n*/2T (%) (1—2""%)¢(s)z % ds, (x.4)

o—100

f(xZ) _ io:(_]_)nflefﬂ”n%:2 _ L
n=1

471

o > 1/2. If we transit in (%.4) from the straight line of integrating Re s = ¢ > 1/2 to the straight
line Res = oy, —% < 09 < 0, that is possible [10], then it is necessary to add residues in the
point s = 1 (the pole {(s)) and in the point s = 0 (the pole I'(s)) in the zone 0y < Res < o
when transiting. Both poles of the first order, exactly for them respectively

lim (s — 1){(s) =1,

s—1
liH(lJ sT'(s) = lirr(lJ I'(s+1)=TI(1) =1.
That’s why the residue of sub-integral function in (x.4) in the point s = 1 is equal to
7= 21(1/2) 2~ 1(1 — 2'=1) = 0, and in the point s = 0 it is equal to 2(1 — 2)¢(0) = 1.
Substituting residues and performing replacement of s by 1 —s in (x.4), we get an expression:

2

[e%S)
(—1)+23 (—1)nemmet =
n=1
1—0op+ioco

— % / -l (1 ; 5) C(1—s)(1—2%) " 1*5ds. (%.5)

1l—0op—1ic0

Taking into account in (*.5) functional equation (1.5) for (-function, rewrite the first one in the
form of:

2

(—1)+2 ) (~1)ntemmiet =
n=1

o+i00
1 s
—s/2 2 EA]
=iz / T F<2) C(s) (1 —2%) 2 ds, (x.6)

where 0 =1 —0¢ > 1.
Multiply the expression (*.4) by 2 and consider integrals in its right part separately.
For the first integral, according to [10,4], we know that:

o+i00
1 o0
5 / P (3) et as =2 3 (+.7)

13



Then for the second integral in (*.4) we have:

o+io0o

% / 720 (2] ¢(s) (20) 7" ds = 42;” (x.8)

o—100
Expanding integral in the right part of (x.6) by the same way we find:

o+ic0

= [ wr (;) C(s) (1= 2°) 2 ds =

o0 7L2 o0 "2
=2 Z e e =2 ) e "wZ, (0>1). (x.9)
n=1 n=1
From the expressions (*.4) and (x.7), (*.8) it follows that:

oo

Z(il)nflefﬂ'anQ _ i 677rn2w2 _9 i 6747rn2z2. (*10)
n=1 n=1

n=1
In its turn from expressions (*.6) and (*.9) it follows:

“+ o0

9 X n? n?
> (cytee S 237 e o], (x11)
X
n=1

()] 2

(1) = 2(2?) = % [w (;)

And finally, performing in (.12) replacement 22 — z, after elementary transformations, we find
the equation (4.7). >

or

Lemma 4.2 For all x € [0,4+00) the function w(x) satisfies the following functional equation:

1 1 1
< For proof we shall use the expression (*.10) of lemma 4.1., which can be written in the form
of:

O(2?) = 2w(42?) — w(z?), (x.1)

or, performing replacement 2> — z, in the form of:

w(x) = 2w(dx) — w(x). (x.2)

1
If we perform replacement z — - in (%.2), we shell come to the expression
x

()--() () +(2)

Substitution of (x.3) into the equation (4.7) of lemma 4.1. leads to a new functional equation:
1 1 1 1
7 = — - - o — — . ’4
w0 =T [w (ﬂ?) ¢ (41‘” 2 .

14



Transpose the second term in parentheses into the left side and add the addend at the left

and at the right. Then

o(z) 27125 L —|—L—L w = —&-1 1 (x.5)
4z 2/ \/z T 2] 2° '
Comparing right sides of the expression (x.5) and the equations (4.5) we convince in their identity

and, hence, in truth of the equation (4.8). >
Therefore, lemma 4.2. is the conversion of lemma 4.1.

1
2\/x

5 Zeros of zeta-function

Let’s turn to the series (4.3) again:
Z(—l)”’ln’s, s=Res+ilms € C.

When Re s = o > 1 the series (4.3) converges absolutely, while in the critical region 0 < Res < 1
the series (4.3) converges only conditionally [2]. Since when s € C the limit of partial sums of
the series (4.3) is a complex number in any transposition of its terms, then for it, the Riemann
theorem [11] on complex conditionally converging series is true. According to the Riemann
theorem, a set of values My of all possible sums of the series (4.3) is either a straight line Ty,
passing through the origin, or the whole plane C, when every s € C, Res € (0,1).
So,
Ms(s0) € {To (s0) ,C}, (5.1)

where sg is some complex number from the critical region. In this connection let’s denote a set
of series, formed from the series (4.3) by arbitrary transposition of its terms as X; = {Eq}qel,
where [ is some index set. Prove the statement on one of the subsets of the set of conditionally
converging series {Zq}q <7 operating in the critical region which will be necessary for us further.

Lemma 5.1 Any converging series g, ¢ € I, taken from the set X1, and proportional to the
Riemann zeta-function in every point of critical semi-zone
Kt={seC:0<Res<1,0<Im\< oo}, can be presented in this area in the form of:

Se(s) = (1=2"7°Ay) ((s), s e KT, (5.2)
where Ay is a real value, the inequality |A,| < po < oo being true for all g € I.

< (a) Instead of the set My (so) we shall consider the set M (so), consisting of sums meanings,
forming by all possible transposition of auxiliary series:

o (s0) = ¢ (s0) — Z (=" tn, (*.1)
n=1

when every fixed s € K*. Then by virtue of (5.1) for the set Mg (sg) we can write at once, that

Mi (50) - {']TO (80) ,(C} s So € KT. (*2)

Since in any case, a complex plane C can be considered as projective plane PC!, i. e. as a totality
of all straight lines passing through the origin, we can consider below a straight line T (so)

(that is, a straight line To (s0), passing through the "frame" point o (so0), when any arbitrary
sp € K1) which, at least, is exactly in Ms (so).
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(b) At first we shall consider Ty, (so) as a straight line, passing into C through the middle
of the segment, connecting points z; and zo, perpendicular to this segment. According to, for
example [12,9], for any z € Tg, (so) the equation is true :

|z — 21| = |z — 2o, (x.3)

which can be rewritten for arbitrary z = Rez +iIlmz € TSU (s0), so € K in the form of:

2Rez 2Im 2
+

(2 —y1) | (22 — 1) = (z2+ 1) + (2 + 1), (x.4)

b

(z14z2) (y1+y2) }
2 2

is coordinates of the middele of the segment [z7, 22], which can conveniently be taken as an origin
in our case. Then the equation (x.4) can be reduced to the simplest form:

where z1 = x1+1y1, 22 = T2+iys are some fixed points from C. A pair of numbers {

Rez

= — .5
Im 2 ik (+5)

— (y2—y1)
= (z2—m1)

straight line Tg, (so). In particular, applying the equation (+.5) to "frame" point Zo = >0 (s0),
which according to (4.3) and (x.1) is equal to Zg = 217%0( (sg) , s € KT, find the equation:

where vy is a real value, constant (when z; and 29 are fixed ) for all points of the

z _ aoRedo — B0 Im ¢o (+.6)

Yy Golm¢y+ BoRelo’

where z = Rez,y = Im z and do = Re (21 7%) ,Bo =Im (21750,
If we now consider only those conditional sums Y, (sg),q’ € I' C I on the straight line
Tio (So) that

2 =Sy (s0) = (@ +78) ¢ (s0), (+7)

and &, 3 € R for all s9 € KT, then we shall find an equality from (+.6):
a Qo Im s
= =—=—=(—1)cot (In2""°°) . (x.8)
B bBo ( )
Let’s denote sets of sums of the form of (x.7), when arbitrary so € K, via (Tg, (s0). Thus,
we have an embedding

(Tg, (s0) C T, (s0)- (x.9)

(¢) Specify the following necessary moments here:

c.1) The quation of the straight line Ty, (s0) for any sg € KT is the equation of the form of
(%.6) and only such;

c.2) Equations (x.6) for different sy € KT uniquely define, generally speaking, different
straight lines Ty, (s0);

¢.3) The equation (x.8), obtaining from the equation (*.6) under condition (x.7), is the
only coJIldition for defining a set of points (Tyg, (so) C Ty, (s0) on every straight line Ty, (so),
so € KT

c.4) In this connection the set (Tg (so) is not uniquely defined by the condition (x.8).
Actually, the condition (*.8) uniquely follows from the equation (*.6), but the uniqueness is
broken in the reverse side;
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¢.5) Condition (*.8) shows, that one and the same fixed equality &fy = Bdy is true for the
whole (indefinite) set (Tg (K;\"O) of subsets (Tg_ (s), where
s € Kj\'o ={se€C:0<Res<1,Ims= Ny}, located, generally speaking, on different straight
lines Ty, (s),s € Kjo (i.e. from the fact that s',s" € K;\FO and s’ # s" it follows, that Ty, (s) #
(Tg, (s") even when combining the corresponding straight lines Ty (s') and Tg_ (s"”)).

(d) From the condition (*.8), when any A\g = Im sg > 0, find that

&= Ay ao, (*.10a)

/6’ = A(,7/307 (*]‘Ob)

where initially A, is a complex value for all ¢ € I’ C I, depending upon the method of summing
up the series (4.3) (or the same series (x.1)).

Substituting (*.10a,bd) into (*.7) (and returning for convenience to previous designations
¢ — q and I' — I) find the representation for the arbitrary series iq(s), q € I, or otherwise, for
the arbitrary element of the set (Ty, (s), where s € Kj{o, in the form of:

S (s) = &g (G0 +i60) ¢ (5). (+.11)
From here we find for initial series
Yo (s) = (1-2"°A,) ((s), qgel, se K. (x.12)

(e) Reality of A, for all ¢ € I is easily determined for three points on the straight line
Ts, (s), s € K*. For this it is sufficient to take 21 = 0,20 = Zp = 2175¢(s) and 23 = 2 = ¥4(s) =
2175A,((s) (the last is possible by virtue of (*.11)). Since according to condition for finding
three given points on the line, the value ﬁ € R [12,9], it is obvious that:

Boh_ 2 _aop

zZ9 — 21 z9 Z

[=)

for all ¢ € I.
(f) Now let’s consider a rule for finding four different points z1, 22, 23, 24
(2: € C,i=1,2,3,4) on the line Ty (s), s € K;fo. According for example to [12,9], for this

purpose there must be true the condition, under which the value % : %

Suppose that, 21 = 0,20 = Z) = 2175¢(8),23 = Z, = 2, (8) = 2'7°A,C(5), 24 = 24, =
Y (s) =2175A,((s), where ¢1,q2 € I, s € K;\“O and Ay, # Ay, #1,0 < Mg < 0.
In this case the condition takes the form of:

- is real.

2on z2ms Do Ba g (+.13)
23 — X1 23— 24 Ath (1 - qu)

Supposing that Re Ay, = z1,Re Ay, = 29 and Im Ay, = y1,Im A, = yo let’s bring the condition
(#.13) after elementary transformations to the equation:

(2T + 97 —21)y2 = (25 + 93 — 22) 11 (x.14)

If in the last equation y; = y2 = y, no matter what the value of y is (is equal or not equal to
zero) the condition (*.14) is reduced to the simple form:

x1+ 20 =1. (x.15)
(9) Imagine every real value A, in the form of the sum of two complex values A; and Aj:

Ag=A}Y+A; R, qel, (x.16)

17



where Aqi = ’Aqﬂ e, 0, € R,qg € I. In this connection modules of value A ;A , necessary
for the real A, formation must be, probably, equal between each other:

‘A;‘:’Aﬂzpq/z 0 < pg < 00, gel. (x.17)
Therefore, from (*.16) and (*.17) it follows that:
Aq = pg cos pq, 0< g <m, gel. (%.18)

Consider the elements of the set (Ty, (o), located on the straight line Ty, (so) when some fixed
50 € Ki‘n. The equation (x.15), rewritten here in the form of

Pqi COS Pq, + Pqs COS Pq, = 17 q1,q92 € I>\07 (ql 7& q2) 3 (*19)
allows to draw a deduction on the limitation of the set of all pg:{p¢} e ,
0
= {pq (AO)}qEAO ,In, C I -is an index subset in I. From the limitation of the set {p, (/\())}qelAO
there follows the existence of two constant positive values p1 (Ag), p2 (Ag) > 0, such that:
p1(Ao) < pg (Ao) < p2 (Xo) for all g € I,.

Let p(Ag) = maz (p1 (M), p2 (A\o)). Then the set of numbers {A“O‘O)} ,
qelx

p(Xo)
{p“((’\ )) COS g ()\0)} may be mapped in a one-to-one manner into the segment [—1, 1] (as
p(r g€l
q Ay (X .
always |2 B2 cos g ). p(g\o[;) there will be

found such number v, ()\0) [0, 7r], that the equality % = cos ¢ will be true for any g € I,.
(h) Now consider the set of all straight lines Ty, (so),s0 € K*:

T, (KT) = |J Tg, (s0) (.20)

so€EKT

when the parameter sp runs through the whole region K*. Since every straight line Ts (so),
sp € Kt contains the corresponding subset (T , (50), then the set of all the subsets CT 5, may
be represented ( similarly to (*.20) ) as

_ +
(Tg, (KY) = |J ¢Tg, (KE)- (+.21)
0< A p <0
In its turn, the set (Tg (K*) (by the ratio (x.11)) generates the common set of all A,:

Adger= U {80 M0byey,, (+.22)

0< A p <0

In this connection, for convenience, we shall think that in the set {Aq}qG€ ; indexation of elements

was performed so that for different ¢ there correspond different A, i.e. from ¢’,¢” € I and
"# ¢ = Ay # Agr. Initem (g) it is shown, that for any Ag € [0,+00) the equality

‘Ap"(')(\j;)) < 1 is true, where ¢’ € I,,. Choose from the whole set {p (o)}, o € [0,+00) a
maximum element:
po = max {p(do)}. (+.23)

Then, in complete similarity with reasonings in item (g), for every A, € {Aq}qGE ; there will be
found such number f, € [0, 7], that the equality

Ay = pocos fy (x.24)

will be true for all g € I. >
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Lemma 5.2 The equation Fs,,(8) = 0 in the zone I is equivalent to the system of two equations:

1 1
Xgq (2—a—i)\) -@(24-04—2')\)-1—

1 1
1 . 1 .
Xgq (2—0—1)\) -@(2—1—0—1—2)\)—
1 1

where the coefficients x4 are equal by definition:

9%-1 4 1 — 20/
Xq(a) = 5a 1 a€C, gel. (5.5)

The system (5.3),(5.4) is given for the argument s = o + i\ from the zone I3 .

< We shall start from the statement of the equivalent system of equations (3.1) and (3.2) of
lemma 3.1., given in the zone I . Consider the first equation (3.1). Substituting the functional
equation (4.8) of lemma 4.2. into the integral in the left part of (3.1) we shall get the sums of
three integrals:

oo
/ w(e?) e'/? cosh ot cos At dt =
0

= /&)(e%) et/? cosh ot cos At dt +
0

o0

/e_f’/2 cosh ot cos At dt +
0

Ll
2

[ (1
+/@ (46%) e~t/2 cosh ot cos Mt dt. (x.1)
0

Let’s do calculation of each of three integrals (x.1) separately.
(a) For finding the first integral (*.1), use the scheme of calculation of the expression (*.1)
in the proof of lemma 3.3., and also the definition (4.2) and the property (4.4). We have:

/ @ (e et/? cosh ot cos At dt =
0

1 1_o_, 1 A 1
= 4{7r42’3F<4+§+z’2><<2+a+i/\;—1) +
o 1 A 1
+7Ti+27';\r(4;+12>C(20+1)\,1>}

= i [(2%—U—M - 1) @ (; +o+ i/\) + (2%“"1’A - 1) @ (; —o+ zA>] : (+.2)
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Show here the assumption of integration term by term, used by default during the integral
(*.2) calculation.

Let ¢ (x) be a non-negative continuous function on the interval [0,+o00) . Then @ (¢) =
B (p (2) = 500, (1) e, 2 € [0, +00).

On the basis of convergence of series, it follows, that a series © () is absolutely converging
for all x € [0,400). In fact, the limit of ratio of terms of the sum @ () is equal to:

Zn+1
Zn

lim
n—oo

= e @) Jim e 2m¢(®) —

since ¢ (z) > 0 for all = € [0, 400).
Therefore, the integral

12 (o, ) = / TS @) fa (@) dr =3 (~1)" / T e £, () da,

for each continuous, parametrical from o € C (Rea € (0,1)), function f, (), given on the
interval z € [0, +00).

(b) The second integral in (x.1) has an elementary character, that’s why we write the result
for it at once:

17 B, M41_g?
g/eft/2 cosh ot cos At dt = —4—; = %. (*.3)
0

From (x.3) it is seen, that the given integral fully coincides with the right side of the equation
(3.1).

(¢) Now find the most complicated integral in (*.1). Using term by term integration on the
same basis, as in item (a), we get:

T 1

/JJ (4%) e 2 cosh ot cos A\t dt =
e

0

= Z(fl)"/e*i“"%_% e~ /2 cosh ot cos At dt. (x.4)
n=1 0
Let’s consider an auxiliary integral:
(8 =y ey = [ e A e g, (+5)
0

where, as in lemma 3.2., § = (—1)°0 +i(—1)"X and 5 € Iy, e,n=1,2.
Performing in (*.5) two successive replacements of variables y = e’ and u = %, and also of
the parameter n = 2m (where m is rational), reduce the integral j, (3) to the form of:

1 o~

1
Jom (8) = -/677””2“2 u"2"%du. (x.6)
0

From the comparison of (*.6) and the integral j!(3), defined by the expression (*.4) of lemma
3.2. it is seen, that j5,,(3) = j. (—3) (here rationality of m has no sufficient meaning). Returning
again to the parameter n = 2m, find that (see (x.27) of lemma 3.2.):

]~ —(3+3) 1,5 5 —(2-3%)

ga(d) =270 (—1)Tr7aT2 . D (5 - 5) 027, (x.7)
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(d) Let’s give the following reasonings.
Let the series of the form

Yo (o) = Z (-1 tne,
n=1
be given to us, where a € C belongs to the critical region:
K={2z€C:0<Rez<1l,—o0<Imz < oo}.

According to [2] a series 3¢ («) is conditionally converging for all & € K. Hence, the sum of
series "X" depends on the transposition p of the series ¥ (). Exactly, let p be an operator of
terms transformation of the initial series X («), such as:

PSo (@)= ()P )], acek,
p(n)

where there is a symbolical designation at the left, and a concrete representation in the form of a
series at the right, p being an arbitrary transposition from the set of all transpositions P, defined
on the set of natural numbers {1,2,...}.

As it is shown above in item (c), the integral (x.4) is reduced to the sums of the form:

o0

= (—am?2)* .
VT NCID SNEIL NSNS Y EILE i i I ——

n=1 meQ* meQ* k=0

<L (3= §) Lnegr (U7 m= (79,

where Q* C QT is an isolated subset in the set of positive rational numbers, equal to Q* =

{%, 1, %, 2, 3,3, %, .. } The latter expression is decomposed into two independent cases when
n =1 and n = 2 respectively. It is easy to see, that in the second case, when n = 2 "previous"

equality (4.4) is formally preserved. That is, for all

o= (;—s> = B+(—1)€“a} —ixeK,

where K- ={2€C:0<Rez<1,—00 <Imz <0} - is a lower critical semi-zone, the series
oo
> 1" (3
n=1

is reduced to the sum of the form

Z (_1)2m m_a7

meQ*

which is uniquely expressed through the corresponding equality (4.4).
When n = 1, i.e. in the upper critical semi-zone KT, the situation with the series Y- | (=1)" j,, (),
generally speaking, sufficiently changes. It is connected with ambiguity of representation of the

series
Z (=1)*"me, a e KT,
meQ*

by means of formal sums
Z (=1)*" m~°, aeK*.
meQ*
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Note, that the series >, 0. (=1)*"" m= o € K*, may be interpreted as a result of analytical

continuation of the series
Z (1)t e, Rea > 1,
meQ*

from the right semi-plane (where it absolutely converges) into upper critical semi-zone K. In this
connectoin a whole equality (4.4) analytically continues into the critical semi-zone K*. Since
the right side of the equality (4.4) regularly continues in K¥, then any representation of the
series D, o (=1)>"" m== by formal sums ¥
to zeta-function in every point o € K+.

Let’s perform formal decomposition:

5 o 2 e )

meQ~ (—1)2m m~“ must always be proportional

meQ* meQ*
oo k
k=0 qg=0 meQ*
= (2" > (-pFet, T e
k=0 Pr(q)€[0,k]
y Z (71)2(m+1/2) mPe@ 5 p Z (=1)*" e = Z (71)2”("‘)+1 [p(m)]™“,
meQ* meQ* p(m)€p(Q*)

where p € P is an arbitrary transposition from the set P: C IP, that is, the set of all transpo-
sitions, preserving proportionality of the series of zeta-function; C§ are binomial coefficients, py
is some finite transposition over the set [0,1,...,k],k = 0,1,2,.... As it is seen from the given
decompositions, the transposition p appears because of the second sum in the second equality,
due to finiteness of which, when every k € N, an arbitrary transposition p; of inner terms is
possible.

(e) Unite in this item the results of reasonings in item (d) and calculations in item (c) for
finding the integral (.4).

Substituting (*.7) in (x.4), using lemma 5.1 (see the expression (5.2)) and performing trans-
formations identical to those used in the conclusion (*.2) (see item (a)), we get finally for (x.4):

7 1

/(IJ <42t> e 2 cosh ot cos A\t dt =
e

0

-1 { 1= g (s (; o z’)\> -

- [Aq - 2—(%“—“)} 0 (; —o+ i/\) +

+ [1 - 2—(%—““)} o (; to-— iA) -
- [Aq - 2*(%*”*”)} ¢ <; +to+ i>\> } : (+.8)

where A, = pycos f,, f; € R,q € I. Remind, that ¢ (z) = 7=*/%T' (2/2) ¢ (2) (see introduction).
*.4), emerging when A,
*.8

So, the expression (*.8) leads to the whole set of values of the integral (*.4)
) evidently coincides,

are different , ¢ € I. In this connection the capacity of the set of values (x.
with the capacity of index set I, i. e. it is equal to card(I).
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(f) Substituting (*.2), (x.3) and (*.8) into the integral (*.1) and then the last one into the
left side of the equation (3.1), we shall get the equation (5.3) after elementary transformations.
In this connection coefficients x4(a) appear to be equal:

Xq(a) = (20— 1) =277 (2°A, — 1) + 27179 (2172 1), (%.9)

or
22(1—1 + 1 _ QaAq
2a ’
(¢9) Thinking over the equation (3.2) of lemma 3.1, fully similar to reasonings given above

in items (a) — (f), we shall get the second equation (5.4) in sought. That’s why, in this item we
shall write out, for the sake of completeness, final expressions for corresponding integrals.

Xq(a) = qgel.

/w e/ sinhotsin At dt = J; + Jy + J, (%.10)
0
where
E/ et/ sinh ot sin Mt dt =
0
1 5—0—I\ _ ; 3+o—id )
:E{(QQ g )@(%—1-04-1)\)—(224' i —1)@(%—04—2)\)}; (x.11)
17 oA
h = 5/ ~t/2sinh ot sin A\t dt = % (x.12)
0
oo~ 1
3 = /w (4) Zsinh ot sin Mt dt =
0
1 +a+z)\)} 17 .
=5 { vl x| +
1
P
- 7—0—&-1)\) 1 .
ﬁ }w 5+o—i) -
, 1
|:Aq (3-0- Z/\)} <p<2+a+i)\)}, qgel. (x.13)
>

Lemma 5.3 Let 3% = % + 0o + iAo be two arbitrary zeros of zeta-function given symmetrically
#(s)
#(s0)
the function ¢ (s) in points 33' and s, will be finite, not equal to zero value, for all 0 < og <
1,0 < Ao < oo.

with respect to central line Res = % in the semi-zone K¥. Then modules

of the ratio of

< For the proof of lemma let’s use the representation (1.6) for the whole function £(s), which
we shall rewrite here in the form of [1]:

e = I (1-2) e (1)



where £ (0) = —((0) =3, bo=b— iInm = (In27r — 1 — 37) — 3 Inm, 7 is the Euler constant.
Taking into account the connection between functions ¢ (s) and £ (s) for all 0 < oo < £,0 <

Ao < 00, we find from (*.1):

i 260 _ o (i =) Mo (12 %)
- — = (ot N
?s0) simsg w(52) 5o (5 ~ 1) [, .- (1) e

So —>sg

o () e

s1—sg (1 — 82/86)7”2 ems2/sy

S2—8(

(*.2)

Here [] pta EADS that p runs through all the complex zeros of ¢ - function except p = a;
m1, me are multiplicities of zeros sa' and s, respectively. Since ¢ (% + oo + i/\o) and ¢ (% — 09 — i)\o)
are connected by functional equation (1.5) and a pair of values ¢ (% — oo+ i)\g) and ( (% — 09 — i)\o)
is complexly conjugate, then multiplicities of zeros s§ and s, coincide: mj = my = m, m always
being finite natural number.

Note that the products of Hp#[)i (1 — sg/p) e /P consist of finite, not equal to zero factors,
and this leads, in combination with property of ¢ - function regularity everywhere in the open
critical zone, to the conclusion of finiteness of products themselves.

And, finally, writing variables s, s € Kt in the form of s; = % + o; +iX;, where —% <o <
%, 0 < \; < 00,i=1,2 and calculating the limit in the right side (*.2), we find once and for all

_\m . — 50 ) eso/
2 (83) — (_l)m eZUobo (80) i (80 B 1) Hp;ﬁsar (1 P ) e’ (*3)
W) GO (ou)ern

Hp;ﬁso 14

when oy € (0,1/2), and

o) _ (+.4)

when oy = 0.
The statement of lemma follows directly from (*.3) and (x.4). >
Theorem 5.1 All complex zeros of the Riemann C - function in the critical region 0 < Rez < 1

are located on the straight line Rez = 3 and described by general expression:

1. AW
2E(q) = 3 + i (log, €) Arccos™ <\@> ) (5.6)

in which q € I; Arccostx= 2km+ arccos x, where arccos x - is the main value of arc cosine, k is
any natural number.

< First of all find complex roots of the equation x4(a) = 0 for arbitrary ¢ € I, where x,(a) is
defined by the expression (5.5) of lemma 5.2.
If we denote via « = 2%, then the equation x4(a) = 0 with respect to the unknown x will
have the form of:
x2—2Aqx—|—2:O, qgel, (x.1)

where, according to (*.24) of lemma 5.1 A, = pg cos fq, po > 0 is a constant independent of g,
fq €10, for all ¢ € I.
Roots of the equation (*.1) are equal to:

m;t:Aq[u,h—ﬁg . gel, (+.2)
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where 8, = X—f. As we are only interested in complex roots of (x.1), then for all g € I it should

be supposed ﬁg > 1,1 e |[By] > 1 and /B2 — 1> 0. Thus, the roots of (+.2) should be written

in the form of:
x;t:Aq[1i¢,/ﬁg—1 . gqel (+.3)

Transforming the expression in brackets of (*.3) to the form of

14iy/82 —1=Byexp (iiArctanﬂ /82 — 1)

and taking into account that S,A, = V2 for Vg € I, we get:

xqi =V2exp (:I:iArctanJr, /B2 — 1) ) qgel. (x.4)

The designation Arctan™z = kn +arctan x, where x > 0,k € N, arctan x - is the main value of
the arctangent (concluded for x € (0, c0) in the limits (0, 7/2)) is introduced here for convenience.
Returning to the variable a from (x.4) we find:

Arctan™, /B2 — 1
1
& o -4 ! gel. (+.5)

i (q) = logy ¥ = e

Substituting into (*.5) concrete expressions of arguments of coefficients x, from the equations
(5.3), (5.4) of lemma 5.2, find an equation with respect to o¢(q) and Ag(q):

SEoo(@) —ido(@) = aila),  ael (+.6)

From (*.6) it follows that o((q) =0 for all ¢ € I, and

Arctan™ /82 -1
Ao (g) = +

In2 ’

qgel. (x.7)

So, the roots of equations x4 (% +o-— i/\) = 0 coincide and are equal to % + i)\(f(q), when every
given q € 1.

Now let’s turn to the system of equations (5.3), (5.4) of lemma 5.2. Rewrite the given system
in a short form as

Agpr + Bypz = 0, (*.8a)
Aqgol — chpg = 0, (*8b)

where Ay, By = x4 (3 F 0 —i)) and @1, 92 = ¢ (3 & 0 — i)) respectively. In this connection the
system of (*.8a), (+.8b) is defined for every given ¢ € I.

Let A, = 0, for some g € I; then B, = 0 too, and therefore the system (*.8a), (*.8b) becomes
an identity. According to lemma (5.2) the truth of equations (*.8a), (*.8b), i.e. equations (5.3),
(5.4) means the truth of the equation Fa,(3) = 0 in the zone II. Hence, by virtue of lemma 2.1.
and the equation ( (% + §) = 0 in the critical zone 0 < Rez < 1, z = % + 5. Thus, from the fact
that A, = B, =0, ¢ € I and from expressions (*.5), (x.6) it follows that ¢1 = @2 = 0.

Inversely, let ¢1 = 0 and let A;, B; # 0 when no ¢ € I. Show, that these conditions are
incompatible. According to the symmetry [1,3] of zeros of ¢ - function with respect to the straight
line Rez = %, from ¢; = 0 it follows that o = 0 too. According to lemma 2.1. and lemma
5.2. the equality @1 = @2 = 0 is possible only when corresponding equations (*.8a),(*.8b) are
true. Hence, there exists such ¢ € I, that when ¢1 = p2 = 0 the system (*.8a),(*.8b) becomes

an identity.
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From the given system it formally follows: A, = —Bq% =B, Considering Srasa limit

By
ratio of two functions equally tending to zero under some o (q), )\10 (¢) and using the result of
lemma 5.3. we find, that B; = —B; = 0 from which A, = 0 too when the given g € I.

All the reasonings carried out here can be stated as follows.

For the functions 1, ¢y to become zero it is necessary and sufficient the condition A, =
B, = 0 when corresponding ¢ € I is true. In other words, the Riemann zeta - function ¢((z) =
C(% + §) ., § € Iy, in the critical zone 0 < Rez < 1 has no other zeroes z, except the roots
of the equations x, (3 =0 —i\) = 0,q € I. Since according to (+.6) the roots of the equation

Xq (3 £0—iX) = 0 for all ¢ € I in the zone 0 < Rez < 1 are located on the straight line

Rez = ok then according to lemma 2.1. all the roots of the equation Fy,(z) = 0 in the zone I:IO

are located on the straight line Re z = 0, i.e. are clearly imaginary.

Hence, it is shown, that the condition 2.1 for the function Fy,(2) in Il is true and thus, the
Riemann hypothesis on zeros of zeta - function in the critical zone may be considered to be fully
proved.

At last, let’s find the final expression (within the frameworks of given constructions) for zeros
(25°(q), q € I) of ¢ - function, located on the straight line Rez = 1. By virtue of the symmetry
property of zeros of ¢ - function on the straight line Re z = % with respect to the line Oz (see
(*.5)), it is sufficient to consider zeros only in the upper part of the critical zone, i.e. for Imz > 0.

It is easy to note, that solutions of the equation (*.1) with respect to constant pg, are generally
speaking, decomposed in form into two cases. In the first of them py = v/2 and complex solution
(*.3) are reduced to the simple form:

xflt = V2eta, gel, (x.9)

the expression:

fq = Arccos™ (3%) = 2km £ arccos <\A/q§> , (*.10)

being conveniently used for f;, where ¢ € I,k € N and arccos x - is the main value of the arc
cosine , enclosed in boundaries [0, 7].

In the second case py # V/2, 1. e. po can acquire any value from the region (O7 \/5) U (\@, —&—oo)7
but for all these values distribution of zeros will be given in the form of the general expression
(x.5), that is, it is always expressed via Arctan™. It is obvious, that only one of these cases
truely describes zeros of ( - function in the critical zone.

Suppose that pg # v/2, from which it follows that zeros of ¢ - function are given by (x.5). As

the values of the expression Arctan™, /B2 — 1 for all g € I belong to the region:

°° 2k + 1
U (kw, (;)ﬂ> , (x.11)
k=0

the region

ENa] )

k=0 2

leaves "uncovered" by the distribution of (+.5) on the straight line Re 2 = 1, Im z > 0. Therefore,
it is sufficient to give an example, at least, of one zero of ( - function, exactly located in the region
(*.12) in units In 2, in order the distribution (*.5) to be false. Such example already supplies the
second zero of ¢ - function ay = 21,0220... [1]. Actually, asIn2 = 14,5703 € (%w, 57T).

Well, it is proved, that py = v/2 and all complex zeros of ¢ - function zoi(q), g € I, in the
region Re z € (0, 1) are given by the expression (5.6). >

Note that theorem 5.1. doesn’t fully solve the question on vertical distribution of zeros of
1

¢ - function in the critical zone, as the order of zeros sequence on the straight line Rez = 5
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is not clear in its frameworks. Formula (5.6) only gives the general representation about this
distribution, connecting zeros of ¢ - function on the straight line Rez = % with the set of sums
{Z0(q)},e; - conditionally converging when Rez € (0, 1) of the Dirichlet series.
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