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A new type of exact solution of the reduced 3 dimensional spatial PWE (paraxial wave 

equation) for the case of bipolar coordinates is presented here. 

First, we consider a self-similar representation of the solution in a bipolar coordinate 

system, the second we additionally reduce PWE under a proper paraxial assumption. 

Analyzing the structure of the final equation, we obtain the simple exact solution which 

is proved to satisfy to such an equation in bipolar coordinates. 

Besides, there is a limitation of the components of self-similar solution of a new type. 
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1. Introduction. 

 

The full 3 dimensional spatial PWE (paraxial wave equation) should be presented in a 

bipolar coordinate system  σ, τ, z  as below [1-2]: 

  
 -  here  - is the slowly varying complex envelope of a paraxial field, satisfying the 

PWE,  =  (σ, τ, z), σ  [0, 2), τ  (-∞, ∞); k - is the wave number;  i = 1  - is 

the imaginary unit. 

 

 Besides, in bipolar coordinate system [3-4]: 

 
 

 

 
 
In accordance with the assumption of self-similarity, we should find an exact solution 

of equation (1.1) in a form below: 

 
 

 
 
 

-  then having substituted (1.2) into (1.1), we obtain (ψ ≠ 0): 
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- where for self-similarity we should choose as below (m – is the real number): 

 

 
 
 
Let us express the Cartesian components x, y in bipolar coordinate system [4]:  

 

 

 

- but if the paraxial assumption is valid for PWE, it means 

 

 

 

Thus, we could present Eq. (1.3) in a form below, taking into account the assumptions 

(1.4)-(1.5): 

 

 

- besides, we should obtain the reduced version of PWE as below: 
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2. Exact solution of reduced PWE. 

 

Adopting the assumption of self-similarity (1.2) as well as the paraxial assumption 

(1.6), we finally obtain the united system of equations (1.4)-(1.7): 

 

 

- where the 1-st and 2-nd equation of (1.8) has a typical solution as below (c ≠ 0): 

 

 

 

- let us remember that  σ  [0, 2),  τ  (-∞, ∞). It means a limitation of the 

components of self-similar solution; besides, for the 3-d equation we obtain: 
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3. Conclusion. 

 

Let us present finally the self-similar solution of the reduced version of PWE (paraxial 

wave equation, under assumption (1.6)): 

 

 

- where 

 

 

 

- here  σ  [0, 2),  τ  (-∞, ∞),  z  (0, +∞). 
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