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Abstract

In classical mechanics, this paper presents a general equation of motion, which can
be applied in any reference frame (rotating or non-rotating) (inertial or non-inertial)
without the necessity of introducing fictitious forces.

Introduction

The general equation of motion is a transformation equation between a reference frame S and a
dynamic reference framĕS.

According to this paper, an observer S uses a reference frame S and a dynamic reference frameS̆.

The dynamic position̆ra, the dynamic velocity̆va, and the dynamic accelerationăa of a particle A
of massma relative to a dynamic reference frameS̆, are given by:

r̆a =
∫ ∫

(Fa/ma) dt dt

v̆a =
∫

(Fa/ma) dt

ăa = (Fa/ma)

whereFa is the net force acting on particle A.

The dynamic angular velocity̆ωS and the dynamic angular accelerationᾰS of a reference frame S
fixed to a particle S relative to a dynamic reference frameS̆, are given by:

ω̆S =±
∣∣(F1/ms−F0/ms) · (r1− r0)/(r1− r0)2

∣∣1/2

ᾰS = d(ω̆S)/dt

whereF0 andF1 are the net forces acting on the reference frame S in the points 0 and 1,r0 andr1 are
the positions of the points 0 and 1 relative to the reference frame S, andms is the mass of particle S
(the point 0 is the origin of the reference frame S and the center of mass of particle S) (the point 0
belongs to the axis of dynamic rotation, and the segment 01 is perpendicular to the axis of dynamic
rotation) (the vector̆ωS is along the axis of dynamic rotation)
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General Equation of Motion

The general equation of motion for two particles A and B relative to an observer S is:

mamb(ra− rb)−mamb(r̆a− r̆b) = 0

wherema andmb are the masses of particles A and B,ra andrb are the positions of particles A and B,
r̆a andr̆b are the dynamic positions of particles A and B.

Differentiating the above equation with respect to time, we obtain:

mamb
[
(va−vb)+ ω̆S× (ra− rb)

]
−mamb(v̆a− v̆b) = 0

Differentiating again with respect to time, we obtain:

mamb
[
(aa−ab)+2ω̆S× (va−vb)+ ω̆S× (ω̆S× (ra− rb))+ ᾰS× (ra− rb)

]
−mamb(ăa− ăb) = 0

Reference Frame

Applying the above equation to two particles A and S, we have:

mams
[
(aa−as)+2ω̆S× (va−vs)+ ω̆S× (ω̆S× (ra− rs))+ ᾰS× (ra− rs)

]
−mams(ăa− ăs) = 0

If we divide by ms and the reference frame S fixed to particle S(rs = 0,vs = 0, andas = 0) is
rotating relative to the dynamic reference frameS̆ (ω̆S 6= 0), then we obtain:

ma
[
aa +2ω̆S×va + ω̆S× (ω̆S× ra)+ ᾰS× ra

]
−ma(ăa− ăs) = 0

If the reference frame S is non-rotating relative to the dynamic reference frameS̆ (ω̆S = 0), then
we obtain:

maaa−ma(ăa− ăs) = 0

If the reference frame S is inertial relative to the dynamic reference frameS̆ (ω̆S = 0, andăs = 0),
then we obtain:

maaa−maăa = 0

that is:

maaa−Fa = 0

where this equation is Newton’s second law.
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Equation of Motion

From the general equation of motion it follows that the accelerationaa of a particle A of massma

relative to a reference frame S fixed to a particle S of massms, is given by:

aa =
Fa

ma
−2ω̆S×va−

Fa
S

ms

whereFa
S is the net force acting on the reference frame S in the point A(ra)

This paper considers that Newton’s first and second laws are false. Therefore, in this paper there
is no need to introduce fictitious forces.

Universal Position

Applying the general equation of motion to a particle A of massma and to the center of mass of
the universe of massmcm, we have:

mamcm(ra− rcm)−mamcm(r̆a− r̆cm) = 0

Dividing by mcm and considering that̆r cm is always zero, then we obtain:

ma(ra− r cm)−mar̆a = 0

that is:

mar cm
a −

∫ ∫
Fa dt dt = 0

wherer cm
a is the position of particle A relative to the center of mass of the universe.

General Principle

From the general equation of motion it follows that the total positionR̃ij of a system of biparticles
of massMij (Mij = ∑i ∑ j>i mimj), is given by:

R̃ij = ∑
i

∑
j>i

mimj

Mij

[
(r i − r j)− (r̆ i − r̆ j)

]
= 0

From the general equation of motion it follows that the total positionR̃i of a system of particles of
massMi (Mi = ∑i mi) relative to an observer S fixed to a particle S, is given by:

R̃i = ∑
i

mi

Mi

[
(r i − r s)− (r̆ i − r̆s)

]
= 0

Therefore, the total positioñRij of a system of biparticles and the total positionR̃i of a system of
particles are always in equilibrium.
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Kinetic Force

The kinetic forceFKa|b exerted on a particle A of massma by another particle B of massmb relative
to an observer S, is given by:

FKa|b =
mamb

mcm

[
(aa−ab)+2ω̆S× (va−vb)+ ω̆S× (ω̆S× (ra− rb))+ ᾰS× (ra− rb)

]
wheremcm is the mass of the center of mass of the universe.

From the previous equation it follows that the net kinetic forceFKa acting on a particle A of
massma, is given by:

FKa = ma
[
(aa−acm)+2ω̆S× (va−vcm)+ ω̆S× (ω̆S× (ra− rcm))+ ᾰS× (ra− rcm)

]
wherercm, vcm, andacm are the position, the velocity, and the acceleration of the center of mass of the
universe.

The net kinetic forceFKab and the net dynamic forceFDab, both acting on a biparticle AB of
massmamb, are given by:

FKab = mamb(FKa/ma−FKb/mb)

FDab = mamb(FDa/ma−FDb/mb)

−→

FKab = mamb
[
(aa−ab)+2ω̆S× (va−vb)+ ω̆S× (ω̆S× (ra− rb))+ ᾰS× (ra− rb)

]
FDab = mamb(ăa− ăb)

−→

FKab−FDab = 0

−→

FTab = 0

Therefore:

The kinetic acceleration
[
d2(ra− rb)/dt2

]
S̆ of a biparticle AB is related to the kinetic force.

The dynamic acceleration
[
d2(r̆a− r̆b)/dt2

]
S̆ of a biparticle AB is related to the dynamic forces

(gravitational force, electromagnetic force, etc.)

The total forceFTab acting on a biparticle AB is always in equilibrium.
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Appendix

From the general principle the following equations are obtained:

12 equations for a biparticle AB relative to an observer S:

1
x

[
(ra− rb)y×

[dz(ra− rb)
dtz

]
S̆

]x

− 1
x

[
(r̆a− r̆b)y×

[dz(r̆a− r̆b)
dtz

]
S̆

]x

= 0

12 equations for a particle A relative to an observer S fixed to a particle S:

1
x

[
(ra− rs)y×

[dz(ra− r s)
dtz

]
S̆

]x

− 1
x

[
(r̆a− r̆ s)y×

[dz(r̆a− r̆s)
dtz

]
S̆

]x

= 0

Where:

x takes the value 1 or 2 (1 vector equation, and 2 scalar equation)

y takes the value 0 or 1 (0 linear equation, and 1 angular equation)

z takes the value 0 or 1 or 2 (0 position equation, 1 velocity equation, and 2 acceleration equation)

Observations:

rs = 0, vs = 0, andas = 0 relative to the reference frame S.

If y takes the value 0 then the symbol× should be removed from the equation.[
dz(...)/dtz

]
S̆ meansz-th time derivative relative to the dynamic reference frameS̆.

On the other hand, these 24 equations would be valid even if Newton’s third law were false.

Bibliography

A. Einstein, Relativity: The Special and General Theory.

E. Mach, The Science of Mechanics.

R. Resnick and D. Halliday, Physics.

J. Kane and M. Sternheim, Physics.

H. Goldstein, Classical Mechanics.

L. Landau and E. Lifshitz , Mechanics.

5


